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D4

Mo dau

Trong mét vdi nam gan ddy, cdc mén hoc Todn — Tin ting dung da dwoc dwa vao
chuwong trinh dao tao Sau dai hoc cho mot $6 chuyén nganh kinh 1é — ki thudt nhw Quan
tri kinh doanh, Quan i dat dai, Céng nghé théng tin, Sinh hoc ... tai mét sé truong dai
hoc trong nuwée. Cdae mén hoc nay, tuy soé don vi hoc trinh chwa nhiéu nhung da gitip cho
hoc vién cao hoc ciing nhu cdac nghzen cbu sinh ¢é nhitng kién thirc co sé va ndng cao vé
Todn hoc va Tin hoc, ddc biét vé cdc phwong phdp tinh todn khoa hoc (Scientific
Computing Methods), la cdc vin dé hét sirc can thiét cho cdc dé tai nghién civu khoa hoc
ciia ho. Diéu nay ciing phit hop véi xu thé chung trong ddao tao Sau dai hoc tai cdc
truong dai hoc nuwdc ngoai, voi cac mén hoc vé Toan — Tin nang cao cho hoc vién cao
hoc, thieong chiém thoi lwong kha 1om téi khodang 200 dén 250 tiét bao gom nhiéu néi
dung phong phii va cdp thiét.

Xudt phat tir nhitng Ii do trén va dwa trén cdc kinh nghiém tich luy dwoc trong qud
trinh day mot s6 moén hoc cho chuwong trinh Cao hoc Quan Ii ddt dai va Cao hoc Dién
(Truong Pai hoc Nong nghiép 1), Cao hoc Toan — Tin ung dung (Truong Dai hoc Bach
khoa Ha Ngi), Cao hoc Quan tri kinh doanh (tai mot ) truong dai hoc khac), chung toi
bién soan gido trinh ndy véi mong mudn viéc ting dung cdc phwong phdp todn hoc, cdc
phwong phdp vin trit hoc dwoc trién khai rong rdi hon va mang lai cdc hiéu qua thiét
thuec hon. Gido trinh voi thoi lwong tir 45 toi 60 tiét, truée hét, danh cho hoc vién cao
hoc nganh Dién, voi cac ngi dung da duwoc Khoa Co dién va Khoa Sau dai hoc, Truong
Pai hoc Nong nghiép I, théng qua. Céc chii dé trong gido trinh bao gom: mét s6 mé hinh
va phirong phdp t6i wu, cdc bdi todn vé mang, giéi thiéu vé quy hoach ddng, mét sé g
dung cua li thuyét hang cho (Waiting Line Theory) va mé phéng ngdu nhién (Stochastic
Simulation), cdc khai niém co ban va ting dung ciia qud trinh ngdu nhién Markov. Pdy la
cdc chi dé chinh vé Todn ung dung va Van tru hoc ma hoc vién cao hoc cua nhiéu
chuyén nganh kinh té — ki thudt tai cdc truwong dai hoc nuwoc ngoai bat budc phai hoc.
Cdc chii dé nay cé thé giip ich khéng chi cho van dé quan i — sir dung dién ma con cho
van dé thiét ké va xdy dung cac hé thdng kT thudt dién. Giao trinh ciing co thé duwoc lcfy
lam tai liéu tham khdo vé cac phwong phdp todn vg dung hay mé hinh hod cho chirong
trinh Cao hoc cdc chuyén nganh nhw: Qudn Ii dat dai, Kinh té néng nghiép va mot sé
chuyén nganh kinh té — ki thudt khdc.

Khi bién soan gido trinh, ching téi luén chii ¥ nhan manh khia canh iing dung cdc
phuong phap todn hoc va khia canh tinh toan khoa hoc voi cac vi du minh hog chon loc,
nham gitip cho hoc vién hiéu ré nén dp dung cdc phwong phdp dé vao cdc vin dé nghién
civu nao va dp dung ching nhu thé nao cho mét sé truong hop cu thé. Do thoi lwong ciia
mén hoc, gido trinh khéng di sdu vao van dé chitng minh todn hoc ciia cdc phwong phdp
nay ciing nhw cac iing dung tong quat ciia chiing trong cdc hé thong lén.



Hi vong rang, nhitng hoc vién cao hoc quan tém t6i cdc phwong phdp todn hoc
dwoc trinh bay trong gido trinh c6 thé tw minh tiép tuc c6 nhitng nghién ciru chuyén sdu
hon sau nay. Chang han, véi kién thire vé quy hoach déng va cac phwong phdp t6i wu phi
tuyén ma gido trinh cung cdp, nguoi doc cé thé tiép tuc nghién citu vé cdc phwong phdp
quy hoach dong nham dp dung vao cdc hé diéu khién téi wu trong tw dong hod. Con vdi
mét s6 chii dé vé xich Markov va irng dung ciing nhir mé phéng xich Markov, ngueoi doc
c6 thé tiép tuc nghién ciru vé cdc mé hinh ngdu nhién nhw qud trinh sinh—tir hay qud
trinh hoi phuc ¢é nhiéu iing dung réng rdi trong nganh Pién, Pién tir va Vién théng hay
Cong nghé thong tin.

Pay la mét trong s6 khéng nhiéu cdc gido trinh vé Todn g dung danh cho chwong
trinh Sau dai hoc cac chuyén nganh kinh té — ki thudt tai cdc truong dai hoc trong nuoc,
nén mdc di ching téi hét sirc c6 gang trong qud trinh bién soan, nhung chdc chdn gido
trinh khéng tranh khéi con ton tai nhitng diém han ché. Chiing t6i rdt mong nhén dwoc cdc
¥ kién dong gép ciia cdc nha khoa hoc, cdc thdy gido, ¢é gido, cdc hoc vién cao hoc, tién si
dé gido trinh dwoc hoan chinh, chinh xdc va sinh déng hon.

Cuoi cung, tdac gia xin chan thanh cam on Khoa Sau dai hoc va Khoa Co dién,
Truong Pai hoc Nong nghiép I vé nhitng givip d& quy bdu trong qud trinh bién soan;
cam on Bo mon Toan, giang vién DPang Xuan Ha va Bo mon Tin hoc, cac hoc vién cao hoc
chuyén nganh Dién khod 10 va 11, Truong Dai hoc Nong nghiép I; ki su Phan Vin Tién
va cac hoc vién cao hoc chuyén nganh Toan — Tin ung dung, khoa 1 va 2, Truong Pai hoc
Bdch Khoa Ha Ngi, dd danh y kién déng gdp va tham gia hoan chinh mét s6 ndi dung ciia
gido trinh nay. Tdc gid ciing xin chdn thanh cam on cdc y kién phdn bién quy bdu cia cdc
ong Truong b mon Todn, Truong Dai hoc Nong nghiép I va Truong khoa Toan — Tin ung
dung, Truong Pai hoc Bach khoa Ha Noi.

Ha No¢i, ngay 19 thang 5 nam 2005
PGS.TS. Nguyén Hii Thanh



Chuwong I

1.1.

MOT SO MO HINH VA PHUONG PHAP TOI UU

Mb hinh quy hoach tuyén tinh
Cdc bwdc cin thiét khi dp dung phwong phdp mé hinh hod
— Trudc hét phai khao sat, phat hién van dé can giai quyét.

— Phat biéu cac dicu kién rang budc, muc ti€u cua bai toan dudi dang dinh tinh. Sau

d6 lwa chon cac bién quyét dinh / cac an sd va xay dung mé hinh dinh lugng (con goi 1a
mo hinh toan hoc).

— Thu thap s liéu, xac dinh phuong phéap giai quyét.
— Dinh ra quy trinh giai / thut giai. C6 thé giai mé hinh bang cach tinh toan thong

thuong. P61 véi cac mo hinh 16n, gom nhi€u bién va nhiéu di€u kién rang budc can lap
trinh va gidi mo hinh trén may tinh.

— Panh gia két qua. Trong truong hop phat hién thiy c6 két qua bat thuong hodc két

qua khong phu hop véi thuc té, cAn kiém tra va chinh sira lai quy trinh giai hodc mo hinh.

1.2,

— Trién khai cac phuong an tim duoc trén thuc té.

Céc thuat nglr sau thuong gép khi ap dung phuong phép moé hinh hoa:

— Ung dung toan / Toan tmg dung (Mathematical Applications hay Applied Mathematics).
— Van tri hoc (Operations Research viét tit 1a OR).

— Khoa hoc quan 1i (Management Science viét tit 1a MS)

M@ hinh quy hoach tuyén tinh
Phdt biéu mé hinh

V&1 muc dich tim hiéu budc dau, xét mo hinh toan hoc sau day, con goi 1a mé hinh

quy hoach tuyén tinh hay bai toan quy hoach tuyén tinh (BTQHTT), ma trong d6 chung
ta mudn t6i uvu hod (cuc dai hoa hay cyc tiéu hoa) ham muc tiéu:

z =cx; + cxy + cpxy = Max (Min)
voi cac diéu kién rang buoc:
ra]]xl +apx; +... tapx, <b;

azix; + axpxy; +... taxx, <b;

AmiX] + amax> ... Yamnxn < by,

\ X1, X2,..., Xy = 0 (diéu kién khong am)



Vidu: z=8x; + 6x, — Max
v6i cac rang budc:
4x; + 2%, £ 60
2x; +4x, < 48
X1, X2 =20
Can tim céc gia tri cua cac l?ién quyét dinh x, x, dé cac rang budc dugc thoa man
va ham muc tiéu dat gia tri 1én nhat.

q Bai toan nqéy coy pghia kinh té nhu sau: qGié sﬁ:’ mot xi nghiép san xudt hai loai san
pham I va II. B¢ san xuat ra mgt don vi san pham I can c6 4 don vi nguyén li¢u loai A va
2 don vi nguyén liéu loai B, céc chi ti€u d6 cho mot don vi san pham loai II 1a 2 va 4.
Luong ng}lyén ligu du trir loai A va B hién c6 1a 60 Vé~48 (don vi). Hﬁy xac dinh phuong
an san Xua‘it dat loi nhuan 16n nbét, biét lgi nhuan trén moi don vi san pham banra la 8§ va 6
(don vi tién t¢) cho céc san pham loai I va II.

Phwong phdp do thi

Phuong phap dd thi c6 ¥ nghia minh hoa va gitip hiéu ban chét van de.

Buéc 1: V& mién rélpg budc / mién céc,phuorng an kha thi, 1a tap hop ce}c phuong an
kl}é thi (cac phuong an, néu n61 mdt cach ngén, gon). Moi phuong an dugc thé hién qua bo
sO (X1, X2) con goi la véc to nghiém, thoa man tat ca cac rang budc da co6 (xem hinh 1.1).

— Trude hét ching ta v& dd thi 4x, + 2x, = 60 bang cach xac dinh hai diém trén do
thi: (x; =0, x, =30) va (x, =0, x; = 15).

X2

30

4x, + 2%, =60

2x; + 4x, =48

\
O 3\ 6 15 24 X|

Hinh 1.1. Phwong phap dé thi giai bai todn quy hoach tuyén tinh



Do thi trén 1a mot duong thang chia mit phang lam hai nira mat phang: mot phan
gdm cac diém (x;, X,) thoa mén 4x; + 2x, < 60; mdt phan thoa min 4x; + 2x, > 60. Ta
tim dugc nira mat phéng thoda man 4x; + 2x, < 60.

— Tuong tu, c6 thé v& do thi 2x; + 4x, = 48 bang cach xac dinh hai diém thudc do
thi (x; =0, x = 12) va (x2 = 0, x; = 24). Sau d6 tim nira mit phang thoa man 2x, + 4x, < 48.

— Luc nay, giao cua hai nira mit phang tim duoc trén cho ta tp hop cac diém (x, x2)
thoa man hai rang budc dau tién. Tuy nhién, dé thoa min diéu kién khong am cia cac
bién, ta chi xét cac diém nim trong géc phan tu tha nhat. Vay mién cac phuong an kha
thi 1a mién gi6i han bai tir gidc OABC (con goi 1a don hinh vi 1a mién tao nén béi giao
ctia cac nira mat phang).

Buée 2: Trong mién (OABC) ta tim diém (x;, x,) sao cho

z = 8x; + 6x, dat gia tri 16n nhét.

Cdch 1: Ding dwong dong mirc. Tuy theo gid tri ctia x;, X, ma z ¢6 nhitng muc gia
tri khac nhau.

— V& duodng dong murc: 8x; + 6x, = ¢ & mitc ¢ = 24, (ta c6 thé chon gia tri ¢ bat ki,
nhung chon ¢ = 24 13 bdi ) chung cta 6 va 8 dé viéc tim toa d6 cac diém cat hai truc toa
d6 thuan loi hon). D& dang tim dugc hai diém nam trén dudng dong muirc nay 1a (x; = 0,
X2 =4) va (x, = 0, x; = 3). Cac diém nam trén dudng dong muc nay déu cho gia tri ham
muc tiéu z = 24.

— Tuong tu, c6 thé v& dudng dong mirc thir hai: 8x; + 6x, = 48 di qua hai diém (x; =0,
X, =8) va (x, =0, X; = 6). Chung ta nhan thiy, néu tinh tién song song dudng ddng mirc
lén trén theo hudng clia véc to phap tuyén 1i (8, 6) thi gia tri ctia ham muc tiéu z = 8x; + 6x,
tang lén.

Viy gia tri z 16n nhat dat duoc khi duong ddng mirc di qua diém B(12, 6) (tim
duocx;=12,x,=6 béng cach giai hé phuong trinh 4x; + 2x, = 60 va 2x; + 4x, = 48).

Két ludn: Trong cac phuong an kha thi thi phwong an t6i wu 13 (x; = 12, x, = 6). Tai
phuong an ndy, gia tri ham muc tiéu 13 16n nhit zp, =8 x 12+ 6 x 6 = 132,

Nhdn xét: Phuong an toi wu ctia bai toan trén (hay cac BTQHTT khéc, néu o) ludn
dat duoc tai mot trong cac dinh ctia don hinh hay con goi la céac diém cuc bién cua don
hinh (chinh xac hon, diém cuc bién 1a diém thudc don hinh, ma khong thé tim duoc mot
doan théng nao cling thuoc don hinh nhéan diém do 1a diém trong). Nhan xét trén day la
mot dinh 1i todn hoc da dugc chirng minh mot cach téng quat. No1 mot cach hinh anh,
mudn dat dugc phuong an tdi wu cho cac BTQHTT thi can phai “mao hiém” di xét cac
diém cuc bién ctia mién phuong an.

Cdch 2: Tir nhan xét trén, dé tim phuong 4n t4i wu ta chi can so sanh gia tri cua
ham muc tiéu tai cac diém cuc bién ciia mién phuong an.

Tinh gia tri z tai O(0, 0): z(0, 0) = 0; tai A(0, 12): z(0, 12) = 72; tai C(15,0): z(15, 0)
= 120; tai B(12, 6): z(12, 6) = 132 = Max{z(0), z(A), z(B), z(C)}. Vay Zmax = 132.



Nhdn xét: Mudn tim phuong an t6i wu cia BTQHTT ta xudt phat tir mot diém cuc
bién nao dé, tim cach cai thién ham muc tiéu bang cach di téi diém cuc bién ké no. Tiép
tuc nhu vy cho t6i khi tim dwoc phuong an t6i wu. Trong trudng hop BTQHTT c6
phuong an t6i wu thi quy trinh giai nay bao gém hitu han budc (do sé diém cuc bién la

hiru han).

Dbi voi BTQHTT dang xét, quy trinh giai dugc minh hoa nhu sau:

0(0,0) — A(0,12)
z=0 - z=72
hoac:
0(0,0) — C(15,0)
z=0 - z=120
So do khoi

Nhap dit lidu

|

Tim diém cuc bién
xuat phat

-

_)

-

_)

B(12,6) ding
z=132

B(12, 6) dimg
z=132

Kiém tra
diéu kién to1 wu

In va luu trir két qua

Tim
diém cuc bién
ké tot hon

Hinh I1.2. Sor d6 khéi giai BTQHTT

10



Quy trinh giai BTQHTT tong quat c6 so do khéi gian lugc nhu trinh bay trén hinh 1.2.
Trong so d6 trén, vi muc dich trinh bay van dé don gian, chung ta khong dé cap t6i cac
truong hop khi BTQHTT c¢6 mién phuong 4n 1a tdp rong (lic d6 ta khong tim duoc
phwong 4n xuét phat) ciing nhu khi ta khong tim duoc diém cuc bién ké t6t hon mic du
diéu kién tbi wu chua thoa mén (ltc d6 tap cac gia tri ham muc tiéu z khong bi chan).

1.3. Phwong phap don hinh

Day la phuong phap s6 giai BTQHTT theo so d6 trén. Dé giai vi du di cho, trudc
hét chung ta cin dua BTQHTT vé dang chinh tic bang cach thém vao cac bién bu khong
am X3 va x4 nhu sau:

z = 8x; +6x, +0x3 +0x4 > Max
v&i cac rang budc:

4xy + 2X5 + X3 =60

2x; +4x, +x4=48

X1, X2, X3, X4 >0

Cich Igp va bién doi cic bing don hinh

Dé giai BTQHTT dang chinh tic trén day, can lap mot sb bang don hinh nhu trinh
bay trong bang I.1. Trudc hét, can dién sb liéu cua bai toan dd cho vao bang don hinh
budce 1:

— Cot 1 1a ot hé s6 ham muc tiéu ung voi cac bién co s da chon. Phuong an Xuét phat
¢6 thé chon 13 x; = x, = 0 (ddy chinh 13 diém gdc toa d6 O(0, 0)), do d6 x3 = 60, x4 = 48).
Nhu viy tai budc nay chung ta chua budc vao san xuit, nén trong phuong an chua cé
don vi san pham loai I hay II duoc san xuat ra (chi “san xuat” ra cac luong nguyén liéu
du thira, ta cling n6i 13 cac “san pham” loai III va IV), va gia tri ham muc tiéu z tam thoi
bang 0. Céc bién bu co gia tri 16n hon 0 ¢ nghia 1a cac nguyén liéu loai twong Gmg chua
duoc su dung hét. Ta go1 céc bién x5 va x4 14 céc bién co so vi ching co6 gia tri 16n hon 0
cOn x; va x; 1a cac bién ngoai co sd vi chiing c6 gia tri bang 0. Vi bai toan c6 hai rang
budc, tai mdi bude chi ¢ hai bién co s6.

— Cot 2 1a cot cac bién co so. Trong cot 3 (cot phuwong an) can ghi cac gia trj cua
céc bién co s& da chon.

— Céc cot tiép theo 1a cac cot hé sb trong cac diéu kién rang budc twong tng véi cac
bién x1, X2, X3 Va X4 clia bai toan da cho.

11



Bdng 1.1. Cdac bang don hinh gidi BTOQHTT

Hé s6 ham Bién co Phuong | ¢1=8 =6 c3=0 cs=0
muc tiéu c; s an X] Xs X3 X4
0 X3 60 4 2 1 0
0 X4 48 2 4 0
Hang z zo=0 z1=0 72, =0 z3=0 z4=0
Hang A; = ¢j — z; A= Ar=06 A3 =0 As=0
8 X| 15 1 1/2 1/4 0
0 X4 18 0 3 -1/2 1
Hang z zo= 120 z1=8 7z, =4 73 =2 z4=0
Hang Aj=c¢; — z; Ar=0 Ay =2 As=-2 Ay=0
8 X| 12 1 0 1/3 -1/6
6 X2 6 0 1 -1/6 1/3
Hang z zo= 132 8 6 5/3 2/3
Hang A= ¢ - z; 0 0 -5/3 -2/3

Phan tich bang don hinh buoc 1

— Hé sb Gmg v6i bién x; trén hang thtr nhat 14 a;; = 4 c6 nghia 1a ti 1¢ thay thé riéng
gitta mot don vi san pham loai I va mot don vi san pham loai III 13 4 (giai thich: xét
phuong trinh / rang budc thir nhit 4x, + 2x, + x3 = 60, X, ting mot don vi thi x; phai
giam bdn don vi néu giit nguyén x,). Tuong tu ta co thé giai thich duoc y nghia cua cac
hé s ajj khac cho trén hang 1 va hang 2 trong bang don hinh buéc 1.

— Chiing ta xét hang z cia bang don hinh. B¢ tinh z;, can ap dung cong thiic z; =
(cot hé s6 cia ham muc ti€u) x (cot h¢ sb cua bién X1) = 0x4 + 0x2 = (gia mot don vi san
pham loai IIT)x(ti 1& thay thé riéng loai I / loai IIT) + (gi4a mot don vi san pham loai IV) x
(ti 1¢ thay thé riéng loai I / loai IV) = tong chi phi phai bo ra khi dua thém mot don vi san
phém loai I vao phuong an san xuat méi = 0. Cac gia tri z;, voi j = 1, 2, 3, 4, dugc tinh
twong tu va chinh la cac chi phi khi dua mot thém mot don vi san pham loai x; vao
phuong an san xuat moi. Con zy 1a gid tri cia ham muc tiéu dat dugc tai phuong an dang
x6t: zo = (cOt hé s6 ciia ham muc tiéu)x (cot phuong an) = 0x60 + 0x48 = 0.

— Trén hang A, can ghi cac gia tri A j=1,2,3,4, tinh theo cong thirc A; = ¢; —z;=
lo1 nhuan trén mot don vi san phém — chi phi trén mot don vi san phém. Vay A;  1a "lai
bién"/mot don vi san pham khi dua thém mot don vi san pham loai j vao phuwong 4n san
xuit méi. Néu A; > 0 thi ham muc ti€u con ting duoc khi ta duwa thém cac don vi san
pham loai j vao phuwong an san xuat méi. C6 thé chimg minh dugc A; chinh la dao ham
riéng 0z/0x; cua ham muc tiéu z theo bién Xj. Nhu vdy, x; tdng 1én 1 thi z ting Ién 8 con
Xz tdng lén 1 thi z tdng Ién 6.
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Do A; va A, déu duwong nén vin con kha ning cai thién ham muc tiéu khi chuyén
sang (hay “xoay sang”) mot phuong an cuc bién ké tot hon (quay lai nhin xét & phan giai
bai toan bang phuong phap dd thi: diém cuc bién ké cua diém (0, 0) c6 thé 1a A0, 12)
hay C(15, 0)).

Thii tuc xoay (pivotal procedure)

Budce 1: Chon cot xoay 1a c¢ot co A; > 0 tirc 1a chon bién xj lam bién co s& mdi do Xj
tang kéo theo ham muc tiéu ting. O ddy ta chon dua x; vao (danh diu V & cot A).

Buée 2: Chon hang xoay dé xac dinh dua bién nao ra khoi sb bién co s6 (vi tai mi
budc sb bién co so 1a khong thay doi). Pé chon hang xoay, ta thuc hién quy tic “ti sb
duong bé nhat" bang cach 1iy cot phuong an (60 48)" chia twong tmg cho cot xoay (4 2)"
dé chon ti s6 bé nhat. Mot diéu can chii y 14 ta chi xét cac ti 6 ¢ mau s6 duwong.

Vi Min{60/4, 48/2} = 60/4 dat duoc tai hang dau, nén ta danh du V vao hang xoay
1a hang du (hang twong tng vai bién x3). Do d6 can dua x3 ra khoi cac bién co so.

Buée 3: Chon phén tir xoay nam trén giao ciia hang xoay va cdt xoay.

Burde 4: Xoay sang bang don hinh méi, x4c dinh cac bién co sé méi dé dién vao cot
bién co s, déng thoi thay cac gié tri trong c)t hé s6 ham muc tiéu. Sau do, tinh lai cac
phan tir cia hang xoay bang cach 14y hang xoay cii chia cho phan tir xoay dé c6 hang méi
tuong ung.

Buéc 5: Cac phan tir con lai ciia bang don hinh méi dugc tinh theo quy tic "hinh
chit nhat": (Dmei = (Dea — (2)eax (4)ei/(3)ea, trong d6 (3) 1a dinh twong Gmg v6i phan tir
xoay (xem hinh 1.3).

(2) L<3>
Chéng han: (1)ca =4, 2(c) =2
(3)ea = phin tr xoay = 4, (4)eg = 2
o (D=4 -2x 2 =3,
4
(15 (4)

Hinh 1.3. Quy tdc hinh chi¥ nhat

Gidi thich: Cac budc xoay trén day chi 1a phép bién d6i twong duong hé phuong trinh
4x; + 2%y + X3 =60 (a)
{2){1 +4x, +x4 =48 (b)
dé c6 hé
X1+ (1/2)x2 + (1/4)x3 =15(’)
{ 0x;+3x; — (172)x5 +x4 =18(b’)
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bang cach ldy phuong trinh (a) chia cho 4 (phan tir xoay) dé cé (a’), rdi ldy (b) trir bét
2 x (a)/4 @é co (b°). Day chinh 1a ndi dung cua budc 4 va bude 5. Con budce 3 s€& dam bao
rang gia tri cia cac bién co s6 méi khong am (x; = 15, x4 = 18).

Ap dung thu tuc xoay cho cic phan tir ndm trén hang 1 va 2 cua bang don hinh
budc 1, sau do tinh cac gia tri trén hang z; va A; tuong tu nhu khi 13p bang don hinh
budc 1, ching ta s€ nhan dugc bang don hinh budc 2.

Phan tich bang don hinh buoc 2

Bang budc 2 ¢6 thé duoc phén tich twong tu nhu bang budce 1. Can chu ¥ ring lic
nay ta dang ¢ vi tri cua diém C(15, 0) vi x; = 15 con x, = 0; gia tri cua ham muc tiéu la
7o = 120 da dugc cai thién hon so voi bude 1. Ta thady A; =2 > 0 nén con co thé cai thién
ham muc ti€u béng cach chon bién x, 1am bién co sé m&i. Thuc hién cac buéde X0ay sang
phuong an cyc bién ké tét hon, chung ta s& c¢6 bang don hinh budc 3.

Phadn tich bang don hinh buoc 3

Tai bang don hinh budc 3 ta thiy diéu kién téi wu d dugc thoa man (4 <0
vj=1, 2, 3, 4) nén khong con kha ning cai thién phuong an. Phuong an tdi wu di dat dugc
tai x; = 12, X2 =6, x3 = 0, x4 = 0, ttc 14 tai diém cuc bién B(12, 6) v&i gia tri Zmax = 132.

Mt s6 chii y

— Diéu kién t6i wu cho cac BTQHTT dang Max 1a A; <0 Vj.

— Pdi v6i cac BTQHTT can cuc tiéu hoa ham muc tiéu thi diéu kién tdi wu (hay
tiéu chuan dimng) 1a A 20V] (néu t6n tai j ma A; <0 thi can tiép tuc cai thién ham muc
tiéu bang cach chon cot j 1am cot xoay...).

— Trong thyc tién giai cac BTQHTT dang tong quat c6 thé xay ra truong hop khong
tim dugc phuong an xuét phat (tirc 1a khong co6 phuong an kha thi, xem thém muc 1.2).
Luc nay co thé két luan mé hinh da thiét 1ap c6 céc diéu kién rang budc qua chat ché, can
xem xét ndi 16ng cac diéu kién nay.

— Trong trudng hop ta tim dugc cot xoay ma khong tim dugc hang xoay thi két
ludn ham muc tiéu khong bi chan trén (déi vo1 cac BTQHTT dang Max) hodac khong bi
chan dudi (d6i v6i cac BTQHTT dang Min). Khi d6 dimg qua trinh giai va két ludn mo
hinh quy hoach tuyén tinh d thiét 1ap khong phui hop véi thyc té.

1.4.  Gidi mé hinh quy hoach tuyén tinh bang cdc phin mém tinh todn

Hién nay c6 nhiéu phan mém tinh toan giai BTQHTT kha hiéu qua nhu Excel,
Lingo. Nhiing phin mém nay rat than thién v&i ngudi ding. Tuy nhién can nhdn manh
rang, viéc phat biéu duoc mé hinh bai toan va phén tich, danh gia duoc két qua mai
chinh 1a nhitng khau quan trong nhét trong phwong phap mé hinh hod. Sau déy, chiing ta
dung phan mém Lingo dé giai vi du da xét & trén.

z=8x;+6x, — Max
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v6i cac rang budc:

IA
o
S

4x1+ 2%,
2x; +4x, < 48

X1, X2 > 0.

Dé gidi bai todn nay, ching ta can cai dat Lingo vao trong may tinh. Nhan vao biéu
tuong Lingo trén man hinh d€ vao cura s6 Lingo. Sau d6 thuc hién céc 1énh Lingo:
Menu > New > <Untitle> va g0 vao cac dir liéu cua bai toan nhu hinh 1.4.

ERLINGD

Fil=e Edit LINGO *indow Help

IE=EEE]REEE E E R

SIE=

max = Bxxl+hex?;
Rax]+2xx2<=00;
2xx ]+ xx 2 =18 ;

ER <untitled>

Hinh I.4. Nhip di liéu ciia bai todn quy hoach tuyén tinh trong Lingo

Tiép theo, cAn nhay chudt vao nat LINGO va giai bai toan dé thu duoc két qua chi

tiét nhu trén hinh 1.5.

Fle Edt LINGO Window Help

EALINGD

NEEIEIRNEEERIEI R REE R = E N

Rouws= 3 Uars=
Honzeros=

Ho. < : 2 Ho.

= A No. > :
Single cols= 8

Objective value:

Variable
1
X2

Row
1
2
3

Optimal solution found at step:

2 No. integer vars= 8 ( all are linear)
8 Constraint nonz=
Smallest and largest elements in absolute value=

T 8 are +- 1) Density=0.889
2._0pAAA 6A.AAAA
A, Obj=HA¥X, GUBs <= 1

a
132.0000
Ualue Reduced Cost
12.000808 0.0000000E+00
6.8008008 B.0000006E+BA
Slack or Surplus Dual Price
132.068608 1.080086868
f.8000BABE+AA 1.666667
0.0000BABE+BA B.6666667

Hinh I.5. Két qua gidi bai todan quy hoach tuyén tinh trong Lingo

Két qua chi tiét cho ta biét gia tri cuc dai cua ham muc tiéu 1a 132 véi phuong an
t6i wu 1a: x; = 12, x, = 6. Cac gia trj tdi wu cta cac bién dbi nglu 1a y, = 5/3 va y, = 2/3
(con goi la cac gia udc dinh hay gia bong Shadow Prices).
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1.5. Mgt sé teng dung ciia phwong phdp don hinh

(Giai céc bai toan quy hoach san xudt trong linh vyc co khi va dién luc)

Bai todn phén phéi di¢n ning

C6 ba ho phu tai cdn dugc cung cip dién ning tir hai ngudn dién nam cach xa nhau.
Gia thanh truyén tai mot don vi dién nang tir ngudn 1 dén ho tiéu thu j 1a c;;. Kha nang
cung cap dién ning ctia mdi nguodn bi gidi han béi trit lugng hién c6 ctia chung 1a A va
A,. Nhu cau tiéu dung cua cac ho tiéu thy la By, B, va Bs. Goi x;; 1a luong dién nang
dugc dua tir nguon 1 té1 ho ti€u thu j. Can phdi xac dinh cac x;; sao cho tong chi phi 1a
nhd nhat. Nhu vay ta co BTQHTT sau:

3

2
7= Z Cijxij —> Min

i=l j=I
véi cac diéu kién rang budc la:

Xi1 + X2 X3 <A,
X1 T X2 +X23 S Ay,
X11 + X1 = By,

X12 + X22 = By,

X13 + X23 = Bg,

xij 20, Vi=1,2vavj=1,2,3.

Bai toan trén ddy (hoic ¢ dang tong quat hon) co thé giai dugc bang phuong phap
don hinh da biét hay phuong phép phan phdi s& duogc nghién ctru & muc 1.3, chwong II.

Bai toan phan tai cho may

Mot xi nghiép c6 hai loai may M, va M,. Céc loai may nay c6 thé san xuat dugc ba
loai san pham Py, P, va P; vdi cac ning suét 1a ajj, chang han may M; san xuit san pham
P, v6i nang suat aj;p. Moi don vi sdn phdm mang lai 131 suat ¢; voi j = 1, 2, 3. Mo1 thang xi
nghi¢p phai san xuét, san pham loai j khong it hon b; don vi Yé khong vuot qua d:j don vi,
j=1, 2, 3. Hay lap ke hoach phan tai cho cac may sao cho dat tong lgi nhuan 16n nhat.

D@ thay bai toan nay dan t6i BTQHTT sau:
3 2
z= Q¢ 22 — Max
j=1

j i=1

v6i cac dieu kién rang bude:
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ayxi + axxz; 2 by,
apXi2 + axnxn = by,
a13X13 T a23X23 = b,
ayxy +axxz <dy,
appXi2 T anxn < ds,
a13x13 + axsxz3 < ds,
X1+ X2t X3 <my,
X2t X2t Xp3 <1y,

XijZO,i:1,2Véj:1,2,3.

(trong d6 m; va m, 13 tong thoi gian chay may M, va M,).

Bai toan trén day con c thé phat biéu mét cach tong quat hon va van giai dugc
bang phuong phap don hinh. Hon nita, trong linh vuc quy hoach san xuit hay quan li
kinh doanh, néi riéng trong nganh co khi va dién lyc, BTQHTT dugc ung dung rat rong
rdi va mang lai hidu qua can thiét.

2. B sung thém vé phwong phap don hinh
2.1. Pwa BTQHTT vé dang chinh tic

Vi du 1: (Trudng hop cac rang budc déu cé diu <)
z = 8x; + 6x, > Max
V01 cac rang budc:
4x, +2x, <60
2x, +4x, <48

X, X, 20

Pua BTQHTT vé dang chinh tic nhu d3 biét bang cach thém hai bién bu (slack
variables) x3 va x4. Ta c6 BTQHTT dang chinh tac la:
z = 8x; + 6%, + 0x3 + 0x4 — Max
4x, +2x, +x; =60
2x, +4x, +x, =48
X;,X,,X5,X, 20
Luc nay, trong hé hai diéu kién rang budc da co di hai bién ding doc lap trong timg

phuong trinh véi hé sé +1, nén di c¢6 thé tim duoc phuong an cuc bién xuit phat dé bat dau
qua trinh giai bai toan. Mot cach téng quat, BTOHTT dang chinh tdc la bai todn véi cdc

17



bien khong am, cdc rang buoc voi dau “=", hé so vé phai cua cac rang bugc khong am.
Ngoai ra, moi phwong trinh bat buoc phai cé mot bien dung doc ldp voi hé so +1.

Vi du 2: (Truong hop c6 diéu kién rang budc véi dau >)
z = 8x; + 6X, > Max
vOi cac rang budc:
4x, + 2%, <60

2X, +4x, =248
X1,X, 20

Ta thém cac bién bu x3 (slack variable) mang dau “+”, x4 (surplus variable) mang dau
“— dé co h¢ diéu kién rang budc sau:

4x, +2x, +x; =60
2x, +4x,-x, =48

X, X,,X;5,X, 20

Phai thém bién gia xs (xs goi 1a lwong vi pham ctia phuong trinh thtr hai) dé duoc
hé diéu kién rang budc
4x, +2x, + x5 =60
2x, +4x, =X, + X5, =48

X1, X,,X5,Xy,Xs 20

Luc nay, da c6 du hai bién dting doc lap trong ting phuong trinh véi hé sé +1, nén
da c6 thé tim dugc phuong an cuc bién xuat phat dé bit dau qua trinh giai bai toan bang
phuong phép don hinh v&1 ham muc tiéu 1a z = 8x; + 6x2 + 0x3 + 0x4 — Mxs —> Max,
trong d6 M ~ +oo va biéu thirc —Mxs goi 13 lwong phat (danh thué). Bai toan di duoc dua
vé dang chinh tic. Luong vi pham xs cang 16n thi ham muc ti€u cang giam, gia tri cua
ham muc tiéu chi c6 thé dat Max khi xs = 0.

Vi du 3: (Trudng hop c6 bién khong duong)
z = 8x; — 6x5 —» Max
véi cac rang budc:
4x, +2x, +x; <60

2x, +4x, —-x, =48

x,20,x,<0,x;,20,x,>0

Luc nay mudn giai bai toan bang phuwong phap don hinh ta phai doi bién x'; = —x,.
Ta c6 BTQHTT véi cac bién déu khong am.
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z = 8x; + 6x', > Max
véi cac rang budc:
4x, —2x",+x, <60
2x, —4x',—x, =48
X;,X',X;5,X, 20
Vi du 4: (Trudong hop c6 bién véi dau tuy )
z = 8x; + 6x, —> Max
véi cac rang budc:
4x,+2x, <60
2x,+4x, <48
x, 20,x, dau tuy y

Lic nay ta viét bién x, dudi dang x, = x', — x"; voi

x', =max[0,x, ]
x", =max[0,—x,]

x', >
thi dam béo g
X "2 >
Céc rang budc s€ 1a
4x, +2x',-2x",+x, =60
2x, +4x',—-4x',+x, =48
X, x'5,x",x;,x, 20
Bai toan véi ham muc tiéu la: z = 8x; + 6x', — 6x", + 0x3 + 0x4 va cac diéu kién
rang budc trén 1a BTQHTT dang chinh tic.
Két ludn: Bao gid ciing dua dugc BTQHTT bat ki (cac bién c6 du tuy y, cac rang
budc c6 thé <, >, =) vé dang chinh tic.
2.2.  Phwong phap don hinh mé réng
Phuong phap don hinh mé rong con goi 1a phuong phap danh thué M duogc ap dung
dé dé giai BTQHTT c6 bién gia.
Vi du:
z = 8x; + 6X, > Max

vO1 cac rang budc:
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4x, +2x, <60
(a)g2x, +4x, 248

X;,X, 20

hay: z = 8x; + 6x; +0x3 + 0x4 = Max vo1 cac rang budc
4x, +2x, +x; =60
(b)12x, +4x, —x, =48
X, X,,X;,X, 20
Ta c6 thé dua bai toan vé dang chinh tdc sau goi la bai toan M:
Max z = 8x; + 6x; +0x3 + 0x4 — Mx5 (trong d6 M = +0) vdi cac rang budc
4x, +2x, +x; =60
(€)32x, +4x, =X, +X; =48
X;,X,,X5,X,,Xs 20
Cdch 1: Cé thé giai BTQHTT voi cac diéu kién rang budc (a) bang phuong phap
d6 thi dé nhan dugc két qua: phuong an tdi wu 1a (x; =0, x2=30) Va Zpay = 180.
Cdach 2: Giai BTQHTT véi cac diéu kién rang budc (c) bang cach lap bang don
hinh nhu thong thudong nhung chi ¥ hé s6 M = +oo (xem bang 1.2).

Bdng 1.2. Cdc bdang don hinh gidi bai toan M

HésO | pign | Phuong 8 6 0 0 -M
ham muc o $& .
tiu an X1 X X3 X4 Xs
0 X3 60 4 2 1 0 0
-M X5 48 2 4 0 -1 +1
Hang z Zo=—-48M | z;=-2M 7, =—-4M 23=0 zz=M | zs=-M
Hél’lg Aj Al = 8+2M Az = 6+4M A3 =0 A4 =-M A5 =0
0 X3 36 3 0 1 1/2 -1/2
6 X5 12 1/2 1 0 -1/4 1/4
Hang z 72 3 6 0 -3/2 3/2
Hang A 5 0 0 3/2 -M -3/2
0 X4 72 6 0 2 1 -1
6 X5 30 2 1 1/2 0 0
Hang z 180 12 6 3 0 0
Hang A; —4 0 -3 0 -M
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Tai bang don hinh cudi cung, ta thdy A; < 0 Vj nén phuong an t6i uu da dat duoc
vo1 xo = 30, x4 = 72, cac X khac = 0 va zuax = 180.

Luu y

— Khi mot bién gia da duoc dua ra khoi co sé thi khong bao gid quay lai nita. Do
d6 ta c6 thé xoa cot bién gia d6 khoi bang don hinh.

— Néu diu hiéu dung xuét hién (Aj <0 Yj) nhung van con bién gia véi gia tri duong
trong sd cac bién co sé thi diéu nay chung té bai todn ban dau khong thé co6 phuong an
kha thi (c6 thé ching minh bang phan ching).

— Vi vi du trén (xem bang 1.2) ta thdy qué trinh giai chia lam hai pha: pha 1 nhim
giai bai todan M cho t6i khi bién gia (xs) duoc dua ra khoi s bién co so (lic nay co
phuong 4n cyuc bién xuét phat cho bai toan (b)) va pha 2 nhim tim phuong an t6i vu cho
bai toan (b).

— Phan mém tinh toan Lingo c6 thé giai dugc tat ca cac BTQHTT khong doi hoi
ngudi dung phai dua ching vé dang chinh tic.

3. Mo hinh quy hoach tuyén tinh da muc tiéu
3.1. Cac khdi niém co bdan

Phdt biéu mé hinh

Trong cac bai todn ki thuat, cong nghé, quan li, kinh té nong nghiép v.v... ndy sinh
tur thuc té, chung ta thuong phai xem xét dé to1 wu hoa dong thoi mot e nhiéu muc ticu.
Céac muc tiéu nay thuong 1a khac vé€ thr nguyén, tuc 1a chung dugc do boi cac don vi
khac nhau. Nhirng tinh huéng nhu vay tao ra cac bai toan t6i vu da myc ti€u. Nhu vay,
ching ta can phai t61 uu hod (cuc dai hod hodc cuc tiéu hod tuy theo tinh huoéng thuc té)
khong phai la chi m§t muc tiéu nao do, ma la dong thoi tat ca cadc muc tiéu da dit ra.

Bai toan tdi wu da muc tiéu ma trong do mién rang budc D 1a tap 161 da dién va cac
muc tiéu z; = fi(X), véii=1, 2,..., p, la cac ham tuyén tinh x4c dinh trén D, dugc goi la
bai toan quy hoach tuyén tinh da muyc tiéu. Khi do, ta c6 mo hinh todn hoc sau day dugc
goi1 1a m6 hinh quy hoach tuyén tinh da muc tiéu :

Max CX voi rang buoc X € D, trong do:

C la ma trdn cdp p xn

D={XeR"AX<B}

voi A la ma trgn cap m x nva B € R".

Vi du: BTQHTT vo6i hai muc ti€u
f](X) =x; + 2X2 — Min hay Z1 = f’] (X) =—X1— 2X2 — Max
Zy) = fz(X) = 2X2, — Max
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véi cac rang budc
-X, +X,<3
X, +Xx,23
X, X,20

Ta c6 thé viét bai toan ndy dudi dang ma trin nhu sau: Max CX véi rang budc
X e D={Xe R*: AX < B}, trong d6 X = (x1, x2)', B=(3, -3, 0, 0)", con

-1 1

C= -1 =2 A= -1 -1 .
0 2 -1 0
0 -1

C6 thé néi, BTQHTT da muyc tiéu 1a BTQHTT ma trong d6 chung ta phai tdi uu
hoa cung mot luc nhiéu muc tiéu. Tuy nhién, cac muc ti€u nay thuong ddi choi canh
tranh v&i nhau. Viéc 1am tot hon muc tiéu nay thuong dan t6i viée 1am x4u di mot sé muc
tiéu khac. Vi vay viéc giai cac bai toan tdi uu da muc tiéu, tac 1a tim ra mot phuong an
kha thi tot nhit theo mot nghia nao do, thuc chat chinh 12 mot bai toan ra quyét dinh. Co
thé thiy lai & ddy mot 1an nira khiang dinh "Téi vu hoa chinh 1a céng cu dinh lugng chi
yéu nhét cua qua trinh ra quyét dinh".

Hién tai céc tai li€u, sach chuyén khdo, tap chi cidp nhat vé linh vyc lién nganh
Toan — Tin, Khoa hoc quan li, Cong ngh¢, Kinh té, Pién, Co khi nong nghiép,... dé cap
rat nhiéu toi bai toan tdi uu da myc tiéu. Van dé nghién ciru co so li thuyét, thuat toan,
1ap mo hinh, xay dung hé may tinh trg gitp quyét dinh, va ap dung cac mo hinh tbi uu da
muc tiéu cho cic qua trinh cong nghé, quan li,... 1a mot van dé lién nganh duogc rat nhiéu
nha khoa hoc va ki su thuc hanh quan tam.

Phwong dan t6i wu Pareto

Khai niém then chét trong t6i wu hoa da muc tiéu 14 khai niém phuong an téi wu Pareto.

Pinh nghia: Mot phuong an t6i wu Pareto X~ ¢6 tinh chét sau day:

— Trude hét n6 phai thudc vao mién cac phuong an kha thi cia bai toan, tirc 1a phai
thoa mén tit ca cac rang budc: X e D.

— V6i moi phuong an kha thi khac X € D ma c6 mdt muc tiéu nao dé tét hon (£(X) tot
hon £(X")) thi ciing phai ¢6 it nhat mét muc tiéu khac xau hon (§(X) x4u hon £(X'), j # i).

No6i mot cach khac, khong tdn tai mot phuong an kha thi ndo X € D ¢6 thé tréi hon
X" trén téng thé.

Pé minh hoa dinh nghia trén, ta xét vi du d cho.
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Vi du:
Xét BTQHTT véi hai muc tiéu.

f] (X) =Xx;+ 2X2 — Min

(X)) = 2x, — Max

Vi céc rang bude

X, +Xx,<3

X, +Xx,23

X,,X, 20
Y
3
2 4
[0)

-3 3 %

n,

Hinh 1.6. Minh hoa dé thi BTQHTT hai muc tiéu

Mién cac phuong an kha thi D (mién giéi han bai doan AB va cac tia Ad, Bx) duogc
biéu thi trén hinh L6. i, (-1, =2) 1a huong giam cua muc ti€u 1, con 1, (0, 2) la huéng
tang cua muc ticu 2.

Luc nay A(0, 3) ciing nhu B(3, 0) 1 hai phwong 4n tdi wu Pareto cua bai toan trén.
D& thay tap hop P tit ca cac phuong 4n tdi uu Pareto bao gdm cac diém nam trén doan
AB va Ad.

3.2.  Mét sé phwong phap giai BTQHTT da muc tiéu

Dinh nghia 1

Giai bai toan tdi wu toan cuc da muc tiéu 1a chon ra tir tp hop P cac phuong an tdi
uu Pareto cua bai toan mdt (hodc mdt s0) phuong an tot nhat (thoa man nhat) theo mot
nghia nao d6 dua trén co cau uu tién cua ngudi ra quyét dinh.

Trong vi du trén, tuy theo co cdu wu tién cua ngudi ra quyét dinh, chung ta co thé
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chon ra mdt hodc mot sé diém tdi wu Pareto nam trén AB hodc tia Ad lam phuong an tdi
uu cua bai toan.

Cdch 1: Bing mdt phuong phéap tdi vu toan hoc thich hop tim ra tap hop P tit ca cac
phuong an t6i wu Pareto. Nguoi ra quyét dinh s& dé ra co cAu vu tién ctia minh d6i voi tép P
nham tim ra phuong an ti wu Pareto thoa mén nhat cho bai toan da muc tiéu ban dau.

Cdch 2: Viéc tim tap hop P trong trudng hop cac bai toan nhiéu bién 1a kha khé va
mét nhiéu thoi gian. Vi vdy, so voi cach 1, cach 2 s& tién hanh theo trinh tu nguoc lai.
Trude hét ngudi ra quyét dinh s& dé ra co cau wu tién ciia minh. Dya vao co cdu uu tién
d6, cac muc tiéu s& duoc to hop vao mot muc tiéu duy nhat, tiéu biéu cho ham tong tién
ich cuia bai toan. Bai toan tdi wu voi ham muc tiéu td hop nay s& dugc giai bang mot
phuong phép t6i wu toan hoc thich hop, dé tim ra mot (hodc mot sd) phuwong an tbi uu
Pareto. Luc ndy, nguoi ra quyét dinh s& chon ra trong sd cac phuong an tbi uu Pareto d6
mot phuong an tot nhat.

Chung ta sé& tiép tuc phan tich cach tht 2. R rang, ngudi ra quyét dinh khong thé
dé ra co cu uu tién ciia minh mot cach chinh xac ngay tir dau. Trong qua trinh giai bai
toan, trong mdi budce lip, sau khi xem xét lai co cu uu tién d3 dé ra, cling nhu phuong
an trung gian vira tim duoc, ngudi ra quyét dinh c6 thé dya vao cac thong tin d6 dé thay
ddi lai co cAu uvu tién cia minh. Sau do, qua trinh giai lai duogc tiép tuc, cho to1 khi mot
phuong an t6i wu cudi ciing dugc dua ra.

Dinh nghia 2

Phuong phéap giai bai toan tdi wu da muc tiéu duwa trén sy trg giup ctia hé may tinh,
nham gitp ngudi ra quyét dinh timg budc thay d6i cac quyét dinh trung gian mot cach
thich hop dé di téi mot phuong an tbi vu Pareto thoa mén nhit, dwgc goi 13 phuong phap
tuong tac ngudi — may tinh.

Phuong phap tuong tac ngudi — may tinh giai bai toan tdi uvu da muc tiéu c6 cac
yéu t6 cdu thanh sau:

— Co cu vu tién ciia ngudi ra quyét dinh va ham té hop twong tng.

— Kiéu tuong tac ngudi — may tinh: cho biét cac thong tin nao may tinh phai dua ra
lai trong cac budc lip trung gian, va cach thay doi cac thong sd cia co cdu wu tién tir
phia nguoi ra quyét dinh.

— Ki thuat tdi vu toan hoc duge xay dung dya trén 1i thuyét t6i wu hod nham tim ra
céc phuong an ti uu Pareto cho cac bai toan can giai trong cac bude lap trung gian.

Cho t6i thoi diém hién nay, hang chuc phuong phap giai BTQHTT da muc tiéu da
duoc dé cap toi trong cac tap chi chuyén nganh, ma da s chung déu c6 nhiing tng dung
rdt thanh cong trong nhiéu linh vuc, nhu: phwong phap tham s, phuong phap nén phap
tuyén, phuong phap véc to cuc dai, phuong phép trong s twong tac ciia Chebysev,
phuong phép thoa dung mo tuong tac cia Nguyén Hai Thanh.
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3.3.  Phwong phap thod dung mo twong tac giai BTOHTT da muc tiéu

Thudt giai

a. Buéc khoi tao

— Nhap sb liéu cho cac ham muc ti€u tuyén tinh z(i=1,2,...,p) vam diéu kién
rang budc.

— Giai BTQHTT cho tirng muc tiéu z; (i =1, 2,..., p) vé1 m rang budc ban dau, thu
duoc cac phuong an toi uu Xl, Xz,..., ?(p (néu véi mot muc tiéu nao do6 bai toan k‘héng
cho phuong an t61 uu thi can xem xét dé chinh sura lai cac diéu kién rang budc ban dau).

— Tinh gia tri ham muc tiéu tai p phuong an Xl, Xz,..., XP.

Lap bang pay—off. Xac dinh gia tri cén trén z® va gid tri can dudi z" clia muc tiéu
zi(i=1, 2,..., p).

— Xéc dinh cac ham thod dung mo pi(z1), pa(z2),..., Hp(zp) cho tirng muc tiéu dua
vao thong tin tr bang pay—off theo cong thuc:

w

Z. —Z .
Mi(zi) =Z113—1W: 1=152,--"p'

-batk:=1.
b. Cac bwoc lap (xét buoc lap thir k)

Buéde 1: Xay dung ham muc tiéu t6 hop tir cac ham thoa dung trén:
Wili(z1) + Wala(z) +... + wppp(zp) = Max

Trong do6: wi, w,..., W, 1a cac trong s6 phan anh tam quan trong cia tirng ham thoa
dung trong thanh phan ham t6 hop, véi

witwort+tw,=1va0<wi,wy..,w,<1.

Buwoce 2:

— Giai BTQHTT v6i ham muc tiéu t6 hop va m rang budc ban dau dé tim dugc
phuong an t6i wu cua bude lip thir k 1a X® va gia tri cia cdc ham muc tiéu z; ciing nhu
cua cac ham thoa dung pi(z;) (voii=lI, 2,..., p).

— Néu nguoi ra quyét dinh cam théy chua thod man véi cac gia tri dat dugce cia cac
ham muc tiéu ciing nhu cua cac ham thoa dung thi phuong an thu duge X® chwa phai la
phuong an t6i wu thoa man nhat. Pat k:=k + 1, quay vé budc 1.

— Néu ngudi ra quyét dinh dd cam thdy thoa man thi phwong an thu dugc 1a X®.
Chuyén sang buéc 3.

Buée 3: Két thic.
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Vi du: Gidi BTQHTT hai muyc tiéu.
z1 = 8x1+ 6X, — Max
7z, = X1 +3x, — Max

véi cac rang budc:

a. Buoc khai tao

— Gidi BTQHTT cho tirng muyc tiéu trong vi du trén ta c6 hai bai toan: Max z; = 8x; +
6%, — Max v6i didu kién rang budc (D) cho phuwong 4an tbi wu X'(12, 6) va Max z; = 132;
7, =X + 3x, — Max cho phuong an t6i vu XZ(O, 12) va Max z, = 36.

Nhu vdy mién phuong 4n tdi wu Pareto chinh 1a moi phuong an thuéc AB (xem
hinh I.1), v61 A(0, 12) va B(12, 6). 1, (8, 6) la huéng tdng cua muc ti€u 1, con 1, (1, 3) 1a
hudng ting ctia muc tiéu 2. Do do, khi chon phuong 4n tdi wu Pareto dich dan tir B vé A
thi z; giam, z, ting. Can tim phuong an tdi uu Pareto "thoa man nhat" thugc AB bang
cach “thuong luong” gitra z; va z,.

— Lap bang pay—off cho cdc muc tiéu

Phuong an X; Z1 Z5
X'(12, 6) 132 30
X*(0, 12) 72 36

Dya trén thong tin cua bang pay-off, ta c6 z" = 72, z’= 132; con z) = 30,
z2=36. Do d6, doan bién thién can xét cho z; 1a [72, 132] va cho z, 1a [30, 36]. Tir d6

chiing ta c6 thé thiét 1ap cac ham thoa dung md (mg véi hai muc tiéu da cho nhu sau:

z —zV z, =72 z 72z
w(z)) = ,13 1W= . =L -—=21

~12
P-zZ 132-72 60 60 60

Ham thod dung mo¢ trén day phu thudc vao z;, nén phu thudc vao (x;, x;). Khi co
mét phuong 4n kha thi (x;, x,) ta tinh dugc do thoa dung y,(z,) ddi véi muc tidu z;.
Tuong ty ddi v6i z; ta ¢6 ham thoa dung mo:

z,—z/  z,-30 =z
2) =22"% =% —Z _
(2 =TT 36030 6

Lap ham thod dung to hop u=wip,(z,)+ wap,(z,), trong d6 wi, wy 1a cac trong sb

thoaman 0 <wy, wo <1vaw; +w, =1.
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b. Cac budéc lap
Xétwi=0,5vawy=0,5,thicou=0,5(ZL—1,2)+0,5(Z2—5)=(ZL+22)+109.
60 6 120 12

Pé cuc dai hoa ham thoa dung td hop, ta chi can tim Max {1Z2—10+1Z—;} Vay chiing ta can

giai bai toan: Max u = 122—‘0 + 12—; vo1 cac rang budc (D), hay bai toan tuong duong:

z = 120u/18 = x; + 2x, — Max v6i cac rang budc (D). Giai BTQHTT nay ta s& co két
qua (0, 12). Néu thay doi gia tri cua bd trong s6 (w;, wz) thi s€ thu dugc cac phuong an
Pareto khac nhau, nhung déu nam trén doan AB.

Chii y: Chu ¥ rang, véi mdi bo trong sb (w1, w») ta tim duoc mot phuong an tdi wu
Pareto (x;, X) bang cach lam cyc dai hod ham thoa dung t6 hgp u da thiét 1ap dugce. Ci
thé chon céc bd trong s6 wi, w, khac nhau ta c6 cac phuong an tdi uu Pareto khac nhau.
Ttr cac phuong an d6, chung ta chon dugc phuong an tdi wu Pareto tot nhat.

Phan mém MULTIOPT phién ban 1.0 duoc xay dung dua trén phuong phép thoa
dung md twong tac nham giai BTQHTT da muc tiéu. Chuong trinh dugc xdy dung bang
ngdn ngir Visual Basic, c6 giao dién don gian va d& dung. Céc chirc ning chinh ctia phan
mém bao gom:

— Chuc nang nhap dir liéu cho BTQHTT da muc ti€éu mot cach tryc quan: nhap dir
liéu qua ban phim hoac nhap dir li¢u tur tép.

— Xuit bai toan d3 duoc nhap ra tép.

— Giai bai toan: theo ddi bang pay—off va giai theo phuong phap trong sb.

— Xuat két qua ra tép: xuat két qua trung gian ra tép / xuit két qua cudi cung ra tép.
Sau khi da cai dat chuong trinh, mdt lién két dén chuong trinh s€ dugc tao tai menu
Start > Programs ciia Windows. Dé khoi dong chuong trinh, kich hoat menu Start >
Programs > Téi wu da muc tiéu.

Sau d6, can phai chon bai toan bang cach vao menu Chwong trinh, d& chon Bdi
todn tuyén tinh.

Nguoi stir dung c6 thé nhap dir liéu theo mot trong hai cach sau:

Nhdp die liéu ter ban phim

Chon menu Xu [7 bai toan > Nhdp dir lieu > Nhap twr ban phim.

Céc s6 liéu dau vao ctia chuong trinh bao gdm:

—n — sb bién;

— m — s céc rang budc;

—ml —sb cac rang budc <=;

—m2 — s0 cac rang budc >=;
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-p- sb cac muc tiéu;

—ep —s6 duong du nho;

— gz — s6 duong di 16n.

Nhap dir liéu tur tép

Thuc hién 1énh Xt li bai toan>Nhdp dir lieu>Nhap tir tép, sau d6 chon tép dir licu.

Vi du:

Giai bai toan quy hoach tuyén tinh ba muc tiéu.
Z1 = X1 — 2X» + 3x4 — Max
Zy) = —3X1 + 6X2 — 9X4 — Max
73=5X; + X5 +2x3 — Max

v6i cac rang budc:

(—2x;1+tx3 £ 6;

X1+ Xp +5X3 < 6;

< 6X1 + 5X2 - 3X3 < 6;

—Xx3t4x4 £ 8;

\ X1, X2, X3, X4 = 0.

Nhu vay, ¢ day chung ta muon cuc dai hod dong thoi ba ham muc ti€u trén mién D céac
phuong an kha thi thod man dong thoi bon rang bude va dieu kién khong am cua cac bién.

=
Xem théng tin vé cdc théng s5 "Chlﬂﬁtl

m: [4 mi:[4 mE:ID n: |4 (1 ] eps: [ o001 gz (500

Mhap 2 muc tigy mé: ||:|
2% Giai bai toan quy hoach tupén tinh bing phudng pl

IMhap cac he socua ham da mue tieu .
- MHAP YiC TO TRO

oil |ci2 |ci3 cig

Mhap trong s Gl bai

Ihap Tron

Ciua ra cac be o cua ham mot muc tieu

ail [=iz. [=iz [=is [bi
al -z Lu} 1 Lu} =]
a2 1 1 3 Lu} ]
a3 [ 5 3 Lu} 1
=L [n] 0 1 4 g

Hinh 1.7. Nhép dit liéu tir ban phim
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Trong budc khoi tao, ta nhadp dir li¢u tr ban phim nhu trén hinh 1.7.

— Sau khi da nhap dir liéu, thuc hién tinh cac budc trung gian (tinh cac gia tri trong
bang pay-off, tinh cic gid tri cho cdc ham thoa dung) bang cach chon Xi Ii bai
toan>Tinh toan>Tinh trung gian.

— Thuec hién Xt li bai todn>Tinh todn>Phwong phdp trong s6. Trén man hinh xudt
hién form nhap cac gia trj trong sé (xem hinh 1.7: cac gia tri cta trong s6 duoc nhap sao
cho c6 tong 1a 1). Sau khi nhép céc gié tri trong sé nhan vao nit Gidi bdi todn dé giai bai
toan (xem hinh L.8).

& Bai todn Quy hoach Da muc tigu

Héthing Chuonglinh 2016 baitosn Tiwchon  Trg gigp

18 5LH0me

B ton tuyén tinh
i Tap nghiém iing vdi trong 0.

KET QUA TiNH TOAN

Chon chl ed.

Iﬁ Hlpxen | Chou file elp x&p
KET QUA T TOAR

« 2 % " E z = I

SE el 31 11 | Thod1 |

145 -4.36 P
L5 -4.36 am

Hinh L.8. Nhip cdc gid tri trong sé va gidi bai todn
KOt qu tr*n hxnh L8 Iu x; = 1,45, X = 0, x3 = 0,91, x4 = 0, p,(z,)= 0,42, p,(z,) =
0,58, p,(z;)= 1, z1 = 1,45, z2 = =436 vu z3 = 9,09 ung voi bo trong s6 w; = 0,2,

wy=0,3 vawsz= 0,5.

4. Mo hinh tdi wu phi tuyén don va da muc tiéu
4.1. Mjt sé khdi ni¢m co bin
M6 hinh toi wu tong qudt
Mo hinh téi wu téng quat, hay bai toan tdi uvu tong quat, c6 dang:

F(X) - Min (Max) véi X € D cR".
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O day F(X) c6 thé 1a mot ham vo huéng hay ham véc to, tuyén tinh hay phi tuyén.
Trong truong hop F(X) 12 ham v6 hudng thi ta ¢6 mo hinh ti vu don muc tiéu, con néu F
12 ham véc to thi ¢6 md hinh téi vu da muc tiéu. D duoc goi la mién rang budc hay mién
phuong an kha thi, thuong dugc bicu dién boi cac dang thirc va/hodc cac bat dang thirc.

M@é hinh t6i wu phi tuyén don muc tiéu
Dang chinh tic cua bai toan tdi vu mdt muc tiéu duge biéu didn nhu sau:
f(X) = Min (Max), X = (x;, X2, ..., Xxo)€R",
VOi: (i) gi(X) <0, j=12 ..k
(ii) gi(X) =0, J=k+1, kt2, ..., m,
Trong cdc bai todn thuc té ¢é thé bé sung cdc rang budc
(iii) a; <x; < b, i=12 .., n

Trong truong hop hodc ham muc tiéu f(X) hodc cé it nhit mot trong cic ham rang
budc gi(X),j =1, 2, ..., m, 1a ham phi tuyén, ching ta c6 bai toan t6i wu phi tuyén. Khi
tat ca cac toa do x; déu bat budc nhan cac gia tri nguyén, i =1, 2, ..., n, thi ta c6 bai toan
tdi wu nguyén. Con néu chi c6 mot sb toa dd (nhung khong phai tit ca cac toa do) bat
budc nhan gia tri nguyén thi ta c¢6 bai toan tdi uu hon hop nguyén.

Ki hiéu D 13 mién cac phuong an (mién rang budc) cho béi cac rang budc (i), (ii)
va/hodc (iii) thi bai toan tdi wu trén day c6 thé viét gon hon nhu sau:

f(X) = Min (Max) voi X € D.

Luc nay, doi voi bai toan cyc tidu hod, X e D dugc goi 1a phuong an tbi wru toan
cuc néu VX e D ta ludn co: f(X') < f(X). Trong trudng hop f(X') < f(X) chi ding voi VX
e D trong mdt l4n can nao d6 cua X thi X' duogc goi 1a phwong an tbi vu dia phuong.
Mot céach tuong tu, ta co thé dinh nghia khai niém phuong an tdi wu toan cuc hodc dia
phuong cho bai toan cuc dai hoa. Néu chung ta chi quan tdm tdi viée tim kiém phuong an
t6i wu toan cuc thi ta co bdi todn t6i wu toan cuc.

Trong cic bai toan tdi wu phi tuyén Gng dung néi chung, trong linh vuc co khi —
dién luc néi riéng, phuong an téi uu toan cuc c6 mot y nghia quan trong. Ching han
trong thiét ké may nong nghiép, sau khi dung phuong phap phan tich hdi quy nhiéu
chiéu, ta thudng thu duoc ham muc tiéu f(X) c6 dang phi tuyén. Bai toan dit ra 13 phai
tim dugc phuong an ti vu toan cuc.

Co6 rat nhiéu phuong phap giai cac 16p bai toan toi wu phi tuyén, nhung chua cé
phuong phép nao t6 ra hitu hiéu cho moi bai toan tbi wu phi tuyén, dic biét 1a cac bai
toan t6i wu nguyén va hdn hop nguyén.
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M6 hinh t6i wu phi tuyén da muc tiéu
M5 hinh t6i vu da muc tiéu c6 dang:
zi = fi(X) = Min (Max), X = (X1, X2, ..., Xs), j=1,2,...,p(p=2)
VOi: (i) gi(X) <0, j=12 ..k
(ii) gi(X) =0, j=k+tl, kt2, ..., m

Trong cdc bai toan thuc té co thé bo sung cac rang bugc
(iii)ainl-Sbi, izl, 2, e, N

Trong mo hinh nay, ta c6 p muc ti€u can t6i uu hod, cac hé sb cua cidc ham muc
tiéu va rang budc no1 chung duogc gia su la cac gia tri thuc xac dinh. Trong truong hop co
it nhat mot trong cac ham muc tiéu hay cac ham rang budc 1a ham phi tuyén, chung ta c6
bai toan tdi wru phi tuyén da muc tiéu.

D6i voi bai toan t6i wu phi tuyén da muc tiéu chung ta ciing c6 khai niém phuong
an t6i wu Pareto nhu d trinh bay trong muc 3.1 va 3.2 d6i véi BTQHTT da muc tiéu.

Ciing nhu d6i v6i cac BTQHTT da muc tiéu, phuong phap giai bai toan tdi wu phi
tuyén da muc tiéu dya trén sy tro gitip ctia hé may tinh, nham gitup ngudi ra quyét dinh
tirng budc thay doi cac quyét dinh trung gian mot cach thich hop dé di téi mot phuong an
t6i wu Pareto thoa man nhét, dugc goi 1a phuong phap twong tac ngudi-may tinh.

4.2.  Mpt sé phwong phdp va phan mém gidi bai todn t6i wu phi tuyén don muc tiéu

Cidc phwong phdp gidi bai todn téi wu toan cuc

Céc phuong phap giai bai toan t6i wu toan cuc phi tuyén don muc tiéu dugc phan ra
thanh hai 16p: phuong phép tat dinh (deterministic methods) va phuong phap ngiu nhién
(stochastic methods).

Phuong phép tat dinh sir dung céc tinh chat giai tich ciia ham muc tiéu va cac ham
rang budc. Mot sb dang bai toan tdi wu toan cuc voi nhiing tinh chét giai tich nhét dinh
ctia ham muc tiéu va cac ham rang budc cé thé giai dugc bang cac phuong phap tat dinh
thich hop, chiang han nhu phuong phap quy hoach toan phwong, quy hoach tach, quy
hoach 16i, quy hoach d.c... Trong céac trudng hop d6 phuong an tdi uu toan cuc c6 thé
tim dugc sau mot s6 hitu han budc tinh toan véi do chinh xac chon trude. Tuy nhién, ddi
v6i nhiéu 16p bai toan t6i wu toan cuc phuong phéap tat dinh t6 ra khong c6 hiéu qua.

Trong khi d6, cic phuong phip ngiu nhién nhu: phuwong phap da khdi tao
(multistart), md phong toi (simulated annealzng) thuat giai di truyén (genetic
algorithm),... ¢6 thé ap dung dé giai cac bai toan tdi wu toan cuc dang bat ki, khong doi
hoi cac tinh chat dic biét cia ham muc tiéu hay cac ham rang budc. Cac phuong phap
ngau nhién dic biét t6 ra c6 hiéu qua ddi véi cac bai toan toi wu phi tuyén nguyén va hdn
hop nguyén. Tuy nhién, cac phuong phap nay thudng chi cho phwong 4n “gan” tdi wu
kha tot sau mot s6 hitu han budc ma khong kiém soat duoc do chinh xac ciia phuong an
tim duogc.
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Phin mém Lingo gidi bai todn quy hoach toan phwong
Vi du: Giai bai toan t6i wu phi tuyén dang toan phuong
zZ= 8)(12 + 6x22 — Max,

V01 cac rang budc:

IA

4X1+‘2X2 60

2x; +4x, £ 48
X1, X2 > 0.

Dé giai bai toan trén, chung ta nhan vao biéu twong Lingo trén man hinh dé vao ctra
s6 Lingo. Sau d6 thuc hién céc 1énh Lingo: Menu > New > <Untitle> va gd vio céc dir
liéu cta bai toan (trong tu nhu khi giai BTQHTT bang phan mém Lingo, xem lai muc
1.4, hinh 1.4).

BLiNGD

File Edt LINGO ‘window Help
nizEz LiERrEe] BRR] (2= (2D

Rows= 5 Uars= 2 Ho. integer vars= a
Honlinear rows= 1 Monlinear wvars= 2 Nonlinear constraints= a
Nonzeros= 18 Constraint nonz= 6 Density=8.667
Optimal solution found at step: 4
Objective value: 1800.008
Variable Ualue Reduced Cost
X1 15 .80080 0.B0BABABE+ B0
X2 0.80B0BABE+ BB 120.00808
Row S$lack or Surplus Dual Price
1 1800.0808 1.0000808
2 0.B0BABABE+ B0 68.00080
3 18.00000 0.0000000BE+ 00
4 15.0000808 0.80B0ABABE+ B0
5 0.B0BABABE+ B0 0.B0BABABE+ B0
FR C:AMYDOCU~1ALINGOALING DALINGOSUSERATHANH LNG
max = Bxx1xx1+hxx2ex2; =
By 1+2%xR2<=60; _J
2%X1+4xR2<{=48;
x1>=0;
®2>=08;

Hinh 1.9. Két qud bai todn quy hoach toan phwong trong Lingo.

Tiép theo, can nhay chudt vao nat LINGO va giai bai toan dé thu duoc két qua chi
tiét nhu trén hinh 1.9. Két qua trén cho ta biét gia tri cuc dai cua ham muc tiéu 1a 180 voi
phuong an tdi vu 1a: x; = 15, x, = 0. Céc gi trj téi wu cia cac bién ddi ngau 1a y,; = 5/3 va
Y2=y3=ya=0.

Gidi bai todn téi wu phi tuyén bing phin mém RST2ANU

Phan mém RST2ANU 1.0 duoc str dung dé giai cac bai toan tdi wu toan cuc phi
tuyén dang tong quat v6i cac bién lién tuc, cac bién nguyén va cho cac bai toan hdn hop
nguyén. Qua trinh xay dung phuong phap tinh toan tdi uu, thuat giai, cai dat trén ngén
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ngir C va sau ndy 1a ngdn ngit Visual C++ 6.0 ciing nhu chay thir nghiém kéo dai gan tam
niam. Ngoai wu diém giai dugc cic bai toan hdn hop nguyén, phan mém co do tin cay rat
cao trong viéc tim ra cic phuong an toi wu todn cuc va cd giao dién than thién ddi véi
ngudi sir dung. Phan mém d3 duoc dong goi tranh sao chép va co thé dung dé giai cac bai
todn 16n khi dugc cai dat trén hé may tinh manh.

Thuat gidi

Thuat giai ngau nhién RST2AN (hay RST2ANU), duoc dua ra béi C. Mohan va
Nguyén Hai Thanh. Thuét giai nay 1a thuat giai tim kiém ngiu nhién c6 diéu khién, c6
két hop thuat toan mo phong toi (SA). Thuét giai RST2AN 1a thuat giai lip, bao gdm hai
pha: pha cuc b va pha toan cuc. Sau déy la thuat giai RST2AN dugc phat biéu mot cach
ngin gon cho bai toan tdi wu chinh tic dang cuc tiéu hoa.

Trong pha toan cuc, mot ) lugng thich hop du 16n cac phuong an kha thi duoc
dugc phat sinh ra mot cach ngau nhién va luu trir trong mang cé tén A. Danh dau hai
diém c6 gia tri ham myc tiéu 16n nhat va nhé nhat twong tmg 1a M va L.

Trong pha cuc bé, cac phuong an duge xir i nhim thu dwoc gia tri tot hon cua ham
muc ti€u. Trong pha nay, thuat giai xac dinh X la diém duoc nodi suy bac hai dya trén
phuong an L va hai phuong an khac dugce chon ngiu nhién trong mang A. Néu nhu X 1a
phuong an kha thi thi voi f(X) < f(M), M s& duoc thay thé bai X trong mang A; con véi
f(X) > f(M), M s& duoc thay thé boi X v6i xac suit p= exp(—p(F(X)—f(M))/(f(X)—f(L))),
trong d6 B > 0 1a tham s6 duogc lya chon thich hop. Néu X khong phai 1a phuong an kha
thi, bé qua X va chon hai phuong an khac trong A mét cach ngiu nhién rdi cung voi L
tiép tuc sinh ra phuong 4n méi. Qua trinh ctr thé tiép dién nhu vay cho tdi khi tap hop cac
phuong 4n trong A s& c6 xu huéng co cum lai xung quanh mot phuwong an téi uu toan cyc.

Vi du: Giai bai toan tbi uu phi tuyén hdn hop nguyén.

7=x"% + %20 + x3%* + 2x4 + 5x5 — 4x5 — X6 — Min
V01 cac rang budc:
[Xz— 3X1 - 3X4 = 0;

X3 — 2X2 - 2X5 = 0;

4X4—X6 = 0;
X1 + 2X4 <4
X7+ X5 <4,
< X3 + Xg <6;

X1S3; X2S4;X3S4;
X4S1; X5S2;X6 S6;

X1, X2, X3, X4, X5, X6 = 0;

\ X4, Xs, X¢ 1 cac bién nguyén.

33



Hudng dan sir dung

Chuong trinh dugc goi gon trong mot file chay duy nhat mang tén rst2anul.0.exe.
Khi bit dau khai dong chuong trinh, ngudi dung s& duge hoi ma diang ki sir dung chuong
trinh. Mdi nguoi dung s& dugce cdp mot ma dang ki va phai c6 mi dang ki méi sir dung
duoc chuong trinh, do d6 chwong trinh khong thé bi sao chép.

Sau khi nhap ma dang ki, nguoi dung co6 thé nhap bai toan mot cach dé dang (xem
hinh 1.10) véi:

— NX 14 s6 bién ctia bai toan.

— XINT xé4c dinh bién nguyén va bién khong nguyén. Nhu trong hinh trén, XINT =
0,0,0,1,1,1 cho biét ba bién dau 1a bién lién tuc, ba bién sau 1a bién nguyén.

s RSTZANU Algorithm o) =]
MazxMin
A IE,| AINT: ID,D,D,IJIJI P [\::IN
Fa (R 1#%0, B0 20, 6 1H( N TFHR0, I 2N+ SNG4+ 3-HE =1 )
= L
Feas K23 LI A== 1322 NS ==0 4 ¥ == L+ 2Pt o= | cTaTUS
R =4 K3 HE < =F = - (RE P.D‘f)_
Rules [y =uz-mgbud )3, R5=24 ReH05); o=4"x4 =] Y
=l =
SAYE
MINE - | o,0,0,0,0,0 orD
MARE  |3,4,4,1,2,6 =
RESULTS
—Runkime controls
ABOUT
313 |3'3' A RAMDOM | 1000 —_—
GLESS
ITERLAST |1'3'C"3' 15LAST |2'3"3' IFLF‘.STIZ':“:' —_—

Epsilan 1 I le-006 Epsilan 2| 0.1 Beta I 1

—Input and Output options OPTIOMNS |
i in.kxck i ouk, bxk
Prob File I Res File I EXIT |

Hinh 1.10. Man hinh giao dién sau khi nhdp xong dii liéu

— FX [a x4u xdc dinh ham rang budc, dugc nhdp theo ci phap cua
EvaluateExpression. Cac bién duoc viét béng ki hiéu “X” ¢6 kém theo chi sd. Vi du, X1
la bién thir nhat, X5 1a bién thir 5.

— Néu bai toan tdi vu 1 bai toan tim cuc tiéu thi Iya chon 6 MIN va nguoc lai chon
0 MAX vdi bai toan tim cuc dai.

— Feas xau cho biét cac ham rang budc, dugc nhap cach nhau boi ddu chim phay
hodc xudng dong. Céac xau nay cling tuan theo cu phap ctua EvaluateExpression.

— Rules 14 cac x4u chi ra cac luat. O day, mot luat co thé coi nhu 12 mét 1énh gan
gia tri cia mot bién boi gia tri ciia mot bicu thirc cac bién khac.

— MINX Ia mang xac dinh can duoi cho cac bién, cac gia tri viét cach nhau boi dau
phay (,).
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— MAXX 1a mang x4c dinh can trén cho céc bién, céc gia tri viét cach nhau bai ddu
phay (,).

— NA 1a kich thuéc ctia mang A (c6 thé chon tuy v, t6i thiéu 1a 2(n + 1) véin 1a s6
bién cua bai toan).

— MAX RANDOM la s lan cb ging tbi da dé tim mot phuwong an chap nhan duoc
bang phuong phap ngiu nhién.

— ITERLAST, ISLAST, IFLAST la céc giéi han vé s vong lap, sb lan that bai
trong viéc cai thién gia tri ham muc tiéu, s6 1an that bai trong viéc ndi suy phuong an
moi chép nhan duoc.

— Epsilonl, epsilon2 1a cac s6 dwong dii nhé nham xac dinh tiéu chuin co cum ciia
mang A theo thuat giai.

— Beta la hang sb st dung trong cong thirc tinh xac xuat thay thé mot phuong an tot
hon trong mang A boi mot phuong an t6i hon.

— Prob file va Res file 1a cac tép dau vao va tép két qua. Co thé soan sin tép bai
toan dau vao rdi nap bai toan. Ciing c6 thé luu mot bai toan di nhap ra tép.

Chay chwong trinh

Sau khi nhdp bai toan hay nap bai toan tir tép, c6 thé chay chuong trinh bang cach
kich chudt vao nut RUN. Trong khi chay chuong trinh, 6 trang thai ¢ phia trén nat RUN
s& xuét hién dong chit SEARCHING. Khi thuat giai chay xong thi 6 trang thai s& tro vé
READY cho biét da sin sang cho cac bai toan tiép theo. Moi théng tin vé phin mém va
cach st dung sé dugc biét néu kich chudt vao nat ABOUT.

Sau khi chay xong chuong trinh, két qua chay s& duoc xem truc tiép khi kich chudt
vao nat RESULTS va c6 thé luu ra file van ban, bao gdm phuong an tdi wu, gia tri ham
muc ti€éu, mang A,... co cAu trac nhu trén hinh L.11.

A AR R R R R R R R R R R R R R R R R R R R R

fx=(E1%%0.6)+(2%*0.6) + (X370, 4) +2 *X4+57X5-4%E3-Xa

ITER = 158/1000; ISMAX = 76/200; IFMAX = 1001/1000

¥ = 0.666667% 2.000000 4.000000 O0.000000 O.000000 O.000000

f{Z¥) = -11.959130

==================s========LFRLY A====s===s=============s=========3
0.e86667 2.000000 4,000000 O0.000000 O.000000 O.000000 -11.959130
O.666667 2.000000 4.000000 0.000000 O.000000 O.000000 -11.959130
0.666066%7 2.000000 4.000000 0.000000 O.000000 O.000000 -11.959130
0.e86667 2.000000 4.000000 0.000000 O.000000 O.000000 -11.959130
0.e86667 2.000000 4.000000 O.000000 O.000000 O.000000 -11.959130
0.666667 Z2.000000 4.000000 O0.000000 O.000000 O.000000 -11.959130
0.e866321 1.998962 3.597925 0.000000 O.000000 0O.000000 -11.951906
0.e63472 1.990417 3.980834 0.000000 0.000000 0O.000000 -11.892427
O.662414 1.957243 3.574457 0.000000 0O.000000 O.000000 -11.870339
0.859851 1.979553 3.959105 0.000000 O.000000 0O.000000 -11.5816529
0.e408458 1.922544 3.5450858 0.000000 0.000000 0.000000 -11.420634
0.6840116 1.920347 3.540693 0.000000 O.000000 0O.000000 -11.405350

Hinh I.11. Céu tricc file két qud
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Nhu vay, bai toan da duoc giai xong, voi két qua: x;=2/3,x,=2,x3=4, x4= 0,
x5 =0, x¢= 0, va gia tri t8i wu ctia ham muc tiéu la —11,95913.

Bai todn téi wu thong sé sang phén logi

Ching ta c6 thé sir dung phan mém RST2ANU dé tim nghiém cta hé phuong trinh
ph1 tuyén sau phat sinh trong viéc tinh toan mot s6 thong sé hinh hoc va dong hoc cua co
céu sang phan loai dao dong (can cha y rang nhiéu phuong phép tinh toan thong dung
khac cua giai tich s6 da t6 ra khong hiéu qua):

( rcosp; + lcosp; + l”3COS(D3 + Licosps—xc; = 0;
rsing; + Ising; + l”3Sl'I’l(03 + lsingpg—ycr = 0;

recosg; + lcosgs + [3c08(p3 — @) + Iscoss —xp; = 0;

\ rsing; + Ising; + [ssin(ps — @) + Issings — yp; = 0;

Trong hé phi tuyén trén cac thong sd da biét 1a: r = 0,05m; 1= 0,30m; 1 3 = 0,15m;
13 =1 075m 13 1 0251’11 14 O 501’1’1 15 0 401’1’1 Xc1 = 0 3651’1’1 Yc1 = 0 6351’1’1 XDp1 =
1,365m; yp; = 0,635m; o = /8.

Dé str dung phan mém RST2ANU giai hé phuong trinh phi tuyén cho ¢; = kn/8
k=0, ...,9), trudc hét chuing ta can thiét lap ham muc tiéu sau:

z = (rcos@; + lcos@, + 1 3c0803 + l4cosqs — xc1)* + (rsing; + Ising, + 13 sings +
l4singy — yc1)2 + (rcos@; + Icos@, + 1’3005(@3 — o) + Iscos@s — xD1)2 + (rsing; + lIsing, +
1’3sin((p3 —a) + Issings — yD1)2 — Min.

Két qua duoc cho trong bang 1.3 Vi Zpin = 0.

Bing 1.3. Két qua tinh todn gid tri cdc théng so ciia sang phén loai

¢1 €[0,27] ¢2 €[0,7] ¢3€[0,m] ¢4€[0,m] ¢s e [0,m]
0 0,226128 0,551311 1,783873 1,666775
/18 0,199269 0,550518 1,784628 1,670250
2m/18 0,170835 0,550590 1,782751 1,668853
3n/18 0,143343 0,550490 1,778826 1,663697
4m/18 0,112669 0,552073 1,770032 1,652171
5/18 0,090986 0,551991 1,759350 1,639575
6m/18 0,066036 0,553576 1,745374 1,622823
Tn/18 0,051284 0,554296 1,730174 1,602970
87/18 0,039053 0,555262 1,713242 1,581813
/18 0,033773 0,556277 1,695605 1,560720
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4.3. Mt sé6 phwong phdp gidi bai todn téi wu phi tuyén da muc tiéu

Phwong phap twong tic nguwoi—mdy tinh

Phuong phap PRELIME (PREference Level Interactive Method) hay con goi la
phuong phap twong tic dya trén mirc wu tién do C. Mohan va Nguyén Hai Thanh dé xuét.
Con phuong phap trong sb quy chuin 1a do Andrezj Osyczka dé xuit. Cac phuong phap
nay déu thudc 16p phuong phap tuong tic ngudi—may tinh giai bai toan tdi wu da muc
tiéu voi cac yéu to cau thanh sau:

— Co cu vu tién cua ngudi ra quyét dinh va ham t6 hop twong ung.

— Kiéu tuwong tac ngudi — may tinh: cac théng tin ndo may tinh phai dua ra trong
cac budc 1ap trung gian, va cach thay doi cac thong sd cua co cau uu tién tir phia nguoi
ra quyét dinh.

— Ki thuét t8i vu toan hoc dugc xay dung dua trén li thuyét t8i uu hoa nham tim ra
cac phuong an tdi wu Pareto cho cic bai toan can giai trong cac budc lap trung gian.

Bai todn thiét ké truc mdy

Bai toan c6 hai muc tiéu sau:

— Muc tiéu 1 1a cuc tiéu hod thé tich cua truc may
f1(X) = 0,785[x1(6400 — x,%) + (1000 — x;)(1000 — x,%)] (mm?)

— Muc ti€u 2 1a cuc tiéu hoa do nén tinh cua truc

1 1 10°
4 )x13 HPPY

£(X) = 3,298x107°[( -
4,096x10" —x; 10° —x; 10° —x

7] (mm/N)

2

Trong d6, X= (x1, x2) 1a véc to quyét dinh hay véc to phuong an, voi x,, x; 1a cac
bién quyét dinh sau: x; — do dai phan giap ndi truc, x, — duong kinh trong cua truc. Cac
thong sb khac di dugc thé hién trong cac ham muc tiéu fi(X) va f,(X). Chung ta can chon
cac gia tri cho cac bién quyét dinh (con goi 13 cac bién thiét ké) x;, x, dé t6i vu hoa dong
thoi cac muc tiéu 1 va 2 trong cac diéu kién rang budc sau:

4 9,78 x10° x
B0 = 180~ 96107 —lxj =0
{ 2 (0=752-%20, )
o5 (X) = x2 — 40 >0, 3)
g4 (X)=x12>0, 4)

\

trong d6 cac diéu kién (2), (3), (4) 1a d& hiéu (ngoai ra, ta gia thiét x; < 1000), con diéu
kién (1) ndy sinh do yéu cu sau: Mot mat, truc may phai chiu dung dugc td1 mic tdi da
luc Frnax = 12000N. Mt khac, d6 nén két ndi cho phép 1a 180N/mm.
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Viéc phat biéu bai toan tdi wu da muc tiéu dudi dang toan hoc (chinh 13 viéc 1ap mé
hinh toan hoc cho van dé phét sinh tir thyc té) 1a mot khau rat quan trong nham mo ta tot
nhat hanh vi cta hé théng dang dugc xem xét, mat khac nham tim ra duoc cac phuong
phap téi wu hoa ¢ hiéu qua dé di t6i mot phuong an du tét va mang lai loi ich.

Sau déy, chung ta hiy phan tich van tit hai phuong phap giai bai toan thiét ké truc
may da néu ra ¢ trén.

Phwong phdp trong so quy chudn

Trong yéu t6 ciu thanh thir nhat, ham t6 hop cac muc tiéu cho bai f(X) = w,f1(X)
+ o, £2(X), trong d6 ®;, ®, la cac trong $b khong am g v6i cac ham f;(X) va £5(X),
o) + o, = 1. Do gia tri cia ham fy(X) thudng 16n gip rat nhiéu 1an gia tri ctia ham £5(X),
®; va o, duoc quy chuin nhu sau: f(X) = 0,'f1(X) + 0,'12(X), voi o' = (01.10_6/2,961 ;
@' = ©,.107/0,338.

O yéu t cdu thanh thl’I hai, trong cac budc lap trung gian, ngudi ra quyét dinh thay
d6i 1an luot cac cip trong s6 (031, ®,) vOi cac gia tri la (0 2; 0,8), (0,8; 0,2), (0,6; 0 4) va
(0 4; 0,6). Cap trong sd cudi cung cho phuong 4n tdi wu Pareto thoa man nhat 1a

=237,1 va x, = 68,2, v6i fi(X) = 3,529 x 10° ; f(X) = 0,437 x 10,

Con & yéu t6 cau thanh thir ba, tic gia Andrezj Osyczka di sir dung thuét toan t6i
vu do tim ngau nhién.

Phwong phap twong tdac dwa trén mvrc wu tiéen PRELIME

Trude hét, & yéu t& cdu thanh thir nhét, hai muc tiéu f;(X) va £(X) dugc chuyén
thanh hai ham (lién) thudc mo phan anh d6 thoa méin cta nguoi ra quyét dinh ddi véi
tirng muc tiéu. Cac ham thudc mo nay 1a cac ham tuyén tinh timg khuc, duoc viét dudi
dang gian lugc nhu sau cho mot s diém noi suy:

o
0 néu f; > 6,594 x 10° = a,
w=< 05 néufi=4x10°=b,
1 néu f; < 2,944 x 10° = ¢,
0 néu f, > 0,499 x 107 =
= < 0,5 néuf,=0450x 10" =b,
1 néu f, <0,338 x 107 =
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Db thi clia cac ham thudc mo cho & cac hinh vé& trén. Phan tich ham thudc mo L, ta
thdy: ngudi ra quyét dinh s& c6 d6 thoa mén 0 dbi v6i moi phuong an 1am cho f; > 6,594 x 10%
d6 thod min 1 néu f; < 2,944 x 10° ; va d¢ thoa min 0,5 néu f; = 4x10°. D9 tho min 0,5
duogc coi 1a do thoa man tdi thiéu va muc f; = 4x 107° = b; dugc goi 1a mirc wu tién twong
trmg dbi véi muyc tiéu f;. Twong tu chiing ta c6 thé phan tich vé ham thudc p, va mirc uu
tién b,. Sau d6, ham thod dung to hop dang Max—Min dugc thiét 1ap cho hai ham muc
tiéu riéng r& trén dudi dang: Max{Min[u,, p1,]} nham tim ra phuong an thoa dung (x,, x»)
trong mién rang budc ciia bai toan.

Dbi v6i yéu t6 cAu thanh tht hai, ngudi ra quyét dinh s& cin clr vao thong tin do may
tinh dua ra dé diéu chinh cac mic wu tién by va b,. Thay dbi cac cap muc uu tién (by, by) tir
(4><106; 0,45x1073) sang (3,6><106; O,435><1073), s€ nhan dugc phuong an sau (xi, Xz) =
(235,67 ; 67,67) v6i (f1, £,) = (3,58x10°% 0,433x107).

Trong yéu t6 ciu thanh thr ba, cac tac gia da dung thuat toan tim kiém ngau nhién
c6 didu khién RST2ANU két hop vé6i thuat toan mo phong toi (SA) dé tim ra cac phuong
an ti wru Pareto cho cac bai toan trung gian thong qua viéc giai bai toan ti uu phi tuyén
don muc tiéu dang Max {Min[y,, 1z]}.
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Chwong I1

CAC MO HINH MANG

1. M6 hinh mang van tai
1.1.  Phat biéu bai todn vin tii

Bai toan van tai duoc ap dung rat rong rai trong linh vuc 1ap ké hoach phan bé san
pham hang hoa (dich vu) tir mot sé dia diém cung / cAp phat toi mot s6 dia diém cau /
tiéu thu. Thong thuong, tai mdi dia diém cung (noi di) chi c6 mot ) lugng gidi han
hang, mdi dia diém cau (noi dén) chi can mot sb lugng nhét dinh hang. Véi cac cung
duong van chuyén hang da dang, voi cudc phi van tai khac nhau, muc ti€u dat ra la xéc
dinh phuong an van tai tdi wu. Noi cach khac, vAn dé dit ra 1a can xac dinh nén vén
chuyén tir mdi dia diém cung téi mdi dia diém cau bao nhiéu don vi hang nham thod mén
nhu cdu cua ting noi dén ddng thoi dat tong chi phi van tai 1a nho nhét.

Vi du: Ta c6 3 diém cung cip hang A, B, C va 4 diém cau S, T, U va V vdi luong
hang cung va cdu tai mdi diém ciing nhu cudc phi van tai trén mot don vi hang cho mdi
cung duong nhu trong bang I1.1.

Bdng I1.1. Cdc dit liéu ciia bai todn van tdai

Diém cung Luong hang Diém cau Luong hang
A 5000 S 6000
B 6000 T 4000
C 2500 U 2000
Tong 13500 \Y% 1500
Téng 13500
L Cudc phi van chuyén/don vi hang c;; (USD) dén)
Noi di
S T U \Y%
A 3 2 7 6
B 7 5 2 3
C 2 5 4 5

Tt diém cung i dén diém cau Jj ta c6 cudce phi van tai / mot don vi hang la c;; da
biét, chiang han nhu ¢;; 1a 3USD / mdt don vi hang. Cén thiét 1ap phwong 4an van tai hang
dap Gmg duoc cung cdu va tong chi phi van tai 1a nho nhat. Cha ¥ riang bai toan van tai
dang xét co tong cung bang tong cau, nén dugc goi 1a bai toan van tai cAn bang thu phat.
Pay l1a dang don gian nhit trong cac dang bai toan van tai.
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1.2. Tao phwong dn vin tdi xudt phdt

Khai niém bdang vdn tdi

Bang van tai c6 m hang, n cot gdm mxn 6, m 13 sé diém cung, n 1a s diém cau voi
cudce phi c;; dugce ghi trong 6 (1, j) cho cung duong (1, j). Khi m =3, n = 4 nhu trong vi du
trén, ta c6 bang van tai I1.2.

Bdng I1.2. Bdng vin tdi

3 2 7 6 Cung 1: 5000
7 5 2 3 Cung 2: 6000
2 5 4 5 Cung 3: 2500

Caul: 6000 Cau2:4000 Cau3:2000 Cau4: 1500 Tdng: 13500

Ta can tim phuong 4n phan hang vao cac 6 (i, j) sao cho tong theo hang hay cot déu
khép véi cac lugng cung, cau va tong chi phi van tai 1 nho nhat. Mdi 6 (i, j) biéu dién
mot cung duong van chuyén hang tir diém cung i vé diém cau j.

Cdc phwong phdp tgo phwong dn xudt phdt

C6 mot sb phuwong phap tao phuong an xuat phat. Ta nghién ctru hai phuong phéap
sau day.

a. Phwong phdp "géc tay bic"

Phuong phép nay duoc phat biéu nhu sau:

— Phén phat hang t6i da vao goc tdy bic ctia bang van tai.

— Sau khi (hang) cung hodc (cot) cAu da thoa mén thi ta thu gon bang van tai bang
cach bo bat hang cung hodc cot cau d6 di (chi bo mot trong hai thir hodc hang hodc cot, &
day la toan tir hodc loai trir, OR exlusive).

— Tiép tuc lap lai hai budc trén day cho toi khi hang duoc phan phdi hét vao cac 6
(cac 0 dugc phan hang dugc goi 1a 6 su dung).

Biang phuong phap “goc tdy bic” ta tao duoc phuong an A trong bang I1.3 véi sau
0 sirdung (1, 1), (2, 1), (2,2), (2, 3), (3,3) va (3, 4).

Bing I1.3. Phwong dn xudt phdt véi phwong phdp “géc tiy bic”

3 2 7 6
5000
7 5 2 3
1000 4000 1000
2 5 4 5
1000 1500
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Téng chi phi van tai:
SCPVT=(Bx5+7x1+5x4+2x1+4x1+5x%x1,5)x1000=55500.

b. Phwong phdp cwéc phi téi thiéu

Phuong phap nay dugc phat biéu tuong ty phuong phap "gbc tiy bac" nhung vu
tién phan phat hang vao 6 ¢6 cudc phi bé nhat (néu c6 nhidu 6 nhu vay thi chon 6 bat ki
trong s6 d). Luc ndy ta c6 phuong 4n xuét phat 1a phuong an B cho trong bang I1.4.

Bing I1.4. Phwong dn xudt phdt véi phwong phdp cwéc phi téi thiéu

3 2 7 6

1000 4000
7 5 2 3

2500 2000 1500
2 5 4 5

2500

Tdong chi phi van tai:
SCPVT=0(3x1+2%x4+7x25+2%x2+3x%x1,5+2x2,5)x 1000 = 42000

Nhan xet

— Phuong phép cude phi t6i thiéu thuong cho phwong 4n xuat phat tot hon phuwong
phap “gdc tay bac”.

— Bang van tai co sf:) 6sirdungla3 +4 —1=7—1=6. Mot cach tong quat bang
van tai m hang, n ¢t ¢4 s6 0 st dung lam +n — 1.

— Bai toép van tai cling 1a BTQHTT. Trong vi du dang xét, néu ki hiéu xij 1a luong
hang van chuyén trén cung duong (i, j) thi ching ta BTQHTT sau:

zZ=cyiXi1 + Ci2 X2 F... T C34X34 = Min

v&i cac rang budc:
X, + X, + X5 + X, =5000
X, + Xy, +X,5 +X,, = 6000
X5, + X5, + X553 + X5, = 2500
X, +X,, + X5, =6000
X, +X,, + X3, =4000
X3 + X, + X33 = 2000
X4 + X, + X5, =1500
x;20 Vi=1,2,3j=1,2,3,4
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Hé cac rang budc co 12 bién voi 7 phuong trinh. Néu lay tong 3 phuong trinh dau
trir di tong 3 phuong trinh tiép theo thi dugc phuong trinh cudi. C6 thé kiém nghiém dé
dang, s6 phuong trinh doc 14ap tuyén tinh cnahé1a 7 —1=6.

— M&di phuong 4n xuat phat A hay B tim dugc cua bai toan van tai chinh 1a mot
phuong an cyc bién xuat phat khi giai BTQHTT. Bai toan van tai c6 thé hoan toan giai
dugc bang phuong phap don hinh. Tuy nhién do cdu tric dic biét cia minh, bai toan van
tai co thé giai bang phuong phap dic biét v6i thuat toan chuyén dung.

1.3. Phwong phap phin phéi gidi bai todan vdn tdi

-

Chung ta ap dung phuong phap “da lan” (tam dich tu Stepping Stone Method), hay
chinh thtrc hon con goi 1a phwong phap phan phdi (Distribution Method) dé giai bai toan
van tai.

Phuong phép “da 1an” 1a mot quy trinh tinh toan nham ting budc cai thién phuong
an van tai da c6 dé cudi cung tim dwgc phwong 4n van tai tdi vu.

Xdc dinh higu suit ciia cdc é chwa siv dung

Quay lai bang van tai I1.3 voi phuong an xuét phat tim duoc theo phuong phap
“gdc tay bac”. Trong bang d6 chi co mot sé 6 di sir dung, ta coi chung nhu cac hon da
ndi 1én trong mot cai ao. Xét mot 6 (i, j) bat ki chua sir dung trong phuong 4n da co. Ta
can tinh hiéu suit ciia 6 d6, ki hidu 1a e;;, (e 1a viét tit cua tir effect) theo cac budc sau:

— Pau tién ta can tim mot duong di co tinh chit: di qua mét 6(i, j) chua sir dung (6
xuét phat) va mot sd 6 da sir dung khac, mdi budc phai di theo hang hodc theo cot xen ké
nhau (khong duogc di lién hai budc trén mot hang hay mot cot) dé cudi cuing quay vé 6 (i, j).
Diéu nay gidng nhu dang ¢ trén thuyén, mudn ra khoi thuyén ma khong uét ta phai nhay
qua cac hon da noi 1én trong ao dé cudi cung lai quay vé thuyén (vi vay phuong phap c6
tén 13 phuong phap “da lan”). Mot diéu tha vi nita 1a con dudng nhay trén cac hon da nhu
vy 1a duy nhét.

Tom lai xuat phat tir 6 (1, 2) chang han, ta s& c6 duong di nhu sau: (1, 2) — (2, 2)
— (2, 1) > (1, 1) > (1, 2), trén dudng di nay chi duy nhat c6 mdt 6 chua st dung (xem
bang I1.5).

Bing IL.5. Tinh hiéu suit cic 6 chwa sir dung

3 2 7 6 5000
5000
7 35 2 3 6000
1060 4000 1000
1000 1500
6000 4000 2000 1500

— Panh diu cong trir xen k& tai cic dinh trén duong di ma trong d6 6 chua sir dung
duoc danh ddu “+”. Gia sir ta can luan chuyén mot don vi hang theo duong di da xac
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dinh ma van thoa man dugc cung cau (tirc 1a cac 6 mang dau “+7: 6 (1, 2) va 6 (2, 1) ¢6
thém mot don vi hang, cac 6 mang dau “—: 6 (2, 2) va 6 (1, 1) rt b6t di mot don vi hang).
Ltc nay téng chi phi s€ thay doi mot luong tien1a: ep=4cp—Cntcy—c=2-5+7-3
= +1. Noi cach khac, tong chi phi véan tai s& ting thém 1én 1USD cho mdi mot don vi
hang luin chuyén theo dudng di trén. Ta goi ey, 13 hiéu sudt cia o(1, 2).
Tuong tu:
e=7-2+7-3 =49,
eu=6-5+4-2+7-3=+7,
€4=3-5+4-2=0,
e;1=2-7+2-4=-7,
€=5-5+2-4=-2.
Chi c6 hai 6 voi hiéu suat am 13 6 (3, 1) va 6 (3, 2) (xem bang I1.5) c¢6 thé lya chon
dé dua vao st dung trong phuong an méi. Ta quyét dinh trong phuong 4n méi s& chon 6
(3, 2) dé dua vao str dung, mdi don vi hang dua vao sir dung tai 6 (3, 2) s& lam tong chi
phi giam 2USD. Ki hi¢u e = es».
Chii y: C6 thé ching minh dugc eij= Ajj vOi1 Ajj la gia tri trén hang A ung vé1 cot x;;
néu giai bai toan van tai bang phuong phap don hinh.
Xdc dinh luwgng hang dwa vao 6 chon
Nhu trén da phan tich, mot don vi hang dwa vao 6 (3, 2) lam giam téng chi phi van
tai 2 USD. Ta can tim q, lugng hang t6i da co6 thé dwa vao 6 (3, 2). Puong di qua 6 (3, 2)
va mot s6 6 da duogc sir dung 1a: (3, 2) = (2,2) = (2, 3) > (3, 3) > (3, 2), véi cac 6 dugc
danh diu cong trir xen k& (6 (3, 2) mang dau +). Lugng hang q dugc tinh theo quy téc:
q = gi4 tri nho nhét cta cac lugng hang tai cac 6 mang ddu () = Min {lugng hang
tai 0 (2, 2), luong hang tai 6 (3, 3)} = Min {4000, 1000} = 1000.
Vay trong phuong 4an méi, luong hang tai cic 6 mang dau “+” (cac 6 (3, 2), 6
(2, 3)) duoc tang thém 1000 don vi, con tai cic 6 mang dau “— (cac 6 (2, 2) va 0 (3, 3))
lugng hang giam di 1000 don vi (xem bang II.6). Phuong 4n méi gébm 6 6 st dung
(6 (3, 3) tng v61 q =1000 da bi loai ra).

Bang 11.6. Phwong dn vdn tdi sau hai buoc

3 2 7 6 5000
5000
7 5 2 3 6000
1000 3000 2000
2 (=5) 5 4 5 2500
1000 1500
6000 4000 2000 1500

Téng chi phi van tai:

XCPVT=(Bx5+7x1+5x3+2x2+5x1+5x1,5)x 1000 = 53500;
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hoac

2CPVTps = ZCPVT i — e x q = 55500 — 2 x 1000 = 53500.

Diéu kién toi wu
Thuc hién theo quy trinh trén cho téi khi tit ca cac hiéu sudt e =0V 0(1))la
cic 6 chua s dung. Pay chinh 1a diéu kién téi wu hay diéu kién dung. Piéu kién nay
thuc chat 1a diéu kién Aj; = 0 v61 mot bién ngoai co s& Xij néu giai bai toan bang phuong
phéap don hinh.
Dé giai tiép bai toan, can tinh cac hiéu sut cho cac 6 chua st dung trong phuong
an mai:
612=2—5+7—3=+1; 613=7—2+7—3=+19;
eu=6-5+5-5+7-3=45; ey =3-5+5-5=-2;
631:2—7+5—5:—5; €33 =4-5+5-2=+2.
Ta quyét dinh st dung 6 chon (3, 1) trong phuong 4n mdi vi es; = —5. Tim duogc
q = 1000 theo quy tic da biét. Co hai 6 ung véi q tim duoc, chung ta chi bo di 6 (2, 1)
con phai giit lai 6 (3, 2) dé dwa vao sir dung. Phuong an sau budc thir ba cho trong bang I1.7.

Bdng I1.7. Phwong dn vdn tdi sau ba buwdc

3 2 7 6
5000 5000
' ’ 4000 ’ 2000 ’ 2 6000
’ 1000 ’ 0 ! ’ 1500 |2°00
6000 4000 2000 1500
Téng chi phi van tai:
TCPVT = 53500 — 5 x 1000 = 48500.
Tiép tuc tinh cac hiéu suat:
e =+1; e3=7-2+5-5+4=9;

es=6-5+2-3=0; e =7-2+5-5;
€eu=3+5+5-5=-2; e3=4-5+5-2=2.

Chon 6 (2, 4) dua vao su dung va tinh q = 1500. Ttr d6 c6 phuong an mdi sau bon
budc nhu trong bang I1.8.
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Bing I1.8. Phwong dn vin tdi sau bén buéc

3 2 (-4 7 6
5000 5000
7 5 2 3 6000
2500 2000 1500
2 5 4 5 2500
1000 1500
6000 4000 2000 1500
Tong chi phi van tai:
2CPVT =48500 — 2x 1500 = 45500.
Tiép tuc tinh cc hiéu suat:
ep=2-5+2-3=-4, e=7-2+5-5+2-3=4,

614:6—3+5—5+2—3:2; 621:7—2+5—5:5;
633=4—5+5—2=2; 634=5—5+5—2=3;

Ta c6 €12 =—4 va chon 6 (1, 2) 1am 6 chon v6i q = 1500 va chuyén sang phuong 4n
mdi nhu trong bang I1.9.

Bdng I1.9. Phwong dn vdn tdi sau nam bwdc

3 2 7 6 5000
3500 1500
7 5 2 3 6000
2500 2000 1500
2 5 4 5 2500
2500
6000 4000 2000 1500

Téng chi phi van tai:
2CPVT = 45500 — 4x1500 = 39500.

Luc nay e;; > 0 v6i moi 0 (1, j) chua st dung. Diéu kién t6i wu di dugc thoa man.
Phuong an van tai t6i uu cho trong bang I1.9 véi tong chi phi nhé nhét 1a 39500.

Bai todn vin tii khéng cén bing thu phdt

Truong hop tong luong cung 16n hon tong lugng ciu, can bd tri thém mot diém cau
gia ma moi chi phi van tai dén d6 déu dugc coi bang 0.

Tuong tu, néu cau vuot cung thi can bd tri mot diém cung gia va coi moi chi phi

van chuyén tir d6 di déu bang 0.
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1.4. Phwong phap phdn phéi cdi bién gidi bai todn vdn tdi

Phuong phap “dé 1an” hay phuong phap phan phéi c6 mot nhuoe diém 14 viée tinh
hiéu suat cua cac 6 kha dai dong. Vi vay, ta s& nghién ctru phuong phap phan phdi cai
bién nhim tinh cac hiéu suét €ij ngan gon hon.

Xét phuong 4n xuét phat tim dugc bang phuong phap cudc phi cuc tiéu cho trong
bang I1.10 (v6i tong chi phi van tai 1a 42000).

Bdng I1.10. Phwong dn vdn tdi xudt phat

3 5 7 6 5000
1000 4000

7 5 2 3 6000
2500 2000 1500

2 5 4 5 2500
2500
6000 4000 2000 1500

Tacdoe3=7—-2+7—-3=+9. Ta tim cach tinh e;3 béng cach khac nhanh hon nhu
trinh bay sau day.

Trude hét can xay dung hé thong sb thé vi hang va cot {(u;, vip), 1=1,2,3;j=1,2,
3,4}.Co thé gan cho mot thé vi bat ki gia tri 0 (hoac mot gia tri bat ki khac), thé vi nay
thudng duoc chon ¢ hang hay cot c6 nhiéu 6 st dung nhat. Chang han chon u; = 0.

Cac thé vi khac duoc tinh boi cong thic: u; + vij=cij V 0 (1, ) sir dung.
w=0= vi=7 (Fcu—w)
vi=2 (=c3— )
V4 = 3 (: Crq4 — U2)
u=—4(=c—-Vvy)
uz =5 (= c37— V1)
V) = 6 (: Ci2 — u1)
Cong thtre tdng quat dé tinh cac hiéu suit cho cac 6 (i, j) chua st dung la:
ej = Cij — (Ui + ;).

Chang han ta ¢6 e;3 = ¢3 — (u; + v3) = 7 — (=4 + 2) = 9. Cac hiéu suat khac duoc tinh
tuong ty (xem bang I1.11).
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Bing II.11. Tinh todn cdc thé vi va cdc hig¢u sudt

V1:7 V2:6 V3:2 V4:3
u=-413 2 7 6 5000
1000 4000
u=0 |7 5 (=D 2 3 6000
2500 2000 1500
u=-512 5 4 5 2500
2500
6000 4000 2000 1500

Trong bang I1.11 ta thiy e;; = —1 < 0. Chon 6 (2, 2) dé dua vao st dung tng véi
q = 2500, ta chuyén sang phwong an m&i va tinh lai cac hé thong sé thé vi nhu trong
bang I1.12.

Bing IL.12. Tinh todn cdc thé vi va cdc hi¢u sudt cho phwong dn méi

V1:6 V2:6 V3:2 V4:3

u=-313 2 7 6 5000
3500 1500

u=0 17 5 2 3 6000

2500 2000 1500

u=-4 19 5 4 5 2500
2500
6000 4000 2000 1500

Chon w=0=>v,=5E=5-0);v;=2(=2-0);v4 =3(=3-0);
u=-3(=2-5;vi=6(=3-(-3);u3=—4(=2-06).

Téng chi phi van tai:
2CPVT = (3x3,5+2x1,54+5%x2,5+2x2+3x1,5+2x2,5)x1000
=39500 (tinh cach khac, ZCPV Ty = 42000 — 1x2500).
Tiép tuc tinh toan cac hiéu suat:
en=cpn—(Ut+vy)=7-(-3+2)=8§;
e1a =cC14— (U] tvq) =6— (-3 +3) = 6;
e =cy—(utv)=7-(0+6)=1;
epp=cp—(t+vy)=5-(-4+5)=4;
ess=ca3— (U3t vy =4—(-4+2)=6;

ess=cCyuy—(u3tvy)=5-(-4+3)=6.
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Ta thdy e; > 0 V 6 (i, j) chua sir dung nén diéu kién t6i wu di dugc thoa man.
Phuong an t6i wu cho trong bang I1.12, v&i tong chi phi vén tai nho nhat 1a 39500.

Chu y:

— D01 véi bai toan van tai can cuc dai hod ham muyc ti€u thi ti€u chuan dung s€ 1a
ei; <0V 6(i,])) chuastr dung.

— D01 voi bai todn van tai c6 6 cam (cung duong khong dugce sir dung) thi dét cude
phi M = +o0 cho cac 6 cam véi bai toan Min hodc M = —oo v6i bai toan Max.

Gidi bai toan vin tai bang phan mém Lingo

Dé giai bai toan van tai trong Lingo, ta c6 thé sir dung cic bai toan mau bang cach
nhan vao biéu tuong Lingo va thuc hién cac Iénh File > Open > Tran.Ing d€ vao bai toan

van tai mau. Sau d6 nhép cac so li€u dau vao cua bai todn can giai, chang han, cia vi du
da xét trong cadc muc trén thay cho céc so liéu cua bai toan mau (xem hinh II.1).

EJLINGO - [D-THAYTH-T'ATHANH\LINGO'\LINGO'\LINGO'SAMPLES'TRAN.LNG|

% File Edit LINGO Window Help

DlzlE LlERREe] BRR] =] 2]

MODEL :
* A 3 Warehouse, 4 Customer Transportation Problem;
SETS:
WAREHOUSE 7 WH1, WH2, WH3/ : CAPACITY;
CUSTOMER fF C1, G2, C3, Cuf : DEHAHD;
ROUTES( WAREHOUSE, CUSTOHER) : COST, UVOLUHME;
EHDSETS

* Here are the parameters;

DATA:
CAPACITY = 5088, 60088, 2500 ;
DEMAND = 6088, 4080, 2088, 1500
COST = 3, 2, 7, 6,
7, 5, 2, 3,
2, 5, 4, 5 :
ENDDATA
END

Hinh I1.1. Nhdp 6 liéu cho bai todn vin tdi

Sau do6 chung ta thyc hién LINGO>Solve, két qua tinh toan s€ hién ra trén man hinh
(xem hinh I1.2).
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LINGO

File Edit LINGO Window Help
D|D”|EI|§| %||E|%||(-)| @||E| E|%| "?|l@|

Rows= 8 Vars= 12 No. integer wvars= A ( all are linear)

Nonzeros= 43 Constraint nonz= 24{ 24 are +- 1) Density=8.413

Smallest and largest elements in absolute value= 1.06888 G060, 88

Mo. € : 3 Ho. =: A MHo. > : 4, 0bj=HIM, GUBs <= L

Single cols= a

Optimal solution found at step: 8

Objective value: 39500. 80

Variable Value Reduced Cost

VOLUWE{ WH1, C1) 3500, 0008 B.0AB0OABE+HO
UOLUME{ WH1, C2) 15808.0488 0.0000080E+880
VOLUWE{ WH1, C3) B.0080008E+80 8.800080
VOLUWE{ WH1, Cu4) B.00BABBBE+BA 6.08800808
UVOLUME{ WHZ2, C1) A.0000008E+8A8 1.8808088
UOLUWE{ WH2, C2) 2500. 000 0.0000000E+80
UOLUWE{ WH2, C3) 2000000 0.080000BE+B0
UOLUME{ WHZ2, Cu) 15808.0488 0.0000080E+880
VOLUWE{ WH3, C1) 2500. 000 0.0800006E+B0
UVOLUME{ WH3, C2) A.0000008E+8A8 4._8808088
UOLUKWE{ WH3, C3) B.0000000E+ B0 6.0800080
UVOLUWE{ WH3, C4) B.00BA0OBBE+BA 6.08800808

Hinh IL.2. Két qud ciia bai todn vin tdi

2. Mo hinh mang PERT

(Program Evaluation and Review Technique)

2.1. Cic khdi ni¢gm co bin vé PERT

Vai tro ciua PERT

PERT c6 thé dugc hiéu la phuong phap hodc ki thuat theo dbi va danh gia du 4n
v6&1 muc dich giup cho by may quan 1i trd 161 céc cau hdi sau day:

— Du an s@ hoan thanh khi nao?

— M&i hoat dong cua du an nén duoc bat dau vao thoi diém nao va két thuc vao thoi
diém nao?

— Nhirng hoat dong nao cua du an phai két thuc ding thoi han dé tranh cho toan bd
du 4n bi két thiic chdm hon so vé&i ké hoach?

— Liéu c¢6 thé chuyén cac nguén du trtr (nhan lyc, vat luc) tur cac hoat dong “khong
ging” sang cac hoat dong “ging” (cic hoat dong phai hoan thanh ding tién d6) ma
khong anh hudng téi thoi han hoan thanh du 4n?

— Nhitng hoat dong nio can tap trung theo doi?
Pé budc dau hinh dung vé PERT, ching ta xét vi du sau day.
Vi du:

Gia str can thyc hién mot dy an hodc chuong trinh c¢é cac hoat dong duoc liét ké
trong bang I1.13.
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Bdng I1.13. Cdc hoat dong ciia mot dw dn, thir tw va thoi gian thuc hién

Hoat dong Hoat dong ké trude Thoi gian thyc hién (tuén)

A - 2

B — 2

C _ 2

D A 3

E A 4

F E 0 (hoat dong gia)
G B 7

H B 6

I D, F 4

J C 10

K H,J 3

L G, LK 4

Ta can lap ké hoach thuc hién du 4n trén dé hoan thanh toan bd cac hoat dong cua
du an trong thoi gian ngan nhat, dong thoi phai xac dinh dugc nhiing hoat dong nao can
chu trong (dugc hiéu la cac hoat dong “gang”).

Vé so do mang PERT

Hinh IL.3. So @6 mang PERT

Trén hinh II.3 ta théy mang PERT la m0t mang cac nut c6 danh s6 duge ndi voi
nhau bdi cac cung c6 miii tén. Mbi cung c¢6 mili tén biéu dién mot hoat dong cua du an,
con mdi nut biéu dién thoi diém két thiic mot s hoat dong va / hodc thoi diém bat dau
ctia mot s6 hoat dong khac.

Hoat dong giad F duogc ki hi¢u bdi cung miii t€n véi nét ro1 ¢ thoi gian thyuc hién
béng 0, nham tranh cho hoat dong D va E c6 cung nut bat dau va nat két thac. Nhu vay,
trong so d6 mang PERT ta budc phai tuin theo quy udc: hai hoat dong khac nhau thi
khéng dugc c6 cung nut bat dau ciing nhu nat két thuc.

Xdc dinh thoi gian toi thiéu thuc hién dy dn

Dé xac dinh thoi gian t6i thiéu thuc hién dy an, trudce hét chung ta nghién ctru khai
niém thoi diém bit dau sém nhét va thoi diém két thuc sém nhét (EST va EFT — Earliest
start time va Earliest finish time) cho tung hoat dong.
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Vi du: Hoat dong A c6 EST, =0 va EFT, =2, vi

— Thoi diém bat dau som nhét 1a khi bt ddu khoi dong du 4n,

— Thoi diém két thiuc sém nhat 13 sau 2 tuln.
M&i quan hé giita EST va FFT la:

EFT = EST + thoi gian thuc hién hoat dong.

Mot cach tong quat, dé xac dinh EST chung ta ¢6 quy tic “thoi diém bdt dau sém
nhar’: thoi diém bit ddu sém nhat cua mot hoat dong roi mét mit nao dé 1a thoi diém
muon nhit trong cac thoi diém két thiic sém nhat ddi véi cac hoat dong di vao niit dé. Ap
dung quy tic trén day, co thé tinh duoc ESTk = 12 (do EFTy =8, EFT; = 12 va s 16n
hon la 12) va EFTx = 15. Két qua tim EST va EFT cho cac hoat dong du an dugc tinh
todn tién tir nat 1 dén nit 9 va duoc tom tit trong bang I1.14 va hinh I1.4. Vay thoi gian
két thiuc sém nhét dy 4n 1a sau 19 tuan.

Hinh I1.4. Tinh EST va EFT cho cdc hoat dong cua dw dn
Bdng I1.14. Tinh EST, LST, EFT, LFT va tim duong gang

Hoat dong EST LST EFT LFT (Eiiigi% Trén cung ging
A 0 5 2 7 5
B 0 4 2 6 4
C 0 0 2 2 0 *
D 2 8 5 11 6
E 2 7 6 11 5
F 6 11 6 11 5
G 2 8 9 15 6
H 2 6 8 12 4
I 6 11 10 15 5
J 2 2 12 12 0 *
K 12 12 15 15 0 *
L 15 15 19 19 0 *
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Budc tiép theo 13 xac dinh thoi diém bat ddu mudn nhat va thoi diém két thuc mudn
nhat (LST va LFT — Latest start time va Latest finish time) cho ting hoat dong.

Vi du: Hoat dong L ¢6 LST, = 15 va LFT. = 19, vi

— Thoi diém két thiic muodn nhat 1 sau 19 tuan (néu ta 4n dinh dy an phai két thic
sau 19 tuan),

— Thoi diém bat ddu mudn nhat 1a tudn 15 (do hoat dong L can thoi gian 4 tudn dé
thuc hién).

Méi quan hé giita LST va LFT la:

LST = LFT - thoi gian thyc hién hoat dong.

Mot cach tong quat, dé xac dinh LFT ching ta c6 quy tic “thoi diém két thiic mudn
nhdt”: thoi diém két thic mudn nhat ciia mot hoat dong di vao mét mit nao dé 1a thoi
diém s¢m nhét trong cac thoi diém bat ddu mudn nhét dbi véi cac hoat dong roi nut do.

Ap dung quy tic trén day, c6 thé tinh dugc LFT, =7 (do LSTp =8, LSTg =7 va
s6 bé hon 1a 7) va LSTA = 5. Két qua tim LFT va LST cho céc hoat dong du an duoc tinh
todn Iii tir nat 9 vé nut 1 va duoc tom tit trong bang I1.14 va hinh I1.5.

Hinh I1.5. Tinh LFT va LST cho cdc hoat djong ciia dy dn

Chu y: Moi cung c6 mili t€n la mot hoat dong, nhung co thé bao g@)m nhiéu hoat
dong nho khac. Noi cach khac, ban than timg hoat dong ctia dy an c6 thé lai 1a mot mang
PERT nho.

Xdc dinh hoat dong ging, dwong gang
Hoat dong gang 1a hoat dong ma

LST — EST = LFT - EFT = 0, hay [EST, EFT] = [LST, LFT]

(d6 tré cho phép bang 0).

EST =LST Slack =LST-EST =0
=
EFT =LFT Slack = LFT-EFT =0

Gidi thich: Slack = d06 néi long (d6 tré).
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Trong vi du dang xét, cac hoat dong gang la: C - J - K — L (xem bang I1.14) va
tao thanh duong gang (Critical Path). Vi vay, phuong phap mang PERT con c6 tén la
phuong phap duong gang (CPM — Critical Path Method).

Xdc dinh dwong gang bang phan mém Lingo

Dé x4c dinh duong ging bang phan mém Lingo, ta c6 thé sir dung cac bai toan miu
bang cach nhan vao biéu twong Lingo va thuc hién cac 1énh File > Open > Pert.Ing dé
vao bai toan PERT méu. Sau d6 nhap cac sb liéu dau vao cia bai todn can giai vao thay
céc sb lidu cua bai toan mau, chfmg han nhu sb liéu cua vi du di cho (xem hinh II.6).

ELINGO - |DATHAYTH~TATHANH\LINGO'LINGO'LINGO'S AMPLES'PERT1.LNG|
%y File Edit LINGO Window Help

nizaE LEEREe] EARELE

! For each task there is: Time, Early Start (ES),
Late 3tart {LS), and 3lack;
TASKS FIRST, A,B,C,D,E,F,G,H,I,J,K,Lf: TIME, ES, L3, SLACK;

t Here are the precedence relations, the first task in the
precedence relationship needs to be completed before the
second task can be started;

PRED{ TASK, TASK)/ FIRST,A, FIRST,B, FIRST,C,
A,D, a,E, E,F, B,G, B,H, D,I,
F,I, C,J, H,K, J,K, G,L, I, L, K,L/;
EHDSETS

DATA: * Here are the task times;
TIME = @, 2,2,2,3,4,08,7,6,4,108,3,4;
EHDDATA

Hinh II.6. Nhép so liéu cho bai todn PERT

Sau d6 chung ta thyc hién LINGO > Solve, két qua tinh toan s& hién trén man hinh
(xem hinh II.7).

B LINGO

File Edit LINGD Windew Help
Dzl EElREle] BRE] [
SLACK{ FIRST) A.880060BE+BA
SLACK{ A) S .@80880
SLACK{ B) L _P88880
SLACK{ C) B.90000BBE+BAA
SLACKL D) 6.0880088
SLACK{ E) S .@80880
SLACK{ F) C.PB808080
SLACK{ G) 6.0888808
SLACK{ H) L4 _P388888
SLACK{ I) S .@80880
SLACK{ J) B_9000000E+Q8
SLACK{ K) B.80080BBE+AA
SLACK{ L) B.89000000E+ 88

Hinh II.7. Két qud tim cung géng ciia bai todn PERT
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2.2. So do PERT véi sé ligu ngdu nhién

Thoi gian thyc hién tung hoat dong cia du 4n no6i chung 1a mot lugng bién dong
kh6 du doan trude, ching ta gia thiét ching 1a cac bién ngau nhién. Gia st ta co cac sd
liéu wéc tinh vé thoi gian thuc hién cac hoat dong cua du an (xem bang I1.15) a, m, b.
Luc d6 thoi gian trung binh va do 1éch chuan thoi gian thuc hi¢n cac hoat dong duoc udc

tinh theo cong thirc t = a+4m+b .

Bing I1.15. 86 liéu wéc tinh vé thoi gian thwe hién cdc hoat djng

Thoi gian udc tinh
Hoat dgloai[(é a m b t O
dong fru%’yc (sé6m (nhiéu kha nang | (mudn (thot gian | (d0 1&ch ’tiéu chuén,
nhat) xay ra nhat) nhat) | trung binh) d6 bién thién)
A - 1 2 3 2 1/3
B — 1 2 3 2 1/3
C 1 2 3 2 1/3
D A 1 2 9 3 4/3
E A 2 3 10 4 4/3
F E 0 0 0 0 0
G B 3 6 15 7 2
H B 2 5 14 6 2
I D, F 1 4 7 4 1
J C 4 9 20 10 8/3
K H,J 1 2 9 3 4/3
L G, LK 4 4 4 4 0

Budc tiép theo 1a 14p so dd mang cho dy an véi cic thoi gian trung binh t va tim
duong gang. Puong ging 1a C — J — K — L bao gdm céac hoat dong ging C, J, K va L.
Céac hoat dong nay c6 do tré cho phép bing 0, hay néi cach khac, khong cho phép su
cham tré nao. Day 1a cac hoat dong can hét stc chu trong, viéc cham thyc hién bat ctr
mot hoat dong nao trong ) nay déu kéo theo sy cham tré trong tién d6 cua ca du an. Tu
Critical Path (tiéng Anh) dugc dich sang tiéng Viét 1a dudng ging vi 1i do d6.

Thoi gian thuc hién du 4n 1a mot luong ngiu nhién tinh theo cong thic: T = Tc +
T;+ Tk + Tr. Ta tim ki vong ctuia T (thoi gian trung binh thuc hién du &4n) theo cong thirc:
m=mr=tc+t+ttg+tL=2+10+3+4=19 (tudn).

Tinh d6 1éch chuan cua thdi gian thuc hién du an:

G=0y =102 +0, 2 +0,> +0,° = \/(1/3) +(8/3) +(4/3) +0 =3.

Ta coi T (thoi gian thuc hién dy an) la bién ngﬁu nhién tuan theo luat chuin
N(m = 19; o = 3).
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D) thi ham mat do xac suét caa T cho trén hinh I1.8.

v

19 21 t

Hinh I1.8. Pwong cong méat d6 chuan

Pé tinh P, x4c suit thyc hién dy an trong vong (khoéng vuot qua) 19 tuan, ta phai quy
T vé bién ngau nhién véi phan phdi chuan tic N(0, 1) nhu cho trong phu luc 1. Luc dé:

T-m < 19-19

P(T<19) = P( j = P(Z < 0) = 0,5 (hay 50%),

c
& diy Z = (T —m)/c 12 bién ngau nhién tuan theo phan phdi N(0, 1).

Tuong tu, xac suét thuc hién du &n trong vong (khong vuot qua) 21 tuan duogc tinh
nhu sau:

T—mS 21-19

P(T< 21) = P(
(e)

j =P (Z < 0,666) =75%.

Ta chuyén sang xem Xxe&t van dé vé do tin cdy cua thoi gian hoan thanh dy an.
Chéng han chiing ta mudn tra 15i cau hoi sau: Mudn thoi gian thuc hién du an c6 do tin
cdy 90% thi thoi gian téi thiéu (tinh theo sb tudn) 1a bao nhiéu? Pat P (T < t) = 90%.
Tra bang phan phdi chuan tic N(0, 1), tim duoc z = 1,28. Vi z = (t — 19)/3 = 1,28 nén

t=19+3.1,28 =23 (tuén). Nhu vay, du an dang xem xét c6 kha nang hoan thanh vai do
tin cdy tdi 90% trong vong (khong vuot qua) 23 tuan.

2.3. Diéu chinh dw dn khi ké hoach mét sé hoat dong bi phd vé

Vi du: Doi khi trong qué trinh thuc hién du an, ké hoach cia mot sd hoat dong bi
phé v&. Chinh vi vy, khi phat hién du 4n dang bi chdm so voi ké hoach dé ra ta can dinh
lai thoi gian thyce hién (thoi gian rat gon) mot s6 hoat dong trong giai doan tdi. Xét cac
dir kién cho trong hinh I1.9 va bang I1.16.
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Hinh I11.9. So d6 mang PERT dw &n céan diéu chinh

Bing II.16. Sé ligu diéu chinh khi ké hoach bi phd vé

Hoat Thoi gian Thoi gian Kinh phi b6 sung/ ldon vi thoi gian rat gon
dong dinh muc rut gon (triéu dong)

A 6 4 2

B 4 3 3

C 3 2 1

D 8 6 1,5

E 7 4 0,5

Sau khi c6 thoi gian dinh muc cho cac hoat dong nhu trong bang 11.16, dé dang tim
dugc thoi gian tdi thiéu can thiét dé hoan thanh ké hoach 1a 16 (tuan). Tuy nhién do yéu
cau mdi, can rat gon thoi gian hoan thanh dy an trong vong (khong vuot qua) 10 (tuan).
Mudn vay ta thuc hi¢én cac diém sau:

— Tim thoi gian ti thiéu dy dinh thyc hién dy an (16 tuan) va tim duong gang.

— U'c tinh thoi gian rat gon tdi da (cot 3, bang I1.16)

— Khi rat gon thoi gian trén duong ging ciing phai chu trong dong thoi cac cung
duong khéc.

Trén hinh I1.9, ta thdy can thyuc hién A, C va E véi thoi gian rat gon tbi da (4, 2, 4
dé tong cac thoi gian thuc hién cac hoat dong gang 1a 10 tuan), dong thoi rat gon cac
hoat dong B va D & muc cho phép:

— Phuong an 1: rat bot thoi gian thuc hién hoat dong B mdt tuan va rit bét D mot tuan.

— Phuong 4n 2: khong rit b6t B va rat bét D hai tuan.

Vay khi can diéu chinh thoi gian thuc hién dy 4n ta can thay ddi ké hoach ciia mot
sb hoat dong theo cac budc da néu trén.

Tuy ¢6 nhiéu phuwong 4n diéu chinh dy 4n, nhung trong viéc pha v ké hoach cac
hoat dong cua dy an dé dap ung tién d6 méi can chu ¥ vé khia canh chi phi gia ting dé co
mot phuong 4n tdi vu dam bao rat gon duoc thoi gian thuc hién v6i chi phi nhod nhat. Bbi
vo1 vi du trén ta chon phuong an 2.
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C6 thé ap dung phuong phap téng quat dé didu chinh dy 4n theo cac muc tiéu & trén
(phuong phap don hinh cho BTQHTT don va da muyc tiéu) nhu sé dugc trinh bay sau day.

2.4. Tinh thoi gian rit gon t6i wu bang phwong phdp don hinh

Pé tinh thoi gian rat gon bang phuong phap don hinh (cé thé st dung cac phan
mém may tinh thich hop), ta phai dua ra dugc mé hinh toan hoc, hay cach khac, can phat
biéu dugc BTQHTT (don hay da muc tiéu).

Trudce hét, cAn xac dinh cic bién quyét dinh. Goi x;, X2, X3, X4, X5 12 cac thoi diém
ma cac hoat dong xdy ra (tai cac nut); ya, yB, Yo, Y, YE 12 thoi gian can rat bot cho céac
hoat dong dé yéu cau méi vé ddy nhanh tién d6 duoc thoa méin. Ta c6 BTQHTT da muc
tiéu sau (can cyc ticu hoa ca thoi gian thuc hién du an 13n tong chi phi gia ting):

Muc tiéu 1: z; = X5 — Min

Muc ti€u 2: z; = 2ya + 3ys + yc + 1,5yp + 0,5y = Min

véi cac rang budc:

X, 26—y, +X

X, 23-yc+X,

X; 24—y, +X,

Xs2T—yp +X,

X5 28—y, +X,

x;20,1=1,2,3,4,5

y;20,j=A,B,C,D,E

Ya <2,y <Ly <Ly, <2,y <3

Xs; <X, +10 (™)

Co 2 cach gidi mo hinh:

— Chuyén muc tiéu 1 thanh rang budc (*). Néu lac d6 BTQHTT khong c6 phuong
an kha thi thi phai n6i long dan (*): chang han thay (*) bdi xs <x; + 11.

— Pé nguyén ca hai myc tiéu dé giai theo phuong phap BTQHTT da muc tiéu.

2.5. Ap dung mang PERT trong phan tich chi phi va qudn li tai chinh dw dn

Trong giai doan dau tmg dung PERT va CPM, cac phuong phap nay thuong dugc
ap dung cho bai toan tim thoi gian tdi thiéu thuc hién du 4an, tim cac hoat dong gang.
Chung it khi dugc ap dung dé phan tich chi phi, mic du trong cac du an thi viéc phan tich
chi phi (bao gém chi phi truc tiép, gian tiép va chi phi tién ich) ciing rit quan trong. Tuy
nhién ngay nay, PERT va CPM dugc ap dung rat rong rii cho cac bai toan dang nay.

Vi du: Ching ta xem xét du an vdi cac dir kién cho trong bang I1.17 va hinh I1.10.
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Hinh I1.10. Mang PERT cho bai todn phdn tich chi phi

Bang I1.17. Dit kién cho bai toan PERT chi phi

Thoi gian 2 .o C o Ay 1s
ot | et | s [ wchin | Tonmaiond | Chiphisndting

’ (thang) ; i
A 0 0 3 30 10
B 0 8 2 200 100

C 3 9 1 40 40
D 3 3 4 20 5

E 7 7 5 75 15

F 4 10 2 100 50

G 4 10 1 75 75

H 12 12 3 18 6

I 5 11 4 240 60

D@ théy, thoi gian tdi thiéu dé hoan thanh dy 4n 13 15 (thang).

Nguyén tic diéu hanh tai chinh mot dy an la:

— Ludng kinh phi phai duoc dwa vao dan dan sao cho dap ting duoc tién do dy an.

— Néu kinh phi dua vao thira hodc thiéu (theo tién do) thi phai kip thoi diéu chinh.
Can nam bat dwgc: nhitng hoat dong nao khong dung hét kinh phi du kién, nhirg hoat

dong nao su dung kinh phi nhiéu hon du kién dé co su diéu chinh thich hop.

— Céc bao cdo dinh ki cho phép kiém soat dugc dy an vé tién do va ludng kinh phi.

Mubn vay, trude hét can 1ap bang theo ddi kinh phi cho dy an tir thang 1 dén thang
15 (xem bang I1.18). Phan trén cua timg 6 Gmg voi cac hoat dong giai ngan sém nhat,
phan dudi ing véi giai ngdn mudn nhat. Hai hang cudi bang danh cho kinh phi trong
ting thang va téng kinh phi cong don cho téi thang dé twong ing voi hoat dong giai ngan
sém nhit va giai ngdn mudn nhét.
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Bdng I1.18. Dit kién cho bai toan PERT chi phi

T. |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
A |10 10 10
10 |10 |10
B | 100 | 100
100 | 100
C 40
40
D 5 |s |5 |s
5 |s |5 |s
E 15 15 15 15 15
15 |15 |15 |15 |15
F 50 50
50 |50
G 75
75
H 6 6 6
6 6 6
1 60 60 60 60
60 60 60 60
)y 110 | 110 | 10 45 130 | 115 | 65 75 75 15 15 15 6 6 6
10 10 10 5 5 5 5 15 115 | 155 | 140 | 125 | 66 66 66
s+ | 110 | 220 | 230 | 275 | 405 | 520 | 585 | 660 | 735 | 750 | 765 | 780 | 786 | 792 | 798
10 20 30 35 40 45 50 65 180 | 335 | 475 | 600 | 666 | 732 | 798
800
_ 700
« duong giai ngan
i 600 1 S(')gmgnhétg
§ 500 - L ’
£ 300
L
100 -

1

2 34 5 6 7 8 91011121214 15 18
théi gian {thang)
Hinh I1.11. Pé thi mién kinh phi kha thi

Duya vao bang I1.18, c6 thé v& dugc dd thi mién kinh phi kha thi nhu trén hinh I1.11.
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Néu tiér} do giai ngén nam ngoai mién kinh phi kha thi t7h‘1 c‘ﬁn gap rat dua ra cac bién
phap diéu chinh tién d§ giai ngan. Ngoai ra, cling c6 thé diéu chinh kinh phi cac hoat
dong cua du an dya vao bang I1.18.

Luu y

Céac van dé co ban can giai quyét khi ap dung phuong phap PERT hay CPM trong
theo ddi va danh gid dy an la:

— Xéc dinh dugc so do mang PERT cua du an.

— Tim dugc duong gang va cac hoat dong gang.

— Tinh dugc db tin cdy ung véi cac mdc thoi han hoan thanh du an khi s lidu 1a
ngau nhién.

- Biét cach diéu chinh thoi gian rit gon khi tién do thyc hién du 4n 14 cham so véi

keé hoach.

— Phan tich chi phi va diéu hanh kinh phi duy an.

3. Mot s6 md hinh mang khac
3.1. Bai todn cdy khung toi thiéu

Bai toan ciy khung tdi thiéu duogc nghién ctru va tmg dung trong nhiéu linh vuc
(Cong nghé thong tin, Pién luc, Quy hoach thuy loi,...). Van d& dit ra 1a cAn xac dinh
mot mang duong di t&1 moi nut cua mang XUAt phat tor mot nat nao dé trong mang, sao
cho tong do dai cac cung dudng nay 1a ngin nhat. Phuong phép tét nhit giai bai toan cay
khung t6i thiéu thudc vé R. Prim s& duoc trinh bay trong muc nay.

Vi du: Miéc dién cho 7 x4 trong huyén tir ngudn phat dién dén duoc 7 xa voi chi
phi dudng day 1a bé nhét. So @ khoang cach tir ngudn cung cap dién téi tram dién cac xa
nhu trén hinh I1.12.

Bai toan dat ra la phai phat trién dugc cdy khung hay duong di tdi thiéu sao cho
téng chiéu dai cac cung dudng 1 bé nhat.

Dé gidi ta 1ap bang I1.19 (chiéu dai cic cung dudng dugc quy gon), trong d6 M 1a
ki kiéu mot sd ~ +oo, biéu thi cung duong khong thé xay ra trén thyc té. Mdi hang hay
mdi cdt ciia bang déu biéu thi cac nat, chang han 6 nam trén giao ctia hang 2 va cot 7
(cling gidng nhu 6 nam trén giao ctia hang 7 va cot 2) déu chira s6 9, 1a khoang cach giira
hai ntt 2 va 7. Mot hang va mot cft dugc ndi 1a lién thong véi nhau néu 6 niam trén giao
cua hang va cot ndy chura gié tri khac M.
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Nguan
®idn
(1)
900
2
Hinh IL.12. So 6 khodng cdch tiv nguon dién téi cic xi
Bdng 11.19. Bang khodng cdach cdac cung duwong
(Nt Nt (cot)
hang) N | 2 3V 4 5 6 7
N 1 0 11 1 3 6 10 4
2 11 0 M M M M 9
| 3 1 M 0 M 5 M M
\ 4 3 M M 0 M 7 M
5 6 M 5 M 0 2 M
6 10 M M 7 2 0 8
\ 7 4 9 M M M 8 0
Thudt gidi Prim

— Budc khoi tao: Lap bang khoang céch gitra cac nit mang. Trong bang trén, chon cot
bat ki (vi du ¢t 1, tire la ta chon mit 1 dé bdt dau), gach bd cot vira chon ra khoi bang.

— Cac buoc lap:

Buwée 1: Panh dau vao hang twong tng (hang cung chi s6) v6i cot vira chon. Trén
céc hang da dugc danh ddu tim 6 c6 gi4 tri nho nhat.

Buoc 2: Chon cdt tuong ting véi 6 vura tim duoc (cor 3 biéu dién niit chon mdi, ghi
cung dwong vira tim dwoc 1 — 3), 16i gach bo né di (gach bé cét 3). Néu trong bang van
con cac cot chua gach bo hét thi quay vé budc 1, néu trai lai chuyén sang bude két thuc.
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— Budc két thiic: Néu tat ca cac cot da bi gach bo hét thi dimg vai tat ca cac cung
duong lién thong tim duogc tao nén cdy khung téi thiéu.

Chii y: Nhitng cau in nghiéng minh hoa cho budc khdi tao va budce lip dau tién.
Sau 6 budc lip, qué trinh giai két thac voi cac cung dudong sau: 1 —> 3, 1 > 4, 1 — 7,
35,5 6va7— 2. Tong do dai cac cung duong ciia cdy khung tdi thiéula Y =1 +
3+4+5+2+9=24. Ngoai ra, co thé chon nit khdi tao 1a bat cir niit ndo.

Thuét toan Prim con dugc ing dung trong cac bai toan xac dinh chi phi t6i thiéu
nhiéu dang khac. Viéc chimg minh thuét giai trén xin danh lai cho nguoi doc quan tim
nghién ctru cic van dé vé thuat toan.

3.2.  Baitodn tim dwong di ngin nhdt va quy hoach déng

Bai todn tim dwong di ngdin nhit

’ Trong bai toa:ln timl duong di vngén’ nhéts chung ta mudn xac dinh hanh trinh ngin

nhat tor mot dia diépﬁ xuéthhé}t (diém goc) dé di té1 diém can dén (di€ém dich) trén mot
mang lién thong. B¢ cho d€ hi€u, chung ta xem xét vi du sau day.

Vi du: Bai todn nguoi di du lich.

C6 mot nguoi di du lich, xuat phat tir nut 1 va két thuc hanh trinh & nat 10 theo
hanh trinh trén hinh I1.13.

Hinh I1.12. So' @6 hanh trinh dwong di

Ngudi du lich xuét phat tir nat 1. Trong giai doan dau anh ta chi dwgc quyén (va bat
budc) chon mot trong ba nut (thanh phé) 2, 3, 4 dé vao tham quan. Giai doan tiép theo,
anh ta chi duoc chon mét trong ba nit 5, 6, 7 dé du lich. Trong giai doan tiép ndi, anh ta
c6 quyén vao mot trong hai nat 8 hodc 9 trudc khi két thic hanh trinh tai nut 10.

Nhu vdy, trong mdi giai doan ngudi di du lich chi duoc quyén di vao mot thanh
phd (mdi thanh phd duogc coi 12 mot trang thai cta giai doan do). Hay tim cach xac dinh
duong di ngin nhit tir nat 1 t6i nGt 10 thoa mén cac diéu kién dat ra cta bai toan.
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Nguyén tic téi wu Bellman trong quy hoach djng

St dung nguyén tic téi uvu Bellman trong quy hoach dong dé giai bai toan ngudi du
lich, chung ta chia bai toan thanh nhiéu giai doan, tirc 1a thanh nhiéu bai todn nho. Tai
mdi giai doan ta can tim phuong 4n toi wu 1a cic phuong 4n tot nhat cua tinh trang hién
c0, x¢ét trong moi quan hé vdi cac phuong an téi uu da tim dugc cua cac giai doan trudce.

Ta c6 thé giai quyét bai toan dan theo timg giai doan theo cach tinh todn tién hoic
tinh toan [ui. D¢ giai bai toan nay, ta ap dung cach tinh todn lui (backward computing)
v6i céc ki kiéu va dir kién cho trong bang 11.20.

Bdng I1.20. Cac dir ki¢n cua bai toan quy hoach dong

Giai doan DPau vao DPau ra Puong di téi wu Khore?ng: cich
téi dich
10 8 —> 10 150
Giai doan I
9 10 9510 100
558 400
Giai doan 11 6 9 6—>9 300
7 758 275
2 5 256 600
Giai doan III 3 6 355 600
4 7 46 500
1 2 152 700
Giai doan IV 3 153 775

Gidi thich: St dung nguyén tic toi wu Bellman, dé tim duong di ngan nhét tir nut 4
t6i nt 10 ching ta tim dugc phwong an tdi wu 14 di tir nat 4 t6i nat 6 cho giai doan III
(lac nay d(4, 10) = d(4, 6) + Min d(6, 10) = 200 + 300 = 500). Piéu nay la do hai lya chon
khac 13 di tir nat 4 t6i ntt 5 hay 7 thi déu cho khoang cach tir nat 4 t6i dich 1a nat 10 16n hon
(ching han néu di qua nut 5 thi d(4, 10) = d(4, 5) + Min d(5, 10) = 175 + 400 = 575).

Trong bang 11.20, tai giai doan IV, ta thiy khoang cach ngan nhat téi dich 1a 650.
Di nguoc lai, tir diém gdc t6i diém dich ta xac dinh duge duong di ngan nhat 1a: 1 — 4
— 6 — 9 — 10 voi tong chiéu dai 13 650.

Quy trinh tinh todn tong qudt

— Trude hét, can chon cé cac bién trang thai (state variables) nhu mo ta trong
bang I1.21.
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Bing I1.21. Cdc bién trang thdi ciia bai todn quy hoach djng

Bién | S6trangthai | Céc trang thai (nat) Gii;? ;i‘"éflhti;ég tféfﬁa
X4 1 1 x4= 1

X3 3 2,3, 4 X3=2; x3=3; x3=4
X5 3 5,6,7 Xo0=5; X=6; xX,=17
X 2 8,9 x1=8; x1=9

X0 1 10 Xo =10

Bién trang thai mé ta trang thai ctia hé thong trong tirng giai doan.
— X4c dinh ham muc tiéu: Pat Fi(x;) 1a khoang cach ngén nhét t6i dich tinh tai giai
doan i. Theo bang I1.20, ta thiy:

150 vii x, = 8
F =
1(x1) Loo vii x, = 9
400 vii x, = 5
Fa(x2) =300 Vii x, =6
275 2

Muc dich ctia bai toan 1a can tim duogc gia tri F4(x4) = Fa(1).

— Lap ham truy toan: Fi+1(xi+1) = Min [Fi(x;) + fi(u;)], Min tim theo moi t6 hop thich
hop x; va uj, trong d6 u; 1a bién diéu khién dé diéu khién chuyén trang thai tir trang thai x;
sang Xi+1 va fi(u;) 12 hiéu ing cta bién diéu khién tac dong 1én ham truy toan (va 1én ham
muc tiéu, néu tinh dén bai toan cudi cung). Theo biéu thirc ctia ham truy toan ta thiy, néu
Fi(x;) + fi (u;) 1a ham phi tuyén thi phai dung ki thuét t6i wu thich hop dé tim ra Fi: (xi+1).

Sau ddy chung ta di tim cac ham truy toan Fiii(xi+1) v6i quy trinh tink todn lii dé
giai bai toan theo timg giai doan, nhim cubi cung tim ra dugc Fa(xs) = F4(1).

Giai doan 1: Trong giai doan nay, muén chuyén tir nit 10 (xo = 10) vé nut 8 (x; = 8)
chang han, thi bién diéu khién uy phai c¢6 gid tri 150 (up = 150). Hiéu tng gy nén béi ug
1a f(up) = 150. Bi€u nay c6 nghia la néu chuyén tir nut 10 ngugc vé nat 8 thi can di quang
duong c6 chiéu dai 1a 150.

Fo(x0) =0 Xo =10 Ug fo(uo) Fi(x1)
X, =38 +uy =150 150 150 150
X =9 +ue =100 100 100 100

Chu y: Khong phai bai todn nao u; cling trung véi hiéu tng fi(u;) ctia nd. Noi

66



chung, bién di€u khién u; c6 thé gay ra hi¢u Ung fi(u;) khac voi u; ca vé do 16n cling nhu
don vi do.

Giai doan 2:
Fi(xy) + fi(uy) Fa(x2) =
X2 X1 = 8 X1 = 9 .
x1=8 | x,=9 Min[F;(x) + fi(u;)]
5 +u; =250 +u; =400 400 500 400 =150 + 250
6 - +u; =200 — 300 300=100+ 200
7 +u; =125 — 275 - 275=150+ 125
Giai doan 3:
X2 Fa(x2) + f2(uy) F3(x3) = Min
X
s 6 7 | x=5] x=6 [x=7] [F(0)+fhw)]
u =275 [ u,=300 — 675 600 — 600
3 | u=200 - u, = 350 600 — 625 600
4 u, =175 | u,=200 | u,=275 575 500 550 500
Giai doan 4:
Fs(x3) + f3(u F = Mi
X4 X3 = 2 X3 = 3 X3 = 4 3( 3) 3( 3) N (X4) mn

x3=2 | x3=3 | x3=4 | [Fa(x3) + f3(u3)]
1 | u3=100 | uz=175 | uz;=150 700 775 650

650

Dép s6: F4(x4) = F4(1) = 650 véi dudng di ngan nhat trén hinh I1.14.

X, = -

1 6 9 10
uz = b2= ul = L10

150 200 100

= e = = = e = = < - < -

Hinh II.14. Pwong di ngin nhit 1 -4 -6 -9 - 10
3.3.  Ap dung quy hoach déng cho mét sé bai todn nganh dién
Bai todn 1
Can phan phéi cong suat toi wu ciia n nha may dién véi phu tai ton that ¢b dinh. Biét
chi phi ctia cac nha may la ham fi(p;) phu thudc vao céng suat p;, voii=1, 2, ..., n. Can

xac dinh cac gia tri cta p; sao cho tong chi phi 1a cuc tiéu. Vay ta c6 bai todn toi vu sau:
Ham muc tiéu:

z=fi(p1) +....+ fu(pn) — Min
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véi cac rang budc:

p,+p,+..+p, =P
0<p, <P

trong d6 P 14 tong phu tai, P, max 12 cong sudt tdi da cho phép.
Chang han, voi n = 3 ta ¢6 BTQHTT (nguyén) sau day:
z=3p; +2p2 + p3 > Min

P, +p, +p; =15
0<p,<6; 0<p,<6; 0<p, <8

néu da biét:

fl (pl) = 3p1
f,(p,) =2p,
f;(p;) =p;

Chung ta xét phuong phap giai bai toan nay véi gia thiét cac cong sudt p; 1a
nguyén. Dit cac bién trang thai 1a x,, X, X3 ; cac bién diéu khién 13 py, pa, ps v6i quan hé
nhu sau: x; = py, X2 =p1 + p2, X3 =p1 + p2 + p3 = 15. Cac hi€u ng gay nén bdi cac bién
diéu khién 1a fi(py) véii=1, 2, 3.

x =0 X X X

0 1 2 3
Bién diéu khién P: ; p, ; p, ;

Thiét 1ap ham truy toan Fisi (xi+1) = Min [Fi(xi) + fis1 (pi+1)]. Dat Fo(xo) = 0, d& thiy:
Fi(x1) = Minfi(p1), Fa(x2) = Min[fi(p1) + fa(p2)] va F3(x3) = Min[fi(p1) + fa(p2) + f3(ps)] =
3p1 + 2p2 + p3. Muc tiéu cudi cung la cuc tiéu hod z = F3(x3).

Str dung nguyén tic t6i wu Bellman ta chia bai toan ra cac giai doan sau dy (vdi
quy trinh tinh todn tién).

Giai doan 1: chi xét cong suat pi;
Giai doan 2: chi xét cong suat p; va pa;
Giai doan 3: xét cac cOng suat pj, p> va ps.

Giai doan 1: (Coi Fy(x9) =0)
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0 fi(pr) = 3 Fi(x1) = Min
X Xo — =
‘ ’ Hp = [Fo(xo) + fi(p1)]
0 pi=0 0 0
1 pi=1 3 3
2 p1:2 6 6
3 pi=3 9 9
4 pi=4 12 12
5 pi=>5 15 15
6 pi=6 18 18
Giai doan 2:
X1
Fi(x1) + fa(p2) Fa(x2) =
X2 0[1]2|3[4]|5|6 Min[Fl(X1)
+f
P> ol 123|456 Ap2)]
o |ol=|=|=|=|=|=| o | || =1|=1]<2-1]-=2- 0
1o tfol=|<{=|<|<| 23| -] -1|-1]_-]- 2
2 | 2l1|ol || =Z] 4 | 5 [ T B 4
3 32| 1]ol_l__] 6| 7 o | _ | _ | _ 6
4 14131 201loll2l 89101112 - | = 8
S o543 2)t]lol_| 1011 12 13)14a]15] _ 10
6 |6/5\4|3]a|ilol 2] 1314|1516 17| 12 12
7 1-|6|5|4|3|2]1] - | 15| 16| 17|18 19 20 15
8 |—|-l6l5]al3|2] — | = [ 18]19]20 |21 ]2 18
9 |-|-|-|6|s|4a|3| - | - | - |21 ]22|23] 24 21
10 [ f-{=[=l6ls|lal = | = | = | = |24 25] 26 24
T T O O I Y e S = = =27 ] 28 27
1620 O O O O O N T T R I R 30
Giai doan 3:
= Fa(x2) + f3(p3) Fy(x;) = Mi
2(X2 3(P3 3(X3) = Min
xs |0 [6]7]8]9] 10| 11|12
} [Fa(x2) + f3(p3)]
Dy 7 18lolw0]|ul]nr
15 || [=[8|7]6|5|4|3]| B33 23

Pdp so: Tong chi phi dat gia tri cuc tiéu 14 23, véip; =1, p =6, p3 = 8.
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15

= X3 =
.0 / / 7 p/'
Bién diéu khién P, =6 =8

Luu y

Céac van dé co ban can giai quyét khi 4p dung phuwong phap quy hoach dong theo
nguyén tic Bellman 1a:

— Chia bai toan thanh nhiéu giai doan nho dé giai bai toan t6i uu cho ting giai
doan. Cac yéu t6 ciia bai toan quy hoach dong 1a bién trang thai, bién diéu khién, ham
truy toan va ham muc tiéu.

— Khi chuyén tir mét trang thai nao d6 (trong mot giai doan) sang trang thai khac
(giai doan khac) can c6 bién diéu khién.

— M3i gia tri ciia bién didu khién gdy ra mot hiéu tmg 1én ham muc tiéu.
— Tuy theo céac bai toan toi vu phat sinh trong cic giai doan ma lwa chon phuong
phap téi vu thich hop.

Trong vi du dang xét, khi cac hiéu tng fi(p;) cho dudi dang ham tuyén tinh véi cac
bién p; nhan céc gia tri roi rac/nguyén thi ham truy toan Fiy; (xi+1) = Min [Fi(xj) + iy
(pi+1)] sé tinh duoc bang thuat giai dua trén bang liét ké (nhu phuong phép giai di trinh
bay). Néu fi(p;) phi tuyén véi cac bién p; nhan cac gia tri lién tuc thi dé tim Fii(xi1) =
Min[Fi(x;) + fi+1(pi+1)] ta co6 hai cach:

— Céch 1: roi1 rac hoa theo tirng murec. Chéng han véi p; € [0, 6], thi coi p; € {0, 1,
2,3,4,5, 6}.

— Cach 2: ap dung phuong phap tdi vu thich hop vé6i bién lién tuc (xem chuong I)
cho ham muyc tiéu. Chang han, trong vi du trén khi can tim F(x,) = Min [F(x))+ f(p2)] =
Min[fi(p1) + f2(p2)] = Min [3p; + 2p,] v6i diéu kién rang budc: p; + p, <15 va 0<p; <6,
0 < p, <6, c6 thé ap dung phuong phap don hinh.

Bai todan 2

Xéc dinh tuyén duong di cua duong day truyén tai dién tir diém A dén diém B, véi
céc chudng ngai vat khac nhau, sao cho tong chi phi 1a nho nhét. Cac dir kién cia bai
toan cho trén hinh II.15.

Nhu vy dé thiét 1ap so do duong truyén tai dién thi xuét phat tir A ta c6 thé dinh
tuyén di ciia dudng truyén tai dién trude hét phai qua mot trong hai diém sat gin, theo
huéng bic hay huéng dong, véi cac chi phi 1a 15 va 12. Tir mot trong hai diém nay,
chung ta lai tiép tuc xac dinh tuyén di cho duong truyén tai dién, v6i cac chi phi da biét...
Vay ta c6 bai toan tim duong di v6i chi phi nhé nhat.
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Hinh I1.15. So d6 tuyén di cho ddy truyén tdi di¢n
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Bai toan nay hoan toan tuong tu voi bai toan nguoi du lich di xét va co thé giai
bang phuong phap quy hoach dong (Hudng dan: Chia bai toan thanh nhiéu giai doan nho
theo cac duong v6i nét dit ndi trén hinh I1.15).
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Chuwong I11

GIOI THIEU Li THUYET MO PHONG
VA MO HINH HANG CHO

1.  Muc dich va cac cong cu ciia m6 phong
1.1. Khai niém vé mé phéng ngiu nhién

Mo phong (Simulation) duoc Gng dung rong rii trong kinh té, ki thuat va nhiéu linh
vuc khac. Theo Tir dién chinh xdc Oxford, ban 1976, "md phong c6 nghia 1a gia cach, ...,
lam ra vé nhu, hanh dong nhu, bt chude giéng vo1, mang hinh thac cua, gia bd nhu...,
lam gia cac diéu kién cta tinh huéng nao d6 théng qua mot mo hinh véi muc dich huén
luyén hodc tién lgi".

Vé mit y nghia ki thuat, mé phong (hay noéi dang hon, phwong phap mé phong)
ham chua viée 4p dung mot mo hinh nao d6 dé tao ra két qua, chir khong co nghia 1a thir
nghiém mot hé thong thuc té nao d6 dang can nghién ctru hay khao sat. Néu mé hinh cé
chtra cac thanh phan hay yéu t6 ngiu nhién thi chung ta ¢6 mé phong ngau nhién.

Thuat ngit “phuong phap Monte—Carlo” xuét hién tir thé chién thir hai khi tién hanh
cac md phong ngiu nhién trong qua trinh phat kién bom nguyén tir. Ngay nay, thuét ngit
nay d6i khi ciing dugc dung ddng nghia v&i thuat ngit phuong phap mé phong ngiu
nhién, nhu khi ta n6i phuong phap Monte—Carlo tinh tich phan chang han, tuy nhién, nd
khong dugc str dung mdt cach rong rai.

Chung ta xét mo phong trén hai quan diém: nghé thuét va ki thuat (véi tu cach mot
cong cu), ma trong mot sd trudng hop rat kho phan dinh ranh gidi rach roi. Trong chuong
ndy chiing ta nghién ctru mé phong ngiu nhién vé phuong dién mot sb ki thuat, cong cu
thuong dugc st dung.

1.2. Cic céng cu chii yéu ciia mé phong

Nguén ngdu nhién (Source of randomness)

Dé ap dung md phong ngiu nhién trude hét can phai co duge mot ngudn cac s6 ngdu
nhién. Cac s6 ngiu nhién nhu vay ¢ thé dugc tao ra boi cac ham sinh s6 ngau nhién.

Trong nhiéu ngdn ngir lap trinh (nhu Visual C++ 6.0, hay Builder C++ 5.0....), ta s&
thiy c6 mot cip ham dang SRAND (seed) va RANDOM dé phat sinh cac s6 (dugc coi 12)
ngau nhién. Him SRAND, c6 tham s 1a seed dwuoc goi 1 hat mam ngdu nhién, déng vai
tro khéi tao diy sd ngau nhién. Con ham RANDOM 1a ham sinh cac s6 ngiu nhién sau
khi c6 gia tri khéi tao.

Thong thudng, cac ngudn nay dugc coi nhu ton tai mot cach duwong nhién. Cau hoi
dit ra 1a chung da "du t6t" hay chua? Trong gido trinh ndy chung ta khong di siu vao phan
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tich van d& trén. Mot cach khai quat c6 thé noi ring, cac s6 duoc goi 1a sé ngau nhién dugc
tao ra nhu vy con xa méi thuc su 1a ngau nhién. Mot cach chinh xac hon, chung chi c6 thé
goi 13 cac sb gid ngdu nhién ma thoi. Chat lugng ctia ngudn ngiu nhién c6 thé anh hudng
rat 16n t6i két qua nghién ctru khi sir dung phuong phap mé phong ngau nhién.

Xét vé thuc chét, cac sb gia ngiu nhién 1a cac sb co tinh chat tit dinh
(deterministic), nhung ching c6 tinh chat gidng véi mot day cac gia tri thé hién ciia cac
bién ngau nhién doc 1ap, c6 phan phéi déu. Vi du, xét day s6: 13,8, 1,2, 11, 14, 7, 12,
13,12, 17,2, 11, 10, 3,... Day sb ndy trong thi c6 vé ngau nhién, nhung thuc chét 1a tuan
theo mot quy tic (hdy phat hién ra quy tic nay). Viéc tim kiém cac thuét giai (hay cac
quy tic tat dinh) dé phat sinh ra cic sd gia ngau nhién du tot 1a mot linh vuc nghién ctru
chuyén sdu cta Toan hoc va Tin hoc. Mic du trong thuc té, khi 4p dung mé phong ngiu
nhién, nguoi ta it khi dung cac sb ngiu nhién tuan theo luat phan phdi xac suat déu U[0, 1)
trén [0, 1), nhung ngudn sé ngiu nhién loai nay chinh 1a co sé dé md phong cac phan
phdi xac suat khac (xem muc 1.3).

M6 hinh ngdu nhién

Hai li do chinh cho viéc 4p dung mo phong ngiu nhién 1a:

— Tong hop dir lidu theo sy phéan loai nhét dinh.

— Dua ra cac du bao.

Muédn ap dung mé phong ngau nhién can phai c6 mé hinh. Nhu vay, muc dich cia
mo phong ngau nhién ciing gan véi muc dich cia md hinh hoa (modelling). Co6 hai loai
mo hinh thuong dugc 4p dung, d6 1a: md hinh co ché (mechanistic model) va mo hinh
tién dung (convenient model). Ca hai loai nay déu co6 thé dugc st dung dé trg giup cac
cong viéc nghién ctru, khdo sat nham gia tang sy nhan biét va tim kiém tri thic, dy bao
va hd tro viéc ra quyét dinh.

bé ung dung mot mo hinh, ta cé hai sy lva chon sau:

— Tién hanh céc phan tich v& mit toan hoc dé tim hiéu hanh vi cia mo hinh. Van dé
nay nhiéu khi tré nén rat phirc tap véi cac hé phi tuyén nhiéu bién, do d6 ching ta can dit
ra thém cac gia thiét. Tuy nhién nhirng gia thiét "chat ch€ qua" cua toan hoc doéi khi trd
nén "dang nghi ngo" trong thuc te.

— Thi nghiém v&i mé hinh dang xem xét. Bdi v6i cac mo hinh ngau nhién cac gia
trj phan hdi (du ra) s& bién thién, vi viy chung ta can tao ra hang loat cac thé hién (di
li¢u nhan tao) voi nhitng b tham s6 khac nhau cia mo hinh.

Doi khi ciing can xem xét t6i su lwa chon thtr ba, do la tiép can lai (hybrid
approach) cua hai lya chon trén.

1.3. Mo phong mot séphdn phéi xdc suit
Mt s6 phén phéi xdc sudt thwong gdp

Dé 4p dung mo6 phong ngau nhién can biét mdt s6 kién thirc co ban ma chiing ta s&
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nhic lai ngay sau day. Bién ngiu nhién 1a mot khai niém quan trong trong 1i thuyét xac
suat théng ké. Mot cach gian lugc, bién ngdu nhién (random variable), con goi 1a dai
luong ngau nhién, duoc hiéu 13 bién nhan gia tri tuy thudc vao két qua cua phép thu
(phép do, quan sat, thi nghiém) ma khong thé doan trude duoc.

Bién ngau nhién chia lam hai loai chinh: roi rac va lién tuc. Bién roi rac ¢6 thé nhan
cac gia tri tor mot tap hop (co luc lugng) hitu han hodc dém duoc. Bién lién tuc 1a mot khai
niém toan hoc vé loai bién ngau nhién c6 thé nhan céac gia tri day sat nhau trén mdt hodc
mot s6 khoang / doan sb thuc nao d6 (dé trinh bay van dé don gian, & ddy chung ta chi noi
t6i bién ngau nhién nhan cac gia tri 1a ) thuc). Trong thuc té, khong c6 mot dai luong ngau
nhién nao 1a lién tuc theo nghia tuy¢t dbi, chéng qua la chung ta khong nhan biét duoc (mot
cach ¢b v hay khong cb y) khoang cach gitra céc gia tri rat sat nhau ctia nd ma théi.

Phan phéi Xac sut cta bién ngéu nhién roi rac dugc minh hoa qua vi du sau: Xét
bién X c6 thé roi vao mot trong ba trang thai dugc dinh lugng bdi cac gia tri 6, 9, 12 véi
cic x4c sudt twong Gng cua cac trang thai 14 0,3, 0,4 va 0,3. Cha ¥ rang tong cac xac suat
bang 1 (100%) dugc phan phdi vao cac gia tri bién ngdu nhién X c6 thé 1y nhu trinh bay
trong bang sau day, duoc goi 1a bang phan phéi x4c suét.

Cac gia tri cua X: x; 6 9 12
Xac suat twong ng: p; 0,3 0,4 0,3
(Chay: Zp;=1)

Mot sb phan phdi xac suat thudng ding cta bién ngau nhién lién tuc va rdi rac
duoc liét ké dudi day.

Phan phéi déu trong [0,1): X nhan céc gia tri thudc nira khoang [0,1) v6i kha ning
“nhu nhau”. Ham mat do xac suat f(x) ctia né duoc bién din trén hinh IIL.1.

f(x)

Hinh 1I1.1. B6 thi ham méat dé phan phéi déu
Phdn phéi Podt—xéng: V&i mot hé théng hang chd mot kénh (xem muc 3), sb

lugng X tin hiéu dén trong mot khoang thoi gian 1a mot bién ngiu nhién.

Gia str s6 tin hiéu dén trung binh trong mdt khoang thoi gian da biét duoc (ki hiéu L),
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thi voi mot sé didu kién nhdt dinh c6 thé coi X tuan theo luat phan phdi xac suit
Poat—xong (Poisson) nhu sau:

Céc gia tri cia X: x; 0 1 e Xevooreernaenns +00
Xac suét p; twong ting Ve
pX=x)=
x!
AT A Al A" _
Xpi=et| 4t 4+ |=exe =1
or 11 2! x!

Chu ¥ rang sb dic trung cho gia tri trung binh cta bién ngiu nhién X dugc goi 1a ki
vong. Trong phan phdi Poat—xong, ki vong ctia X 1a A. S dic trung cho d6 phan tan céac
gia tri cia X xung quanh gia tri ki vong cua n6 dugc goi l1a 4o Iéch chuan o. Véi phan
phéi Poat—xong thi o* = A.

Phdn phéi mii: Trén day ta da xét phan phdi Poat—xong ciia sd cac tin hi¢u dén
trong mot don vi thoi gian. Mot kiéu bién ngiu nhién thudng xét 1a khoang thoi gian gitra
hai tin hiéu lién tiép s& tudn theo phan phdi mi. Dy 1a bién ngiu nhién lién tuc chi nhan
cac gia tri khong am véi ham mat do xéc suat 1af (t)=Xe". Ki hiéu bién ngau nhién

t
dang xét 1a T thi xac suat P(t <t) = Ike‘“dr c6 thé hiéu la xac suat cong don cho tdi t.
0

t t
Do d6 ham phan phdi xac suit cua t 1a: F(t) = If (t)dt= jke’“dr =" |l =1- e M,
0 0
Phdn phéi chuan tdc N(0, 1): Gia sit X 1a bién ngiu nhién c6 phan phdi chuin tic

N(0,1). Luc d6 n6 ¢ ki vong m = 0 va do léch chuén ¢ = 1. Ham phan phdi xéc suét cua
X ¢6 dang:

F(x) =P (X< x) = j f(x)dx = T(l/\/ﬁ)exp(—x2 /2)dx .

Cho X 1a bién ngau nhién tuan theo luat phan phbi chuan N(m, c°) ¢ ki vong m,

thi Z 13 mot bién ngiu

d6 léch chuan o. Luc d6, thuc hién phép doi bién Z =
(o)

nhién tuan theo lut phan phdi chuin tic N(0,1).

Mé phéng cdc phan phéi xdc sudt
Vi du 1: M6 phong phan phdi déu trén [0, 1)
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Cdch 1: Dung bang s6 ngiu nhién (xem phu luc 2A va 2B). Pay 1a cac bang s ghi
lai cac sb (gia) ngiu nhién duoc phat sinh nhd cic ham sinh sd ngiu nhién trong méay
tinh. Chéng han, st dung phu luc 2B ching ta nhan dugc mot day sb ngau nhién: 0,10;
0,09; 0,73; 0,25 ...

Cdch 2: Str dung cic ham sinh sb ngau nhién (Random number generator) da dugc
cai dat trén may tinh.

Du dung bang sé ngau nhién hay sir dung cac ham sinh s6 ngau nhién trong may tinh,
ta cling l4y ra hodc tinh dugc lién tiép cac sb ngiu nhién x; trong [0, 1) v6ii=1,2,..., n. Tan
s6 cac gia tri ndy roi vao k khoang nhoé v6i do dai bang nhau 1/k dugc chia ra tir [0, 1) 1a
gan nhu nhau (= n/k). Vi n 16n thi cac tan sb d6 cang sat gan n/k. Vi vy ta coi cac gi tri
phat sinh duoc 1a cac thé hién cta bién ngiu nhién X tuan theo phan phdi déu trén [0, 1).

Trong truong hop can md phong bién Y phan phdi déu trén [a, b), ta chi viéc tinh
yi = a + (b — a)x;. Chtl y rang dé phat sinh cac sd ngiu nhién nhan gia tri nguyén 0, 1,
2,...., N, chi can ap dung cong thirc y; = [(N + 1)x;], trong d6 vé phai 1a phan nguyén cia
(N + 1)x;. Mot sb bang s6 ngdu nhién nguyén hay ham sinh s6 ngiu nhién nguyén cai dit
san trong cac hé may tinh cling giup giai quyét van dé nay.

Vi du 2: M6 phong phan phdi roi rac v6i luat phan phdi xac suat sau

Cac gia tri cua X: x; 6 9 12

Xéc suét p; 0,3 0,4 0,3

Muén mé phong phan phdi trén, trude hét can tao ra mot diy cac chit sé ngdu nhién
bang cach tra bang s6 ngau nhién hay dung ham sinh s6 ngiu nhién da dugc cai dit trong
méy tinh. Chang han ta c6 thé chon diy sau 1009732533 7652013586 3467354876 ... lay
tir hang dau bang sé ngiu nhién trong phu luc 2B. Ta quy dinh néu cac chir s6 0, 1, 2 xuat
hién thi coi X =6, néu 3, 4, 5, 6 xut hién thi coi X =9, con néu c6 7, 8, 9 xuat hi¢n thi
coi X = 12. Liic d6 tmg véi 10 chit s6 dau tién cua day trén aja;...a;o = 1009732533 ta cd
bang sau ddy cho biét cac gid tri cia X c6 thé lay:

a; ryo0 (01|97 1|3 |2|5|3]3

Cac gia tri cua X: x; 6 6 6 12 12 9 6191919

Nhu vay, da c6 10 gia tri (thé hi¢n) cua X duogc tao ra. Tuong tu, co thé tao ra céc
thé hién khac ctua X. Do tan suit (hay xac suit thuc nghiém) cua mdi chit sé ngdu nhién
tir 0 toi 9 trong bang sd ngau nhién 1a khoang 10% nén tin sudt (xac suit thyc nghiém) X
nhan gia tri 6, 9 va 12 theo thir ty 1a 30%, 40% va 30%. Do d6 c6 thé coi P(X = 6) = 30%,
P(X=9)=40%, P(X=12) = 30%.

Vay muén mé phong phéan phéi ciia X phdi phat sinh ra mét loat cdc gid tri (cdc thé
hién) x; ciia bién ngdu nhién X tudn theo quy ludt phdn phéi da cho.
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Vi du 3: M6 phong phan phdi mi.

Gia sur bién ngiu nhién t tuan theo phan phdi mil voi ham phan phdi xac suat 1a
F(t) =P(1<t)=1-¢*. Day chinh la xac suat dé t nhan gia tri khong 16n hon mot sb t
cho trude; A 13 tham sé di cho caa phan phdi mil.

Néu r 12 bién ngiu nhién c6 phan phdi déu trén [0, 1) thi P> e™)=1—-e™=P(r <

t) (xem hinh III.1). Do do, P(Inr > — At) = P(—%lnr <t)=P(r <t). Vay dé phat sinh ra
cac gia tri ngdu nhién (cac thé hién) cua 7 thi truéc hét cAn phat sinh ra cac gia tri ngiu
nhién r va tinh © = —%lnr. Chang han, tr bang s6 ngau nhién (phu luc 2B), néu iy

r=0,10 vaA =5 thit=-02 x Inr = -0,2 x In0,1 = 0,46. Tiép theo, néu liy r = 0,09 thi
1=-0,2x1n0,09 =0,482. Ct nhu vy ta thu dugc mét diy cac thé hién cua .

2.  Ap dung mé phéng ngiu nhién
2.1. Vai tro cia phwong phdap moé phong

Nhiéu bai toan thuc té chira cac yéu td ngiu nhién, bt 6n dinh khéng giai dugc
bang cac phuong phap giai tich. Néu chung ta 4p dung cac phuong phap giai tich, thi trong
nhiéu trudng hop budc phai cong nhan nhiing gia thiét chit ché khong dugc thoa méan trén
thue té, va do d6 16i giai tim dugc ciing it ¢ gia tri thuc tién. Phuong phap mé phong duoc
dung rong rii dé giai cac bai toan loai d6, nhit 1a nhimg bai toan lién quan dén hé thong
16n, bat 6n dinh, ham chira nhiéu yéu t6 ngiu nhién.

Chung ta can ap dung phuong phap mo phong trong cac tinh hudng sau day:

— Khi khong tim dugc mo hinh giai tich nao thich hop.

— Cac hoat dong cta hé théng thudng bi ngit quing, dit doan khong theo quy luét
nao ca.

— M6 phong 1a phwong phap duy nhat cho chi phi tiét kiém va ton it thoi gian.

Tuy nhién phuong phap mo phong c6 mot s6 diém han ché sau:

— Khong dua ra dugc 101 giai chinh xéc.

— Khé xac dinh dugc sai sd.

— Mo phong chi sir dung khi méi trudng c6 tinh bét 6n dinh.

— M6 phong chi tao ra cac phuong an danh gia chir khong dua ra dugce ki thuét tim
101 giai toi wu.

— Mo phong doi khi rat dat tién.

2.2.  Cdc buwéc cin tién hanh khi dp dung mé phéng

— Xac dinh van dé hay hé thong can mé phong.
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— Xéc dinh m6 hinh m6 phong.

— Po va thu thap sb liéu can thiét cho mé hinh.

— Chay mo phdng.

— Phén tich két qua mé phong, néu can thi phai stra lai phuong an dd dugc danh gia
qua chay mo phong.

— Chay md phong dé kiém chtng phuong 4n méi.

— Kiém tra tinh ding din cta moi két luan vé hé théng thuc té dugc rat ra sau khi
chay mo6 phong.

Trén day 1a cac budc can lam khi ap dung mé phong ngiu nhién dé tim ra cac
phuong 4n hop 1i cho cac bai toan thuc té. Ngoai ra, md phong con duge ap dung dé giai
quyét nhiéu van dé khac.

2.3.  Mét sé vi du vé dp dung phwong phdp mé phong

Vi du 1: Can lya chon mot trong hai chién lugce dé phat trién san pham, voi cac sb
li¢u thu thap duoc cho trong ba bang I11.1, I11.2 va II1.3.

Bing III.1. Xdc sudt thoi gian phdt trién sin phim

Thoi gian phat trién Xac suat
san pham Chién luge | Chién luge 11
6 0,2 0.4
0,3 0,4
12 0,5 0,2

Bing II1.2. Chi phi lgi nhuin

Chi phi/gia ban Chién lugc I Chién luge 11
Chi phi ¢ dinh 600.000 1.500.000
Chi phi bién thién/don vi 7,5 6,75
Gia ban/don vi san pham 10 10

Bdng I11.3. Doanh 0 Phu thudc thoi gian phat trién sin phém

) X4c suét
Doanh so
6 thang 9 thang 12 thang
1.000.000 0,2 0,4 0,5
1.500.000 0,8 0,6 0,5
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Vén dé dit ra 13 4p dung phuong phap mé phong dé tinh loi nhudn trung binh cua
timg chién lugc, sau d6 kiém tra két qua (so sanh véi két qua 1i thuyét).

Nhu vy c6 ndm phéan phdi xac sudt cin mé phong tng v6i ndm bién ngiu nhién:
X, — thoi gian phat trién san pham (theo chién luoc) I, X, — thoi gian phat trién san pham
I, X5 — doanh s6 cho thoi gian 6 thang, X4 — doanh sd cho thoi gian 9 thang va Xs —
doanh s6 cho thoi gian 12 thang. Trong vi du nay, dé trinh bay don gian vé vin dé mo
phong cac phan phdi xac sudt ciia cac bién trén, ta dung muoi sé ngiu nhién, mdi sé gom
mudi chir s6 ngau nhién rut ra tir bang s6 ngau nhién — phu luc 2A (vi vay cac chit s6 0,
1,2...., 9 mbi s6 chiém khoang 10%).

a a, a; ay as ag a7 ag ag aio
1 5 8 1 9 2 2 3 9 6
2 0 6 8 5 7 7 9 8 4
8 2 6 2 1 3 0 8 9 2
8 3 7 4 8 3 6 0 4 9
4 6 3 7 5 6 7 4 8 8
0 9 2 8 1 0 5 5 8 2
7 2 9 5 0 8 8 5 7 9
9 5 8 6 1 1 1 6 3 2
7 0 5 5 5 0 8 7 6 7
6 4 7 2 3 8 2 9 3 4

Ta quy dinh a; ung véi X, a; ung voi Xa, ag ing voi Xs, ag ing voi X4 va ajo ung
v6i Xs. Ngoai ra ciing quy dinh:

_0’1 thi X, = 6 thang (thoi gian phat trién san pham I)
a;=12,34 thi X; =9 thang
15,6,7,8,9 thi X; =12 thang

[01,2,3  thi X, = 6 thang (thdi gian phat trién san pham I1)
a=14,5,6,7 thi X, =9 thang

18,9 thi X, = 12 thang

0,1 thi X; = 10° (doanh s 6 thang phat trién san pham)
ag —

2,3,...,9 thiX;=1,5.10°
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0,1,2,3 thi X4 = 10° (doanh s6 9 thang phét trién san pham)
ag —
4,5,..,9  thi X4=1,5.10°

[0,1,2,3,4 thi Xs=10° (doanh s6 12 thang phat trién san pham)
e {5,6,..., 9 thiXs=15.10°

Can nhéc lai mot sd cong thuc trong linh vuc quan tri kinh doanh nhu sau:

+ Loi nhudn = (Doanh sé —Biém hod von) x (Loi nhudn / don vi san pham)

+ Piém hod vén = (Chi phi ¢é dinh) / (Loi nhudn / don vi san pham)

+ Loi nhudn / don vi san pham = (Gid bdan/don vi san phdam) — (chi phi / don vi san phdam)

Céc tinh toan mé phong duogc tong hop trong bang 111.4.

Bdng I11.4. Két qud tinh todan mé phong

Thoti

S6 ngiu nhién gian Doanh sb Loi nhuan
a) a) ag ag alo I 1I 1 II 1 II
1|5 (81|92 ]23]9|6]|6]|9]1,510° 10° | 3,15.10° | 1,75.10°
21016857719 |8|4]|9]|6]1,510°]1,510°]3,15.10°]| 3,38.10°
g8l 216l2|1]3]08|9]|2]12]6 10° 1,5.10° | 1,9.10° | 3,38.10°
8 | 3 (74|83 |6|0]|4]9]|12|6]1510°]1,510°]3,15.10°] 3,38.10°
416 |3|7|5|6|7|4|8[8]9]9]1,510°]1,5.10°]3,15.10°| 3,38.10°
o9 28|10 |5|5]|8|2]6]12 10° 10° 1,9.10° | 1,75.10°
7121915]0|8 |8 |5 |7|9]12]6]1,510°]1,5.10°] 3,15.10° | 3,38.10°
9|5 |8l6|1|1|1|6]|3|2]12]9 10° 1,5.10° | 1,9.10° | 3,38.10°
7101(5|5|5|l0|8|7|6|7]|12]6]1,5.10° 10° | 3,15.10° | 1,75.10°
6 |4 7121382913 |4]12]9 10° 1,5.10° | 1,9.10° | 3,38.10°

. , > 600.000
Diém hoa von cua chién lugc 1 =1— = 240.000
DPiém hoa vén cua chién lwge II = M = 461538
10-6,75
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Bdng I11.5. So sanh lgi nhudn giira chién luwge I'va Il

) Chién lugc I Chién lugc II
Tong lgi nhuan
26,5 x 10° 28,91x10°
Loi nhuan trung binh
2,65 x 10° 2,891x10°
(2 loi nhuan/ 10)

Can chu ¥ ring trong bang I11.5 1a két qua tinh toan khi chay mé phong 10 lugt Gmg
v6i 10 s6 da chon ra. Néu ta 14y cang nhiéu sé ngiu nhién thi d6 chinh x4c dat dugc cang
cao. Vi vy, néu viéc tinh toan trén day duoc 1ap trinh va chay trén may tinh v6i hang
trdm, hang ngan luot thi d chinh x4c s€ rat cao.

Qua cac phan tich trén ta thy

Dé tién hanh mé phong can phdi cé:

— Co so dir lieu (DataBase)

— Co so tri thue (KnowledgeBase)

Kiém tra két qua mé phong trén bang cach so sanh véi két qua li thuyét dugc thuc
hién nhu sau:

Doanh sé chién lwoc I = 0.2x(02x10° + 0,8x1,5x10%) + 0,3x(0,4x10° +
0,6x1,5x10°%) + 0,5x(0,5%x10° + 0,5x1,5%10% = 1,295x10°. Loi nhuan trung binh chién
luge I= (1,295 — 0,24)x2,5x10° = 2,637x10°. Két qua tinh toan md phong 14 2,65x10° rat
sat voi két qua nay.

Tuong ty ta tinh dugc doanh s6 va lgi nhuan trung binh cho chién lugc 11
(2,84x 106), va rut ra duge két luan vé d6 chinh xé4c cua tinh todn mo phong.

Vi du 2: Tim xéc sudt p dé bao 10i ctia 4 diém lay bat ki trong vong tron don vi 1a
mot hinh tam giac (bai todan Sylvester).

C6 18 cach don gian nhét dé giai bai toan nay 13 ap dung mé phong ngiu nhién theo
cac budc sau day:

i) Gan cho bién dém Counter gia tri ban dau bang 0.

ii) Tién hanh mot dot gieo ngdu nhién tam s6 thuc 0 <1, < 1 va 0 < ¢; < 21 (dé gieo
0 ta léy sb ngau nhién thuodc [0, 1) gieo dugc nhan thém véi 2n), i =1, 2, 3, 4. Pat x; =
1iSing;, yi = ricos;j, ta co 4 diém nam trong hinh tron don vi. Pat A = (x4, y1), B = (x2,
y2), € =(x3,y3), D= (x4, ya).

iii) Ta tinh dién tich 4 tam giac ABC, ABD, ACD va BCD. Néu ta c6 dién tich cta
mot tam giac béng té)ng dién tich ba tam giac con lai thi ta dugc bao 16i cta bon diém A,
B, C va D la mot tam giac. Ta tang gia tri cta bién dém Counter 1én thém 1, néu trai lai
bién dém giir nguyén gia tri cii va quay vé budc ii).

Qué trinh cir thé tiép dién cho t6i khi s6 dot gieo dat t6i mot gia tri kha 1on dugc
chon tir trude (ching han 10000 dot hodc 20000 dot, hoic 100000 dot). Mdi lan bién

82



dém Counter s& co gia trj két thuc khac nhau. Ly ti s6 cta sé d6 va sb dot, ta c6 tan sudt
xuat hién cua su kién "bao 16i ciia 4 diém la tam gidc". Sb tan sut nay theo luat s6 16n
1a gia tri gan ding ctia xac sudt can tinh.

Theo cac tai liéu chuyén khao, 10i giai ding cua bai toan l1a: p = 35/(12n%) =~
0,29552. RS rang, trong trudng hop ndy, ta nén ap dung moé phong ngiu nhién dé tinh
ra tan suét (viée dé thuc hién), thay thé cho viéc tinh xac sut theo li thuyét (viéc kho
thuc hi¢n).

Sau day la van ban chuong trinh may tinh vdi ngoén ngit 1ap trinh C gidi bai toan
Sylvester.

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

#include <conio.h>

#define PI 3.14159265358979
const double esp =4.5¢—12;

struct diem {double x,y;};

/* Tao bo so ngau nhien bang cach tron — shuffling */
int rd() {return rand()%10;}

double radm()

{return rand()%100+0.1*rd()+0.001*rd()+0.0001*rd();}

/* Chuong trinh chinh */

void main()

{

clrser(); long int count = 0, reps; diem d[4]; double r, goc;
printf("\n Provide number of repetitions:");
scanf("%ld",&reps); printf("\n reps= %ld",reps); srand(19587);

/* Gieo ngau nhien 4 diem va tinh dien tich bon tam giac */
for(long int i=0;i<reps;i++)
{  for (int j=0:j<4:j++)
{ r=radm(); goc=radm()/100;
d[j].x=r*cos(goc); d[j].y=r*sin(goc);
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double d12=sqrt(pow(d[0].x—d[1].x,2)+pow(d[0].y—d[1].y,2));
double d13=sqrt(pow(d[0].x—d[2].x,2)+pow(d[0].y—d[2].y,2));
double d14=sqrt(pow(d[0].x—d[3].x,2)+pow(d[0].y—d[3].y,2));
double d23=sqrt(pow(d[1].x—d[2].x,2)+pow(d[1].y—d[2].y,2));
double d24=sqrt(pow(d[1].x—d[3].x,2)+pow(d[1].y—d[3].y,2));
double d34=sqrt(pow(d[2].x—d[3].x,2)+pow(d[2].y—d[3].y,2));

double p123=(d12+d23+d13)/2;
double p124=(d12+d24+d14)/2;
double p134=(d13+d34+d14)/2;
double p234=(d23+d24+d34)/2;
double s123=p123*(p123—-d12)*(p123—-d13)*(p123—-d23);
double s124=p124*(p124—d12)*(p124—d14)*(p124—d24);
double s134=p134*(p134—d13)*(p134—d14)*(p134-d34);
double s234=p234*(p234—d23)*(p234—d24)*(p234—d34);

/* Cac truong hop bao loi cua 4 diem la tam giac */
1f(s123>0& &s123>0& &s134>0&&s234>0)
{

s123=sqrt(s123);s124=sqrt(s124);
s134=sqrt(s134);s234=sqrt(s234);
if(fabs(s123—(s124+s134+s234))<esp)
count++;

else if(fabs(s124—(s123+s134+s234))<esp)
count++;

else if(fabs(s134—(s123+s124+s234))<esp)
count++;

else if(fabs(s234—(s123+s124+s134))<esp)
count++;

}

else count++;
h
printf("\n Number of repetitions = %]ld",reps);
printf("\n Number of successes = %ld",count);
printf("\n Probability to compute= %0.9f", count*1.0/reps);
getch();

}



Céc két qua chay chuong trinh trong bdn 1an nhu sau:

esp =4.5¢e—-12
s6 1an lap 10000

s6 lan thanh cong
3050

xac suat: 0.30500

esp =4.5¢—-12
s6 1an 1ap 20000

s6 1an thanh cong
5941

xac suat: 0.29705

esp =4.5¢e—-12
s6 1an lap 100000

s6 1an thanh cong
29594

x4c suat: 0.29594

esp =4.5¢e-12
s6 1an lap 200000

s6 1an thanh cong
58993

x4c suat: 0.294965

Vi du 3: Giai bai toan t61 wru toan cuc sau (xem lai muc 4.2 chuong I vé bai toan tbi
uu toan cuc phi tuyén).

f(x)=4x; —2,1x; +x /3+x,x, —4x; +4x; — Min
véi diéu kién rang budc (mién rang budc D):

-2,5<x,<2,5
-1,5<x,<1,5

Bai toan trén day c6 4 cuc tiéu dia phuong va 2 cuc tiéu toan cuc, co tén goi la
“Bai toan lung lac da”.

Ta tim phuong 4n tdi wu toan cuc bang phuong phap mo phong toi SA (Simulated
Annealing). Phuong phap (SA) mé phong qua trinh mot vat thé ran sau khi bi nung ndng
& nhiét do rat cao duoc dé ngudi tir tir vé mot nhiét do rat thap. Luc d6 ham ning luong
clia vat thé s& dat muc thap nhat. Thuat giai SA ap dung mo phong ngau nhién (bang li
thuyét xich Markov, nhu sé trinh bay trong chuong IV, ¢6 thé chimg minh dugc qua trinh
SA s& hoi tu theo xac suét vé 101 giai tdi vu toan cuc) nhu sau:

Buoce khoi tao

Ta xuét phat tr mot phuong an X bat ki ban dau thoa diéu kién rang budc. Lay
nhiét @6 T = Toan aiu khd cao (Than gau =10000, chang han).

Cac buoc lap

Tai mdi mirc nhiét dd T thuc hién cac budc sau:

1) Chon X’ € D va thudc mot lan can du nho cua X.

ii) Xét Af = f(X’) — f(X). Néu Af < 0 thi dat X := X’. Néu trai lai khi Af> 0 thi
chdp nhan X := X’ voi xac suit p =exp(—Af /(K, xT)), trong do6 K, la hing sd
Boltzmann (Kp = 1,38.10%), T 1a nhiét d hién thoi trong qua trinh ngudi.

Quy trinh i) va ii) 1dp lai mot sb 1an L du 16n (ching han L = 200, 300, ...).

Sau d6 tinh mac nhiét 4o maéi theo cong thue T: = oT (o=~ 1, chéng han nhu o= 0,95
hay 0,99...). Thuat toan dung khi T< Tewsi (Tewsi 1a gid tri da chon trude = 0).

Sau day la van ban chuong trinh annealing.cpp:
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/* Su dung ky thuat annealing — mo phong toi

giai bai toan toi uu toan cuc co rang buoc */

#include <stdio.h>
#include <stdlib.h>
#include <conio.h>

#include <math.h>

/* Tinh gia tri ham so can cuc tieu hoa */

float f(float x,float y)

{

float fg = 4*pow(x,2)-2.1*pow(x,4)+pow(x,6)/3;
fg = fg +x*y —4*pow(y,2)+4*pow(y.4);

return fg;

}

/* Kiem tra cac dieu kien rang buoc */
int constraint(float x,float y)
{ float fg;
fg=x+2.5;
if (fg<0) goto ZERO;
fg=2.5-x;
if (fg<0) goto ZERO;
fg=y+1.5;
if (fg<0) goto ZERO;
fg=15-y;
if (fg<0) goto ZERO;
return 1;
ZERO: return 0;

/* Thu tuc tim diem thay the mo phong qua trinh annealing */
void sa(float x0,float y0,int k,float T,float Tlast,float alfa,float delta)

{



float x1,y1,deltaf,u,p,ux,uy;
int 1=1; srand(27556);
printf("\n starting value of the function=%f",{(x0,y0)); getch();
printf("\n obtained at x=%f,y=%f",x0,y0);getch();
do
{ do
{
ux=float(random(10000))/10000-0.5;
x1=x0—delta*ux;
uy=float(random(10000))/10000-0.5;
yl=y0—delta*uy;
if(constraint(x1,y1)==1)
{ deltaf=f(x1,y1)—f(x0,y0);
if(deltaf<=0) {x0=x1;y0=yl1;}
else
{ u=float(random(10000))/10000;
p=exp(—deltat/T);
if(u<=p) {x0=x1;y0=yl;}

h
1=1+1;
twhile(1<=k);
T=T*alfa;
twhile(T>Tlast);
printf("\n Optimal value fMin=%f",f(x0,y0)); getch();
printf("\n obtained at x=%f,y=%f",x0,y0);getch();
b
/* Chuong trinh chinh tim diem toi uu */
void main()
{ clrscr();
float x0,y0,T,Tlast,k,alfa,delta;
printf("\n Within the range —2.5 to 2.5 provide value x0=");
scanf("%f",&x0);
printf("\n Within the range —1.5 to 1.5 provide value yO=");



scanf("%f",&y0);

printf("\n Specify number of iterations at each T level=");
scanf("%d",&k);

printf("\n Specify a very high value for Tstart=");
scanf("%f",&T);

printf("\n Specify a very low value for Tlast=");
scanf("%f",&Tlast);

printf("\n Specify reduction coeffient alfa=");
scanf("%f",&alfa);

printf("\n Specify neighbourhood radius delta=");
scanf("%f",&delta);
sa(x0,y0.k,T,Tlast,alfa,delta);

3.

3.1

getch();
}
Két qua chay chuong trinh méy tinh véi thuat giai SA 1a:

Hat mam Phuong an Phuong an Gia tri
(Seed) ban dau tdi vu fMin
27556 (0, 0) (—0.0898613, 0.7124848) —-1.0316283
19587 (0.1,0.1) (0.0898837, —0.7125957) ~1.0316284

(voi alfa=0.997, delta = 0.01, Tpan aau= 10000, L = 500, Tcuéi = 0.0001).

Mot so van de vé mo hinh hang cho

Mt s6 yéu té co ban ciia hé thong hang cho

Nhu di biét, trong nhiéu hoat dong san xuét kinh doanh ciing nhu trong doi song
chung ta 4p dung céc h¢ dich vu dam dong hay hé phuc vu cong cdng. Ching co tén goi
chung 13 hé théng hang chd (Waiting Line System). Chang han cac xi nghiép stra chira
may moc, cac cua hang, céac bén xe, bén cang, tram téng dai, cac hé théng dién tr vién

thong, dich vu Internet,... 13 cac vi du vé hé théng hang cho.
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Mo hinh hang cho

Trong céc hé thong hang chd thuong xuyén dién ra hai qua trinh: qua trinh nay sinh
cac yéu cu (mdt yéu cdu con duogc coi 1a mot tin hiéu can duogc phuc vu) va qua trinh
phuc vu cac yéu cau ay. Song trong qua trinh phuc vu ctia cac hé thong, do nhiéu nguyén
nhan khac nhau, thudng xay ra cac tinh trang sau: Trong nhiéu trudng hop, qua trinh
phuc vu khong dap tmg cac yéu cau va do d6 din dén két qua 1a nhiéu yéu cau phai chd
dé duogc phuc vu. Nguoc lai, trong mot sb tinh huéng khac, kha nang phuc vu cua h¢




théng vuot qua sd yéu cau can duoc phuc vy, véi két qua 1a hé thdng khong sir dung hét
phuong tién phuc vu. Vi vay bai toan dat ra la:

— Phan tich ban chit clia qué trinh dién ra trong cac hé thong hang cho va thiét 1ap
cac mbi lién hé vé luong giira cac dic trung cua cac qua trinh dy. Piéu d6 ¢ nghia 1 can
thiét 1ap hay lya chon mot mé hinh hang cho (Waiting Line Model) phan anh duoc ban
chét cua hé thong.

— Trén co s& cac mbi lién hé da duoge xay dung va cac s6 liéu thu dugc tir hé théng,
can tinh toan, phén tich va dwa ra cac quyét dinh nhim tim ra cac gia tri thich hop cho
céc tham s6 diéu khién / thiét ké ctia hé thong dé thiét ké hay diéu khién cac hoat dong
cua hé théng hoat dong mot cach co6 hi€u qua hon.

Cdc phwong phap gidi bai toan mo hinh hang cho

Dé tim 101 giai cho mdt moé hinh hang chd nguoi ta thuong sit dung hai phuong
phép: phuong phéap gidi tich va phuong phdp mo phong trén may tinh. Phuong phép giai
tich dé giai mo hinh hang cho gém cac budc sau:

Buéc 1: Phan tich hé thong, chu yéu 1a phan tich ban chat ctia dong yéu cau / tin
hiéu dén va céc trang thai cta hé thong.

Buéc 2: Thiét 1ap hé phuong trinh trang thai cho cac xac sudt trang thai (xac suat
dé hé thong ¢ mot trang thai nao do tai thoi diém t).

Buéc 3: Giai hé phuong trinh dé tim cac xéc suét trang thai. Tir d6 thiét lap cac moi
quan hé gitra cac chi tiéu can phan tich.

Buoc 4: Tinh toan, phan tich céc chi tiéu, trén co s¢ d6 dua ra cdc nhan xét va cac
quyét dinh.

Phuong phap giai tich thuong str dung cac gia thiét rat chit ché cua Toan hoc vé cac
dac trung cua hé théng, vi vay n6 c6 mot s6 han ché nhat dinh khi giai cac bai toan thyc té.

Trong khi d6, phuong phap mo phong / mé phong ngau nhién dé giai mo hinh hang
chd duge ap dung cho cac bai toan dich vu dam dong khong giai duge bang cong cu giai
tich, nhét 1a nhiing bai toan lién quan dén hé thong 16n, bat on dinh, ham chira nhiéu yéu
t6 ngau nhién, khong tuan theo cac gia thiét qua chit ch& ciia Toan hoc. Trong nhiéu
truong hop phuong phap mé phong cho ta tiét kiém dugc thoi gian va chi phi nghién
ctru. Tuy phuong phap mé phong chi tao ra cic phuwong an du tét dé danh gia hoat dong
cua hé théng chtr khong dua ra duoc ki thuat tim 101 giai tdt nhat, no t6 ra rat thanh cong
khi giai quyét nhiéu bai toan hang chd nay sinh tir thuc tién. Cac budc can tién hanh khi
ap dung phuong phap mé phong bao gom:

Buéc 1: Xéac dinh bai toan hay hé théng hang chd can md phong va mo hinh mo
phong.

Buwée 2: Po va thu thap s liéu can thiét can thiét dé khao sat théng ké cac sé dic
trung / cac yéu té co ban ctia mo hinh.

Buwéde 3: Chay md phong kiém ching (test simulation) md hinh va so sanh két qua
kiém chimg véi cac két qua da biét dugc trong thuc té. Phan tich két qua chay mé phong
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kiém ching, néu can thi phai sira lai phuwong 4n da duoc danh gia qua chay mo phong.

Buéc 4: Chay mo phong dé kiém chimg phuwong 4n cudi ciing va kiém tra tinh dung
dan ciia moi két luan vé hé thong thuc té duoc rit ra sau khi chay mo phong. Trién khai
hoat dong ctia hé thdng hang chd dya trén phuong an tim duoc.

Tir nhitng phén tich trén dy co6 thé thiy Li thuyét hang cho (Waiting Line Theory)
con goi la Li thuyét hé phuc vu cong cong hay Li thuyét hé dich vu dam dong 1a linh vuc
rit quan trong ctia Toan tng dung / Vén tri hoc. Nhiéu bai toan thuc té trong cac linh
vuc hé théng dich vu, ki thuat, ... da dugc giai quyét thanh cong nho ap dung phuong
phép mo6 phong md hinh hang cho.

Cic yéu to co ban ciia hé thong hang cho
Hé thdng hang chd tong quat dwoc minh hoa nhu trén hinh II1.2.

Input Output

dong tin hiéu dén X dong tin hiéu ra
KENH PHUC VU

A
v

hang cho

Hinh IIl.2. Hé théng hang cho

Céc yéu t6 co ban ctia hé thong hang chd bao gom:
a. Bé tri vat li ciia hé thong

Hé théng hang chd c6 mot sé dang bd tri vat li (phisical layout) nhu minh hoa trén
hinh II1.3.
Single Channel — Single Server (Mot kénh phuc vu, mdt loai dich vu)

Single Channel — Multi Server (Mgt kénh phuc vy, nhiéu loai dich vu)

q q q >

Dich vu 1 Dich vu 2 Dich vu 3

Multi Channel — Single Server (Nhiéu kénh phuc vu, mot loai dich vu)
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Multi Channel — Multi Server (Nhiéu kénh phuc vy, nhiéu loai dich vu)

Dich vu 1 Dich vu 2

Hinh III.3. Cdc dang hé théng hang cho

Trén hinh III.3, cac kénh phuc vu dugc hiéu 1a nhirng thiét bi ki thuat hodc con
nguoi hodc nhiing t0 hop cac thiét bi ki thuat va con nguoi dugce td chirc quan li mdt cach
thich hop nham phuc vu cac yéu cau / céc tin hiéu dén hé théng. Chéng han, & cac tram
dién thoai ty dong, kénh phuc vu la cic dudng day lién lac cung cac thiét bi ki thuat khac
phuc vu cho viéc dam thoai.

b. Nguyén tic phuc vu

Nguyén tic phuc vu (hay ndi quy) cua hé thong 1a cach thirc nhan cac yéu cau vao
cac kénh phuc vu. Nguyén tic phuc vu cho biét truong hop nao thi yéu ciu dugc nhan
vao phuc vu va cach thirc phan bd cac yéu cau vao cic kénh nhu thé ndao. Pong thoi
nguyén tic phuc vu ciing cho biét trong trudng hop nio yéu cau bi tir chdi hodc phai chd
va gio1 han cua thoi gian cho.

Mot sb nguyén tic phuc vu thudng duoc 4p dung trong cac hé théng hang cho 1a
FIFO (First in first out), LIFO (Last in first out), FCFS (First come first serve), c uu
tién, khong uu tién,...

c. Cdc phén phoi xdc sudt ciia cdc dong tin higu, dong phuc vu

S6 tin hiéu dén trong mot khoang thoi gian cling nhu thoi gian phuc vu ting tin
hiéu néi chung 1a nhitng bién ngiu nhién, va do do, chung tuin theo cac quy luat phan
phdi x4c suat. Cac quy luat phan phdi xac suat nay duoc thiét 1ap can cir cac s6 lidu thuc
nghiém thu thap tir cac quan sat, thi nghiém, hay tir co s¢ dir lidu sin c6.

Dbi voi dong tin hidu ddu vao, thong thuong chung ta gia sur rang sb tin hiéu dén
trong vong mot khoang thdi gian nao d6 duge 4n dinh trude (1 phut, 3 phat, 5 phat, 30
phut,...) tudn theo luat phan phdi Poat—xong P(L). O ddy, tham sb A dic trung cho s tin
hiéu dén (trung binh) trong khoang thoi gian trén. Vi du, sd khach vao siéu thi (trung
binh) 12 100 nguoi trong 1 gid. C6 nghia 13, sb khach vao siéu thi 1a bién ngiu nhién X
c6 phan phdi Poat—xong véi A = 100. Hodc, vai sd cude goi (trung binh) dén tong dai
trong vong 1 phut 1a 3 (tin hiéu) thi c6 X ~ P(3).

Mot cach chinh xac hon, trong nhitng truong hop trén, ta ¢6 dong tin hiéu dén l1a
dong Poat-xong dimg (con goi 1a dong toi gian) voi cac tinh chat trén sau:

— Tinh khéng hdu qua: Mot dong tin hiéu co tinh khong hiu qua néu xac suit xuit hién
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mot b tin hiéu nao do trong mdt khoang thoi gian nhat dinh khong phu thudc vao viéc da co
bao nhiéu tin hi¢u da xuat hi¢n va xuat hi¢n nhu thé nao trudc khoang thoi gian do.

— Tinh don nhdt: Dong tin hiéu c6 tinh don nhat néu xét trong khoang thoi gian kha
bé thi sy kién “c6 nhiéu hon mot tin hiéu xuat hién” hau nhu khong xay ra. Vé mat thoi
gian ta c6 thé xem dong tin hi¢u c6 tinh don nhat néu thoi diém xuat hién cac tin hi¢u
khong trung nhau.

— Tinh dirng: Dong tin hiéu co tinh dimg néu xac suat xuat hién mot sd tin hiéu nao
d6 trong khoang thoi gian t chi phu thudc vao do dai cta t chir khong phu thude vao diém
khoi dau cua t.

3.2. Cac chi so can khdo sat

DPdi v6i mot hé théng hang cho, can tim cach dé danh gia dugc cac chi s6 sau:

— A (Arrival rate): cuong d6 dong tin hiéu dén hay sb tin hiéu dén trung binh trong
mot khoang thoi gian. Vi du: A = 6 (6 khach hang dén trong 2 tiéng); A = 20 (20 cu dién
thoai dén téng dai trong 1 phut).

— S (Service rate): cudng d6 phuc vu hay sé tin hiéu trung binh duoc phuc vu trén
mdt don vi thoi gian. Vidu: S =7 (hé théng c6 thé phuc vu 7 khach trong 1 gio); S =25
(tong dai phuc vu dugc 25 ct dién thoai trong 2 phut).

— Lq (Number in queue hay Length of queue): sb tin hi¢u trung binh trong hang cho.

— Ls (Number in system hay Length of system): s6 tin hiéu trung binh trong toan hé
thdng (nhu vay Ls > Lq).

— Wq (Waiting time in queue): thoi gian chd trung binh trong hang chd ctia mét tin hidu.

— Ws (Waiting time in system): thoi gian cho trung binh trong hé thong ctia mot tin hiéu.

— Pw (Probability the system is busy): xac suit hé théng ban (dang hoat dong) hay
con goi 1 hé sd (chi sb) sir dung cta toan hé théng (Utilization factor).

3.3. Tinh todn cdc chi sé

Vé6i muyc dich tim hiéu budc dau, sau ddy ching ta chi xét cac hé thong hang chd
v6éi mot loai dich vu. Bang phuong phép giai tich (xem muc 3.1), ¢6 thé tim duoc cong
thirc tinh toan céac chi sé v&i diéu kién: cac gia thiét cia md hinh duogc thoa man.

Mé hinh mét kénh phuc vu thod man: sé tin higu dén cé phén phéi Podt—xéng,
thoi gian phuc vu ¢é phan phéi mii

Céc cong thirc (I) sau day di duoc chimg minh (bang phuong phap giai tich):

A’ A

A
Ls=——; Lq=—.Ls;

Lq=—2
175s-a) S_A S
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Wq=———; Ws
S(S—-A) S—-A

Chang han v6i A =3, S =4 thi:

3
Lq=—2 =225;Ls=>=3;
4(4-3) 1
_3 — -3
Wq—Z:0,75;Ws—l; Pw = 2:0,75.

Mé hinh mét kénh phuc vu thod mién: sé tin hién dén la phan phéi Podt—xéng,
thoi gian phuc vu cé phin phéi bit ki.

Cac cong thuc (II) sau day da dugc chung minh:

2 2 2
Lo AT HAS LA
2(1-A/S) S
_Lq. ! A

Wg=—; Ws=Wq+—; Pw=—.
177 73 S

Trong d6 o dd Iénh chuan thoi gian phuc vu moét tin hi¢u. Cha y réng, néu thoi
gian phuc vu tuan theo phan phdi mii thi o =é va cling 1a thoi gian trung binh phuc vu

mot tin hiéu. C6 thé nhéc lai rang:

m = Itf(t)dt =é va G:\/I(t—m)zf(t)dt =é.

Luc nay cac cong thie (II) trd vé (I).

M6 hinh mjt kénh phuc vy thod man: sé tin higu dé’q c6 phén Ighéi Podt—xéng,
thoi gian phuc vu c6 phan phoi mi, hang cho co gidi han so tin hiéu toi da M

Céc cong thirc (I1T) sau da dugc ching minh:

1-A/S

) = > Pw=1-"Py;
1-(A/S)Y

v6i Py 1a xac suat khong c6 tin hiéu nao trong hé théng (hé sé khong st dung);
P, =(A/S)™P, latilé % tin hi¢u khong dugc phuc vu do hé théng “dﬁy”;

Lo PW-MA/SRy

_A(-=Py) .
1-(A/S) ’
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Ls

Ws=—--—"; Wq:Ws—l.
A(1-P,) S

Chu y ring néu M = +oo thi (III) tré vé (I).
Mé hinh nhiéu kénh phuc vu thod maén: tin hi¢u dén cé phin phoi Podt—xong,
thoi gian phuc vu la phén phoi mil.

P, — x4c sudt tat ca cac kénh phuc vu déu khong c6 tin hi¢u, tim duogc béng cach tra
phu luc 3 dua trén ti s A/kS (k sb kénh phuc vu) hodc tinh truc tiép tir cong thic sau:

P — _ vOi kS > A;
S I(A) LA} kA
~nls) «k!I\'S) kA-S
Pw = () XS P
k!'S” kS—-A
k
(k—1)!kS—A) S S A A

M5t 56 diém han ché ciia cic mé hinh hang cho

Cac md hinh hang chd gidi thiéu & trén 1a nhitng mé hinh tién loi nhat duoc ap dung
kha rong rai. Tuy nhién, do cic mo hinh ndy coéng nhén cac gia thiét “qua chit ch&” it xay
ra trén thuc té, nén cac chuyén gia trong linh vuc Toéan tng dung/Van tru hoc/Khoa hoc
quan 1i ciing dd dé xudt xem xét nhiéu mo hinh khéac. D6 1a cac mé hinh véi cac gia thiét
nhu: s6 tin hiéu can phuc vu la httu han, dong tin hi¢u dén khong phai kiéu Poat—xo6ng,
cuong d6 phuc vu phu thudce vao sb tin hiéu trong hang cho ... va viéc giai quyét nhimg
mo hinh nhu vay can t&i sy tro giup ctia phuwong phap mé phong ngiu nhién.

Ngay ca khi cac gia thiét kha chit ché cia bén mé hinh di néu trong myc nay (ciing
nhu mot s6 mo hinh tuong tu khac) 1a hop i, thi viéc cac m6 hinh hang cho dua ra céac
161 giai v6i trang thai vimg (steady state solutions) ciing it c6 y nghia thuc té. Trong
nhiéu ung dung thyc tin, cac hé thong hang chd khong bao gio dat téi cac trang thai
vitng. Ching han, trong mot hé thong hang cho, cudng d6 tin hiéu dén trung binh thay
d6i nhiéu 1an trong ngay khong cho phép hé thong dat dugc trang thai viing.

Do d6, dé giai quyét nhiéu bai toan hang cho trong linh vyuc dich vu dam déng va
cac linh vuc khéc, can 4p dung phuong phap mo phong dé tim ra cac 11 giai co tinh thuc
tién cho cac md hinh hang cho khi hé théng khong thé dat toi trang thai virng hoac khi
khong ¢ cac mo hinh li thuyét thich hop.

3.4. Ap dung mé phéng cho mjt 6 hé th(fng hang cho

Vi du 1: Bai toan hé dich vu hang chd ba kénh véi dong toi gian co tir chdi.
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Cho biét: dong tin hiéu dén 1a dong Poat—xong dirng (con goi 1a dong t6i gidn).
Gian cach thoi gian giira thoi diém dén cta hai nhu cau (tin hiéu) lién tiép c6 phan phdi
mil v6i tham sb pn =35, tuc la c6 ham mat do f(t) = 5¢™". Néu tin hiéu xuit hién ma co it
nhat mot trong ba kénh khong ban (kénh sb 1 hodc kénh sé 2 hoidc kénh sé 3 khong ban)
thi tin hiéu duoc phuc vu tai kénh khong ban véi sé tht tu nho nhét; néu trai lai (khi ca
ba kénh déu ban) thi tin hiéu bi tir chdi. Biét thoi gian phuc vu mdi nhu cau 1a 0,5 phut,
hdy xac dinh ki vong toan sé nhu cau duoc phuc vu trong khoang thoi gian 4 phat.

Nhu vay, can 4p dung md hinh hang chd MultiChannel — SingleServer System (Hé
théng nhiéu kénh phuc vu — mét loai dich vu) theo quy tac First in first out (FIFO: Tin
hiéu dén trudc duoc phuc vu xong trude). Thoi gian gitta hai tin hiéu lién tiép c6 phan
phéi mii v6i ham mat do xac suat f(t) = 5e>". Trong bai toan nay (nhim don gian céac
budc tinh toan) thoi gian phuc vu mdi tin hiéu dugc coi 1a khong ddi va béng 0,5 phut.

Chung ta s& ap dung mo phong dé xac dinh s nhu cau trung binh can dugc phuc vu
trong khoang thoi gian 4 phit nhu trinh bay sau day.

Ki higu T; 1a thoi diém dén cua tin hi¢u thi i, Ty 14 thoi diém két thuc dich vu cua
tin hiéu tht i (néu o), tai kénh tht k (k = 1, 2, 3). Thoi diém dén cua nhu cau tiép theo 1a
T; = Ti_; +7; v6i T tudn theo luat phan phdi mii c6 ham mat d6 f(t) = 5¢' va ham phan
phéilaF(t)=1—-e'= P(t<t).

Luc d6 T, =0, Ty = T, + 0,5. Két qua nay cho biét thoi diém dén cua tin hiéu thir nhit
la T, = 0 va dugc kénh 1 phuc vu. Két thuc phuc vu tin hiéu 1 13 thoi diém T;; =T, +0,5=0,5.
May dém ghi nhan 1 don vi l1a s6 tin hiéu da dugc phuc vu.

Pé tim T, theo cong thac T, = T + 12, ta phat sinh 1, theo cach da biét & muc
3.1.3: Trudc hét, phat sinh s6 ngiu nhién r, ¢6 2 chit s6 sau dau phay 0< r; <1 (theo bang

s6 ngAu nhién — phu luc 2B) ta ¢6 > = 0,10. Sau d6 tinh 1, = —%mrz VT, =T, —%mrz

=0 — 0,2In0,1 = 0,46. Vay tin hi¢u tiép theo phdi vao kénh 2 vi kénh 1 con dang ban.
May dém ghi thém 1 don vi thoi diém két thuc phuc vu tin hiéu 2 14 Ty, = T, + 0,5 =
0,46 + 0,5 = 0,96.

Tiép tuc phat sinh r3 = 0,09, ta ¢6 T3 = —0,2In 0,09 = 0,482. Do d6 thoi diém dén
cua tin hiéu 3 1a T; = T, + 13 = 0,46 + 0,482 = 0,942. Luc nay kénh 1 da dugc giai phong
do d3 phuc vu xong tin hiéu 1, nén tin hiéu 3 duogc tiép nhan vao kénh 1. Tai thoi diém
két thac phuc vu tin hiéu 3 1a Tj3 = T3 + 0,5 = 0,942 + 0,5 = 1,442 may dém lai ghi tiép
1 don vi. Thuc hién tinh toan twong tu, két qua tong hop dugc ghi trong bang I1L.6.
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Bing III.6. Tinh todn mé phéng tim sé nhu cau dwoc phuc vu

) . ) Thoi diém Ty két thac | Dém sb tin
Thu tu S6 _ngéu lnr Ti = Thf):i diem phuc vu tai kénh k hidu
tin hiéu | nhién r; "1 =1/5lnr;| dénT;

' 1 2 3 nhan | bo

1 0 0,5 1

2 0,10 | 2,30 | 0,46 0,46 0,96 1

3 0,09 | 2,44 | 0,482 0,942 1,442 1

4 0,73 | 0,32 | 0,064 1,006 1,506 1

5 0,25 1,39 | 0,278 1,284 1,784 1

6 0,33 1,11 | 0,222 1,506 2,006 1

7 0,76 | 0,27 | 0,054 1,560 2,060 1

8 0,52 | 0,65 | 0,13 1,690 1

9 0,01 4,6 | 0,92 2,61 3,11 1

10 0,35 1,05 | 0,21 2,82 3,32 1
11 0,86 | 0,15 | 0,03 2,85 3,35 1
12 0,34 1,08 | 0,216 3,066 1
13 0,67 | 0,40 | 0,08 3,146 3,646 1
14 0,35 1,05 | 0,21 3,356 3,856 1
15 0,48 | 0,73 | 0,146 3,502 4,022 1
16 0,76 | 0,27 | 0,054 3,556 1
17 0,80 | 0,22 | 0,044 3,600 1
18 0,95 | 0,05 | 0,01 3,61 1
19 0,9 0,10 | 0,02 3,63 1
20 0,91 0,09 | 0,018 3,648 4,148 1
21 0,17 1,77 | 0,354 4,002 1

14 6

Phén tich két qua tinh toan ta thay trong 20 nhu cau dén thi chi c6 14 nhu cau dugc

phuc vu. Tinh todn tuong tu 6 1an nita ta c6 két qua:

X1

X2

X3

X4

X5

X6

14

15

14

12

13

15

Viy s6 nhu cdu trung binh duoc hé phuc vu trong vong 4 phut vao khoang

x =(14+15+14+ 12+ 13+ 15)/6 = 13.83.

Gidi bai todn dich vu ba kénh cé tir chéi trén mdy tinh
Mot phan mém mady tinh véi tén goi MOPHONG] phién ban 1.0 d3 duoc thiét ké
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dua trén ngdn ngit Builder C++ 5.0 dé giai bai todn mot dich vu voi nhiéu kénh phuc vu
c6 tir chdi nhu di trinh bay trong vi du 1 v6i cac diéu kién sau:

— S6 kénh phuc vu n c6 thé 13y gia tri tir 2 toi 10.

— Dong tin hiéu dén 1a dong Poat—xong, thoi gian dan cach gitta hai tin hiéu lién
tiép tuén theo phan phdi mii v&i ham mat do xéac suét 1a f(t) = 5e™".

— Thoi gian trung binh phuc vu (xtr 1) mét tin hi¢u la 0,5 phut.

— Tinh sb tin hiéu dugc phuc vu trong s6 m tin hiéu dén (m co thé léy gia tri tir 10
tdi 100).

— Thyec hién k 1an mé phong (k 14n thtr, k ¢ thé 14y gi trj tir 4 t6i 10).

Muc dich cua viéc xdy dung phin mém nay nhim vao: phuc vu day va hoc mén Mo
phong ngiu nhién, ciing nhu tiép tuc nang cap phién ban 1.0 dé md phong dugc hé nhicu
kénh phuc vu — nhiéu loai dich vu c6 tir chdi trong truong hop téng quat khi dong tin
hiéu dén va thoi gian phuc vu tin hiéu c6 phan phoi bat ki.

Dé chay phan mém MOPHONGI chiing ta can cai dit Builder C++ 5.0 vao may
tinh. Sau khi kich chudt vao biéu tugng cta phan mém, chon File > Open Project > Look in
> Mophongl (Thw muc luu trit phan mém) > Mpl.bpr. Sau d6 chon Run trén thanh cong
cu dé chay phan mém (xem hinh II1.4).

Hrw T

" J|.L Stochastatic Simulation

Chuong trinh md phdng -Mhidu kénh phuc vu [Cd b chdi)

— Dol & wao —kKEt qua

S 1in higu S5 Kn {hir

S8 |&n xudt hign tin higu 120

Sid 1én duge phuc vy 83

S0 dich vu

|3 :Iv s wong 13.8333330154412

Hzi m&m ng&u nhién

123456 |

Chay

Hinh II1.4. Chay phin mém MOPHONG 1
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Chung ta nhap sé kénh phuc vu n = 3 vao 6 s6 (kénh) dich vy, s tin hiéu phat sinh
m = 20 vao 6 s6 tin hiéu, s6 1an mé phong k = 6 vao 6 so 1an thir. Ngoai ra ta phai chon
hat mam 1a mot s6 nguyén (du 16n) nham khai tao ham sinh sé ngu nhién c6 phan phdi
déu trong [0, 1), chéng han sb 123456 dé ghi vao 0 hat mam ngéu nhién, nham tr d6 méd
phong dong Poat—xodng cac tin hiéu dén. Sau d6 ching ta kich chudt vao nut Chay dé
chay chuong trinh.

Két qua ta théy téng cong sb tin hiéu dén 1a 120, trong d6 c6 83 tin hi¢u dugc phuc
vu (do d6 c6 37 tin hiéu bi tir chéi). Vay trung binh trong 20 tin hiéu dén c6 13,833 tin
hiéu dugc phuc vu. Két qua nay so véi két qua tinh toan trén gidy cho vi du trén 1a kha
sat nhau.

Chu y: Viéc tinh toan dya vao bang sb ngau nhién cho trong phu luc hoic dua vao
ham sinh s6 ngiu nhién trong may tinh khong cho két qua hoan toan gidng nhau trong
cac 1an chay mo phong khac nhau. Piéu ndy xdy ra 13 vi cac bo sd ngau nhién tao duoc
khong gidng nhau. V&i cac hat mam khac nhau thi ham sinh s6 ngiu nhién ciing cho céac
bd s6 ngiu nhién khac nhau va do d6 cac két qua cudi cung ciing khong tring nhau.
Mudn két qua md phong 6n dinh hon can chon sé tin hiéu dén m du 16n.

Ngoai ra, chung ta c6 thé chon sb kénh phuc vu tuy ¥, chang han n = 5. Két qua
chay phan mém véi hat mam 123456 cho biét trong sd 20 tin hi¢u dén trung binh co
18,167 tin hiéu dugc phuc vu.

Vi du 2: Mot cong ti diéu hanh mot kho nguyén liéu dé cap phat cho cac doc cong
cua 10 phan xudng. Hién tai, hai nhan vién phuc vu dang dugc cong ti giao cho nhiém vy
cap phat nguyén liéu. Bo phan quan li cong ti mudn can nhic liéu c6 nén thém maot nhan
vién phuc vu nita hay khong.

RS rang rang sé dbc cong (tin hiéu can phuc vu) 1a hitu han, phan phdi cua sb tin
hiéu dén trong mot don vi thoi gian cling khong theo kiéu Poat—xdng va thoi gian phuc
vu tin hiéu ciing khong tuan theo luat phan phdi mii. Do d6, khong thé tim ra duoc 16
giai giai tich thong qua mdt mo hinh nhiéu kénh phuc vu véi cic gia thiét nhu vay.
Phuong phap “duy nhat” 1a tim cach ap dung mé phong.

S0 liéu thu thdap duoc
— Quan sat trong vong mot thang vao cac ngay lam viéc, moi ngady mdt gid vao cac

thoi diém ngﬁu nhién, cac sb liéu vé thoi gian phuc vu mot tin hi€u va tan suét tuong ung
da duogc thu thap (bang I11.7).

— Tinh thoi gian phuc vu trung binh cho mét tin hi€u (tinh ki vong):
8x0,1 +9x0,2 + 10x0,3 + 11x0,4 = 10 (phut).

— Ngoai ra cling da khao sat dugc: gian cach thoi gian trung binh gitta hai tin hi¢u lién
tiép 1a 5 phut va sb luong tin hién trung binh dén trong mét khoang 5 phit 1 mét tin hiéu.
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Bdng I11.7. Thoi gian phuc vu mét tin hiéu va tin suit

Thoi gian phuc vy mot Sé luong Tén suat/ Xéac suit
tin hiéu (phut) thuc nghiém
8 15 0,1
9 30 0,2
10 45 0,3
11 60 0,4
2 =150 =1

Can chu y rang, dong tin hiéu dén chua chic tuan theo phan phdi Poat—xong va thoi
gian phyuc vu mot tin hiéu khong nhat thiét tuan theo phan phéi mii. Do d6, khong ap dung
duogc cong thirc ciia myc 3.3 ma phai ding mé phong dé giai quyét van dé: can bd tri bao
nhiéu kénh phuc vu (nhan vién phuc vu) trong kho cap phat nguyén liéu 1a hop li nhat?
Nhu vy mé phong c6 kha nang xir 1i cac tinh hudng, su kién nhu trong thuc té xay ra cht
khong bat chung tuan theo cac phan phdi x4c suat nhat dinh hay theo cac hanh vi go ép.

M6 phong hé thong hang cho

— M5 phong tin hiéu dén: trung binh 5 phat ¢6 1 tin hiéu dén. Chung ta dung 24
s6 ngiu nhién sau ldy ra tir bang s6 ngau nhién (phu luc 2A), mdi s6 gém 10 chir sé dé
mo phong 24 khoang 5 phit (nhu vay tong cong 13 120 phut, mdi sé dung dé mo phong
mot khoang 5 phut tir 9h — 11h): 1581922396, 2068577984, 8262130892, 8374856049,
4637567488, 0928105582, 7295088579, 9586111652, 7055508767, 6472382984,
4112077556, 3440672486...., 5973470495. Néu chir s 7 xuat hién trong sé 10 chir sb
da chon, ta coi nhu 1 tin hiéu dén trong khoang thoi gian twong mg (vi trung binh
trong 5 phut ¢6 1 tin hiéu dén ciing giéng nhu trung binh trong mot sé ¢6 10 chir s6 ¢o
mot chit s6 7). Chang han trong khoang 5 phut ddu khong cé tin hiéu nao, khoang 5
phut thir hai ¢6 2 tin hiéu dén.

Ta thiy s6 tin hiéu dén chi c6 thé 14 0, 1, 2, 3, 4 tin hiéu. Thoi diém dén cua tin
hiéu trong mdi khoang 5 phut dugc quy dinh nhu sau tuy theo sé tin hiéu dén trong
khoang d6 (bang II1.8). Chang han, néu c6 hai tin hiéu dén, thi thoi diém dén 13 vao dau
phut thir nhat va dau phat thi ba.

Bing I11.8. Quy dinh thoi diém dén ciia tin hi¢u

Phut 1 2 3 4 5
Néu 1 tin hiéu dén *
Néu 2 tin hiéu * *
Néu 3 tin hiéu * * *
Néu 4 tin hiéu * * * *
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— Mo phong thoi gian phuc vu X mét tin hiéu: Ta mo phong phan phdi xac suit &
bang I11.7 theo cach di biét. Trudc hét 1ay ba sd ngau nhién c6 10 chit sb: 9846413446,
8306646692, 0661684251 (hang 4 tir dudi 1én, phu luc 2A). X = 8 phut néu xudt hién chir
s60; X=9 phut néu xuét hién chirs6 1, 2; X = 10 phut néu xuat hién chir s6 3, 4, 5; X =
11 phat néu xuat hién chit s6 6, 7, 8 hodc 9. Bang I11.9 tong hop két qua mo phong s tin
hiéu dén va thoi gian phuc vu cac tin hiéu.

Bing I11. 9. Két qui mé phéng soé tin hiéu dén va thoi gian phuc vu tin hi¢u

Ckhi“ S6 ngu nhién 10 chit s6 hiséitégn Tp}ifﬁcgiin

11 s s 1]ol2l2]3]9]6] o

> 210l 6 8] s |7]7]o] 8 [a] 2 11, 11

3 s l2]6 2] 1]3]o]s]9o]2] o

4 | s3] 7als|s]elo]a o] 1 10

s |ale| 3756l 7]4] 88| 2 11, 10

6 ool 28] 1]o]s]s]s8]2] o

7 71209 5]0]s]s]|s]7 ][9] 2 9, 10

g8 |9 58 lel1|1]1]6]s5[2] o

o [ 710555 ]ols|7]6 7] 3 10, 10, 11

10 |6 4] 72382934 1 11

41|t ]2]o0l7]7]5]5 6| 2 10, 8

12 [ 3|4l alo]e6|7]2]a]ls]6] 1 11

318|824 ]1]2]9]l6][3] o

14 ofe|8laloltl2]lolo]e] o

15 o lo|l3 3|1 [al7]o]1]a] 1 11

6 | 745747746 ]|s8] 4 10, 11, 11,
1

17 [ s |43 5|8 [slol7]s8[s] 1 9

18 o6l 7o) 8 [5]2lo] 1 ]3] 1

9 |1 l2]9f1]2]6]ls|7]3 o] 1 11

20 [4]s]9ololol3lt|3]o]s5] o

20 ool olols|2lols]ls[s] o

2 [ 3]ol9olololols|s]7[2] 1 11

3 2003 ol slol3lt]ls]1] o

24 [ sol 73] 4al7]olalo]s5] 2 9,11
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Pé tién hanh minh hoa qua trinh tinh todn mé phong cho sb tin hiéu dén trong timg
khoang thoi gian 5 phut va thoi gian phuc vu mdi tin hiéu, chiing ta quy udc cac ki hiéu sau:

O

Tin hiéu dén

Puoc phuc vu

Hinh IIL.5 tong hop két qua tinh toan mo phong cho hé théng chd hai kénh phuc vu
—mot dich vu.

O RO — {6 ) pm———
N A
(2 ©C
a
9:00 9:05 9:10 9:15 9:20 9:25 9:30 9:35 9:4()
e
@ %.fg
13) {4
O ) i Lo S
S Ferr e e e
;9 —(Orfrrrrrreres
9:40 9:45 9:50 9:55 10:00 10:05 10:10 10:15 10:20
2N 24
/AN o)
f21 \&Z/
——
10:20 10:25 10:30 10:35 10:40 10:45 10:50 10:55 11:00

Hinh IIL.5. Tong hop két qui mé phéong hé théng cho

Theo hinh III.5 ¢ thé thdy, trong thdi gian 120 phut c¢6 25 tin hiéu dén (25 sb 7
xuét hién & cac chu ki 2, 4, 5,7, 9, 10, 11, 12, 15, 16, 17, 18, 19, 22, 24). Téng thoi gian

21
doi 213 phut, vi vay thoi gian doi trung binh = 2—53 = 8,52 phut.

Chung ta phan tich ¥ nghia kinh té cta tinh todan mé phong nhu sau: M6 hinh hang
chd trén ¢6 hai kénh phuc vu (hai nhan vién phuc vu). Gia st rang lwong 7$/1 gio/1 nhan
vién phuc vu, luong ciia mdi ddc cong 1a 12$/1 gio/1 ddc cong. Theo dit kién cua bai
toan, thoi gian trung binh giira hai lan tin hiéu dén lién tiép 1a 5 phat. Nhu vay, trong
trong 8 gid c6 96 lan di, va phai doi 8,52 phut mdi 1an. Do d6, tong hao hut / mdi ngay
1am viéc do thoi gian ddc cong lang phi do phai doi 13: (8,52 x 12$ x 96) / 60 = 163,568.
Ngoai ra, tong chi luong / ngay cho hai nhan vién phuc vu la: 7$ x 8 x 2 nguoi = 1128.

Tir d6, tong chi phi / ngay cho hé thong hang chd trén 14 $ 275,56.
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Tuong tu, néu bd tri ba kénh phuc vu (ba nhan vién phuc vu) thi c6 thé tinh duoc
thoi gian trung binh chod doi 1a 1,88 phut va téng chi phi cho hé thdng ba kénh 13 2048$.
Néu dung bén kénh phuc vuy thi thoi gian chd doi trung binh 13 0 phuat, tong chi phi 1a
224$. Vay hé thong hang cho trén nén ding ba kénh phuc vu 1a tot nhat. No6i cach khac,
ban diéu hanh cong ti nén diéu thém mot nhan vién phuc vu téi lam viée tai kho cip phat
nguyén liéu nham giam bét chi phi “co hoi”.

So sanh véi loi gidi Ii thuyét

So sanh 101 giai ding moé phong véi 10i giai dya trén 1i thuyét moé hinh hang cho
(lac do can gia su re“mg: sb tin hiéu dén tuan theo luat Poat—xong, thoi gian phuc vu mot
tin hiéu tuan theo phan phdi mii).

Khi tra phu luc 3 tim Py dya vao ti ) A/(kS) voik=31a s6 kénh phuc vu, ta dugc
P, =0,11435 (A =12,S=6;A/(kS)=0,66);

_ AS(A/S)
(k—1)!I(kS—A)

2P0+é=2’915;Lq=Ls— é=0,915;
S S

Wq = % =0,076 (gio) =4,5 phut.

Trong khi d6 theo két qua md phong thi thoi gian cho trung binh 1a 1,88 phut. Tuy
nhién, néu chay mo phong cho thoi gian dai hon (10 téi 15 gid) théng qua chuong trinh
trén may tinh thi c6 két qua thoi gian chd trung binh 1a 2,63 phut twong ddi on dinh.

Tir cac phan tich trén c6 thé thiy, trong cac tinh hudng chiing ta khong xir 1i dugc
cac diéu kién toan hoc phurc tap an chira trong bai toan hang cho, lya chon duy nhét 13 ap
dung mo phong dé giai bai toan.

Phéin mém mé phong hé thong hang cho

Phan mém may tinh véi tén goi MOPHONG? phién ban 1.0 d3 duoc thiét ké dua
trén ngdn ngit Builder C++ 5.0 dé mod phong hé thdng hang chd nhu di trinh bay trong vi
du 2 véi cac diéu kién sau:

— S6 kénh phuc vu n c6 thé lay gia tri tir 2 t6i 10.

— Dong tin hiéu dén theo quy luat: ctr trung binh 5 phiit c6 mot tin hiéu dén, nhung
chua biét day co phai 13 phan phdi Poat—xong hay khong. Ngoai ra, thoi diém dén cta cac tin
hiéu trong vong 5 phiit ciing chua biét 15, nén ching dwoc mé phong cin ctr bang I11.8.

— Thoi gian phuc vu (xr 1i) mot tin hiéu tudn theo phan phdi roi rac da biét:

Thoi gian xu 1i mot 8 9 10 11
tin hi€u (phut)

X4c suét 0,1 0,2 0,3 0,4

102



— Khoang thoi gian mo phong c6 thé chon k chu ki, mdi chu ki 5 phut (k c6 thé
chon gia tri 12, 24, 32,48, ...)

— Can tinh thoi gian chd trung binh (phiit) cho mdi tin hiéu di dén hé thdng dich vu
trén day.

Muc dich ctia viée xdy dung phan mém nay 1a phuc vu day va hoc mon Mo phong
ngau nhién, ciing nhu tiép tuc ning cp phién ban 1.0 dé mé phong dugc hé nhiéu kénh
phuc vu — nhiéu loai dich vu khong c6 tir chdi trong trudng hop tong quat khi dong tin
hiéu dén va thoi gian phuc vu tin hi¢u c6é phan phéi bat ki.

Pé chay phin mém MOPHONG2, ciing tuong ty nhu chay phin mém
MOPHONG] chiing ta can cai dit Builder C++ 5.0 vao may tinh. Sau khi kich chudt vao
biéu tugng cua phan mém, chon File > Open Project > Look in > Mophong2 (Thw muc
liew trit phan mém) > Mp2.bpr. Sau d6 chon Run trén thanh cong cu dé chay phan mém
(xem hinh II1.6).

Chiing ta nhap sé kénh phuc vu n =3 vao 6 s6 (kénh) dich vu, khoang thoi gian mo
phong voi m = 24 chu ki 5 phat vao 6 khoang thoi gian phat sinh tin hi¢u. Ngoai ra, ta
phai chon hat mam 12 mot s6 nguyén (du 16n) nham khéi tao ham sinh sé ngau nhién ¢
phan phdi déu trong [0, 1), ching han s6 345678 dé ghi vao 6 hat mam ngau nhién. Sau
d6 chiing ta kich chudt vao nat Chay dé chay chuong trinh.

ﬂ | Stchastatic Simulation

Chuo'ng tinh md phing -Mhidu kénh phuc vu [Khang bt chii]

Thitg 56 d8u wao K&t qu

Khoang thdl glan phat sinh tin hi§u |2=1r Thel gian cho 288

Téng Thew gian phuc vy 120 ‘

Phat zinh hat mam[5rand seed] SE th .P?J'éu vl W 27 ‘

345678 - }

Théy gian chd frung binh  10.6666669845581

Kénh phuc vu[53 Server]

z ]

Chay

Hinh III.6. Chay phan mém MOPHONG?2
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Két qua ta thay tong cong c6 27 tin hiéu di t6i hé thdng dich vu, tong thoi gian cho
12 288 phut, nén trung binh mot tin hiéu phai chd 1 10,667 phat. Két qua nay so voi két
qua tinh toan trén gidy sir dung bang sd ngiu nhién (phu luc 2A) 13 khé sat nhau.

Can nhic lai rang viéc tinh toan dua vao bang sé ngiu nhién cho trong phu luc 2A
va dua vao ham sinh s6 ngiu nhién trong may tinh khong cho két qua hoan toan giéng
nhau do céc bd s6 ngau nhién tao dugc khong gidng nhau. Vi cac hat mam khac nhau
thi ham sinh s ngiu nhién ciing cho cac bd sb ngiu nhién khac nhau va do d6 cac két
qua cudi cung cling khong tring nhau. Ching han, néu thay hat mam 345678 (cho két
qua thoi gian cho trung binh 10,667 phut) bang hat mam 456789 thi thoi gian cho trung
binh s& chi 1a 4,158 phut. Néu lay trung binh ciia hai két qua nay thi dugc con s sat hon
voi két qua tinh toan da biét dua trén phu luc 2A.

Tir cic phan tich trén ta thiy, mudn két qua mé phong on dinh hon can chon sé chu
ki m6 phong m du 16n va chay cho nhiéu hat mam khac nhau dé tinh gia tri trung binh
ctia két qua cac 1an chay d6. Van dé nay thyuc chat 1a van dé& b6 tri thi nghiém mé phéng
trén may tinh, cling 14 mot hudng trong nghién ctru vé mo phong ngiu nhién hién nay
dang duoc tién hanh trong nhiéu linh vuc.
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Chuwong IV

PHAN TiCH MARKOV VA UNG DUNG

1.  Cac khai ni¢m co ban vé xich Markov
1.1. Mt sé dinh nghia

Nhiéu mé hinh ngdu nhién trong Vén tri hoc, Kinh té, Ki thuat, Dan sd hoc,
Di truyén hoc,... dua trén co s¢ la qua trinh Markov. Pac biét, hién tai mdt linh vuc mdi
vé Tin — Sinh hoc (Bioinformatics) chuyén nghién ctru vé gene ung dung rat manh cac
van d& cua li thuyét cac qua trinh Markov. Trong nganh Co dién hién nay nhiéu chuyén
gia 1i thuyét va thuc hanh ciing rat quan tdm t6i qua trinh Markov noi chung, cong nh-
c,c qu, trxnh sinh—t6 hay qu, trxnh hai phoc nai ri*ng.

Vi du: Xét mot hé théng vat 1i tién trién theo thoi gian. Tai thoi diém t = 0, hé
théng c6 thé roi vao mot trong ba trang théi (hay vi tri) 1, 2 hoac 3 mot cach ngﬁu nhién.
Ki hiéu X(0) 1a vi tri cia hé thong tai thoi diém t = 0, thi X(0) 12 mot bién ngiu nhién, co
thé nhan cac gia tri 1 hodc 2 hodc 3 voi cac xac suat nhat dinh. Gia st rang cin cr vao
cac két qua quan sat hay nghién ciru, chung ta c6 bang phan phdi xac suit sau cho X(0):

Cac gia tri cua X(0) 1 2 3

Xac suit trong ng 0,2 0,5 0,3

Tai cac thoi diém tiép theo, chéng han,t=1, 2, 3, ... vi tri cua h¢ théng s€ duoc mod
ta boi cac bién ngiu nhién X(1), X(2), X(3), ... v6i cac bang phan phdi xac sut twong
mg. Dua trén vi du nay, chung ta xét dinh nghia sau vé qua trinh ngau nhién.

Dinh nghia 1

Xét mot hé théng vat li (hay mdt h¢ théng sinh thai, hé théng dich vuy,...) tién trién
theo thoi gian. Goi X(t) 1a vi tri (tinh trang) cua hé tai thoi diém t. Nhu vay ing voi moi
thoi diém t, X(t) chinh 1a mét bién ngau nhién mo ta vi tri (tinh trang) ctia hé théng. Qua
trinh {X(t)} =0 dugc goi 1a mot qud trinh ngdu nhién.

Tap hop céac vi tri ¢6 thé c6 cua hé goi 1 khong gian trang thdi. Khong gian trang
thai duoc ki hiéu 1a S. Trong vi du trén, néu gia sir rang X(t) chi c6 thé nhan mot trong ba
giatri 1, 2,3 Vt, thi S= {1, 2, 3}.

Gia st trude thoi diém s, hé di o trang thai nao do6, con tai thoi diém s, hé ¢ trang
thai i. Chung ta mudn danh gia xac suit dé tai thoi diém t (t >s), hé s& & trang théi j. Néu
xéc sudt nay chi phu thudc vao bd bon (s, i, t, j), tire 12 P[X(t) = j/X(s) =1i] = p(s, 1, t, ) 1a
dung Vi, Vj, Vs, Vt thi diéu ndy c6 nghia 13, sy tién trién cua hé trong twong lai chi phu
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thudc vao hién tai (tinh trang cua hé tai thoi diém s), va hoan toan doc lap véi qua khir
(tinh khong nhé). D6 chinh 13 tinh Markov. Luc ndy qua trinh ngau nhién X(t) duoc goi
1a qua trinh Markov.

Trong vi du trén P[X(1) = 2/X(0) = 1] 1a x4c suit c6 diéu kién cua su kién X(1) =2
(tai thoi diém t =1, hé thdng nam tai vi tri 2) voi didu kién X(0) = 1 (tai thoi diém t = 0,
hé théng nam tai vi tri 1). Néu qua trinh ngau nhién c6 tinh Markov thi x4c sudt nay chi
phu thudc vao tinh trang cua hé tai thoi diém s = 0 va hoan toan doc lap voi cac tinh
trang cua hé trong qua khir (trude thoi diém s = 0).

Dinh nghia 2

Néu khong gian trang thai S gé)m mot s& hitu han hodc vo han dém duge cac trang
thai thi qua trinh Markov X(t) duoc goi 14 xich Markov. Lic nay, c6 thé ki hiéu S = {1, 2,
3,...}, tic 1a céc trang thai dugc danh s6. Hon nita, néu tap cac gia tri t khong qua dém
duoc (chéng han, t =0, 1, 2,... ) thi ta c6 xich Markov v&i1 thoi gian roi rac, hay xich
Markov roi rac. Néu te[0, ) thi ta c6 xich Markov v&i thoi gian lién tuc, hay xich
Markov lién tuc.

Dinh nghia 3

Xét mot xich Markov. Néu xéac sut chuyén trang thai p(s, 1, t, j) = p(s+h, 1, t+h, j),Vi,
Vj, Vs, Vt va Vh > 0, thi ta no6i réng xich Markov thuan nhdt theo thoi gian.

bay 1a mdt khai niém mai va s€ dugc gidi thich ngay sau day trong muc 1.2. Ngoai
ra voi muc dich tim hiéu budc dau, trong cac muc 1.2 va 1.3 chiung ta s€ chi xét xich
Markov roi1 rac va thuan nhat theo thoi gian. Vi du vé xich Markov lién tuc s€ dugc xem
xét trong muc 2.4 va 2.5.

1.2. Ma trdn xdc sudt chuyén trang thdi va phan phé’i dirng

Trong myc niy ching ta dua ra khai niém vé ma tran x4c suat chuyén trang thai cia
mot xich Markov roi rac va thudn nhat theo thoi gian véi khong gian trang thai gom N
phan tir. Trong truong hop xich Markov roi rac va thun nhét c6 khong gian trang thai
voi sb phén tir vd han dém dugc, khai niém vé ma trin x4ac suét chuyén trang thai s€ duoc
xay dung mot cach tuong tu.

Vi du: Xét lai vi du da c6 trong muc 1.1, nhung v61 mot cach minh hoa khéc trong
linh vyc dich vy. Trong mot khu phd 1000 dan (khach hang) co 3 siéu thi la A, B,vaC
(A, B, C duoc coi 1a cac vi tri 1, 2, 3 cta hé thong siéu thi nay). Gia sir rang, trong ting
thang moi khach hang ludn trung thanh v4i mot siéu thi. Ngoai ra, cling gid su rang trong
thang dau sd khach vao céc siéu thi lan luot 1a 200, 500 va 300; tic 1a c6 20% khach
hang vao siéu thi A, 50% vao B va 30% vao C. Nhu viy, c6 thé du doan rang mot khach
hang vao A voi xac suét 0,2; vao B véi xac sut 0,5 va vao C véi xac suat 0,3. Dé mo ta
tinh trang phan chia thi phan trong thang dau (thang 0) ctia hé théng siéu thi trén, ching
ta thiét 1ap bién ngiu nhién X(0) véi quy tic: néu khach hang mua hang & siéu thi A thi
dat X(0)=1, ¢ siéu thi B thi dat X(0) = 2, con ¢ siéu thi C thi X(0) = 3. Luc do, X(0) co
bang phan phdi xac suét sau:
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Cac gia tri cua X(0) 1 2 3

Xéc suat twong tng 0,2 0,5 0,3

Ki hiéu P[X(0) = 1] = ;;'?, P[X(0) = 2] = 1'%, P[X(0) = 3] = n3'*, thi véc to [TV =
[m(O), nz(o), 7'53(0)] =[0,2 0,5 0,3] dugc goi la véc to phan phéi xdc sudt tai thoi diém t = 0
hay véc to phdn phéi ban dau. Cac thanh phan ctua IT” cho biét ti 18 phan tram (%)
khach hang vao cac siéu thi A, B va C.

Nhitng thang sau, ta gia sir xac suat dé mot ngudi khach, di vao mua hang & siéu
thi A thang trudc, vao lai A trong thang sau ludn 1a 0,8; chuyén sang mua hang & B ludn
12 0,1 va chuyén sang C ludn 1a 0,1. Xac sudt dé mot nguoi khach, di vao mua hang &
siéu thi B thang trudc chuyén sang A luon 1a 0,07; vao lai B luon 1a 0,9 va chuyén sang C
ludn 14 0,03. Con xac suat dé mot ngudi khach, di vao siéu thi C thang trudc chuyén
sang A luon 1a 0,083; chuyén sang B luon 1a 0,067 va vao lai C luon 1a 0,85. Lac do céc
xac suat chuyén cta khach hang duogc cho thong qua ma trdn xdc sudt chuyén trang thdi
P (con goi 1a ma trdn chuyén sau mot budc).

08 0,1 0,1
P=10,07 0,9 0,03|=[pijls«s-
0,083 0,067 0,85

Pé mé ta tinh trang phén chia thi phan trong thang t (t=1, 2, 3, ...) ctia hé thong siéu
thi trén, c6 thé thiét 1ap bién ngu nhién X(t) véi quy tic tuong tu nhu khi thiét 1ap X(0):
néu khach hang mua hang ¢ si€u thi A thi dat X(t) = 1, ¢ si€u thi B thi dat X(t) =2, con &
siéu thi C thi X(t) = 3. Van dé dit ra 13 X(t) c6 bang phan phdi x4c sudt nhu thé nao.

Trude hét ta di tim bang phan phéi xac suét cho X(1). Xét p12 = P[(X(1) = 2/X(0) = 1]
= 0,1 1 xac sudt dé mot nguoi khach, dd vao mua hang & siéu thi A thang 0 chuyén sang
mua hang & siéu thi B trong thang 1. Ngoai ra, P[X(t+1) = 2/X(t) = 1] = 0,1 Vt 1a sb tu
nhién, vi theo gia thiét ctia bai toan thi xac suat dé mot ngudi khach, di vao mua hang &
siéu thi A thang trudc chuyén sang mua hang & B ludn 1a 0,1. Vay pi, duoc goi 1a xde
sudt chuyén sau mot buoce tu vi tri 1 sang vi tri 2, bdi vay cé thé dung ki hi¢u p; > @é chi
1d ddy 13 xac suat chuyén sau mot buéc. Céc phan tir piVi=1,2,3vaVvj=1,2,3cua
ma tran P c6 ¥ nghia tuong tu.

D@ thay rang trong thang 1 sd khach hang mua hang tai siéu thi A 1a 200 x 0,8 +
500 x 0,07 + 300 x 0,083 = 219,9 (= 220); s6 khach hang mua hang tai si€u thi B 1a 200 x
0,1+ 500 x 0,9 + 300 x 0,067 = 490,1 (= 490); con sb khach hang mua hang tai si€u thi C
s& 12 200 x 0,1 + 500 x 0,03 + 300 x 0,85 = 290. Do tong s6 khach hang 1a 1000, nén
X(1) ¢6 bang phan phdi xac suit sau:

Cac gia tri cua X(1) 1 2 3
Xac suit twong ng 0,2199 0,4901 0,2900
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Vay véc to phan phéi x4c suét tai thoi diémt=11a n® = [m(l), nz(l), 7:3(1)] cho biét
ti 1& phan tram khach hang vao céc siéu thi A, B va C trong thang 1. Bang phép tinh ma
tran cling tim duoc 1Y nhu sau:

0,8 01 0,1
o =%« P=[0,20,50,3]x| 0,07 09 0,03
0,083 0,067 0,85
=10,2199 0,4901 0,2900].
Twong tu c6 thé tim dugc IT%:

08 01 0,1
n? =1 x P =[0,2199 0,4901 0,2900] x | 0,07 0,9 0,03
0,083 0,067 0,85

=[0,234297 0,48251 0,283193].

Sau day ta di tim ma trin x4c sudt chuyén trang thai sau hai buéc. Ki hiéu p;,? 1a
xac suat chuyén tu vi tri 1 sang vi tri 2 sau hai budce. Theo cong thire x4c suat toan phan
ta co:

p?=P[X(2)=2/X(0)=1]=P[X(1)=1/X(0)=1] x P[X(2)=2/X(1)=1]
+P[X(1)=2/X(0)=1] x P[X(2) = 2/X(1) = 2]
+P[X(1) =3/ X(0) = 1] x P[X(2) =2 / X(1) = 3]

= pll(l)p12(1)+ p1z(1)p22(1) + p13(1)p32(1)

3
=3 plpl=0,8x0,1+0,1x0,9+0,1x0,067=0,1767.
k=1

Mot cach hoan toan twong tu, ta co xac sudt chuyén tir vi tri i sang vi tri j sau hai
3
1y 2 D.. [ D.. (1 D.. [ A . N 2
budce 1a pij( )= pi )plj( )+ pit )pzj( )+ pist )p3j( ) = Zp&’pg) . Viy ta ¢6 ma tradn chuyén
k=1

sau hai budc la:

P?® = [piPs =PV x PU=P x P= P

08 01 0,1 08 01 0,1
0,07 0,9 0,03(x|0,07 0,9 0,03].
0,083 0,067 0,85 | |0,083 0,067 0,85
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D& thay I1® = TI'xP=IT’xP?. Tuong tu, c6 thé chimng minh duge IT™™ = 1™ x p™,
trong d6 TT™™ va IT™ 1a cac véc to phan phdi tai cac thoi diémt=m +n va t=n, con
P™ 13 ma tran x4c sudt chuyén trang thai sau m budc.

Do P™=[p;™]s.; nén P[X(m) =j / X(0) = i] = P[X(n + m) = j / X(n) = i] = P[X(n’ + m)
=j/X(n’)=1] = pij(m), 1a x4c sudt chuyén tir vi tri i sang vi tri j sau m budc. Pat n =s,
t=n+m va h =n’ — n thi c6 ngay P[X(t) =/ X(s) =i] = P[X(t + h) = / X(s + h) = i],
hay p(s, 1, t, j) = p(s + h, 1, t + h, j) luén ding Vs, Vt, Vh. Tu cac phan tich trén day va
d6i chiéu véi cac dinh nghia 1, 2 va 3 muc 1.1, ta thiy quéd trinh ngdu nhién X(t) voi
t=0,1,2, ... trong vi du nay chinh 1a m¢t xich Markov roi rac va thuan nhat theo thoi gian.

Dé khai quat hoa cac khai niém da trinh bay, chung ta xét xich Markov roi rac va
thudn nhét theo thoi gian X(t), t =0, 1, 2, ... voi khong gian trang thai gdm N phan tir ma
taki hieula S= {1, 2, ..., N}.

Dinh nghia 1

Gia str tai thoi diém t = n, X(n) ciing c¢6 thé nhan mot trong N gia tri 1,2...., N voi

cac xac suit twong tng 1a ©;™, ©™, ..., m™ (v6i 1P+ ™ +. .+ o™ = 1) thi véc to
1™ =™, 1™, ..., 7on™] duoc goi 1a vée to phin phdi tai thoi diém t = n. Véit=0 ta
co véc to phan ph(fi ban dau 1V = [751(0), w9, ..., nN(O)].

Ma tran P = [pj]nxn, trong d6 pij = p(t, i, t + 1, j) = P[X(t + 1) = j/X(t) = i] Vt la xdc
sudt chuyén trang thai tw vi tri i sang vi tri j sau mot buoc, Vi=1,2, ..., NvaVvj=1,2,
..., N, duoc goi la ma trdan xac sudt chuyén trang thdi hay ma trdan chuyén sau mot budec.

Vi du: Tiép tuc xét vi du trén, trong d6 da tim duoc I1V = [0,2199 0,4901 0,2900],
1?9 = =[0,234297 0,482510 0,283193]. D& thdy, cac véc to phan phdi xac suit I1V
n®: H(3),... tai cac thoi diém t= 1, 2, 3, ... duoc tinh theo cong thuc: nY=m%xp, n?®
=TV xP=TTYx P2 valI®™"=T1"x P = T x P, ¥ n. Sau 21 budc (21 thang), ta
c6 I1¥Y=10,272257 0,455523 0,272220].

Céc véc to phan phdi (hay ti 18 phan trim khach hang vao cac siéu thi A, B, C) sau
1,2, 3,..., 21 thang dugc cho trong bang I'V.1.

Van dé dat ra 1a liéu 11 = lim 1™ c6 ton tai khong va néu ton tai thi dugce tim
bang cach nao. Trong vi du ndy, chiing ta s& tim dwgc IT=[0,273 0,454 0,273], biéu thi
cho ti 1 phan trim can bang dung (stationary equilibrium) sb khach hang vao cac siéu
thi A, B, C sau m¢t thoi gian du dai.

Cach tinh IT

Xuét phat tir 1™ =TT x P, cho qua gi6i han cé hai vé khi n — oo ta c6: TT=TIx P,
hay ITx(I-P)=0.

Do P 12 ma tran ddc biét (ma trdn chuyén) nén nd 1a ma tran suy bién. Khi viét lai
duoi dang hé phuong trinh (3 an, 3 phuong trinh) ta phai loai bt mot phuong trinh di, va
thém vao h¢ thuc n;+ mo+ m3=1 varang buoc mxy >0 (k =1, 2, 3). Ki hifux =m;, y =m,
va z = 13, ta s€ coO hé:
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0,2x-0,07y-0,083z=0

x=0,273

—0,1x+0,1y-0,067z=0 <<{y=0,454
z=0,273

Xx+y+z=1

Vay II =[0,273 0,454 0,273].

Bing IV.1. Ti I¢ phén tram khdch hang vao cdc siéu thi

Thang A B C

1 0.2199 0.4901 0.29

2 0.234297 0.48251 0.283193
3 0.2447183 0.476662631 | 0.27861905
4 0.2522664 0.472135676 0.2755979
5 0.2577373 0.46861381 0.27364893
6 0.2617056 0.465860633 | 0.27243373
7 0.2645868 0.463698194 | 0.27171505
8 0.2666806 0.461991958 | 0.27132742
9 0.2682041 0.460639762 | 0.27115613
10 0.269314 0.459563657 | 0.27112231
11 0.2701238 0.45870389 0.27117228
12 0.2707156 0.458014426 | 0.27126994
13 0.2711489 0.457459633 | 0.27139144
14 0.2714668 0.457011789 | 0.27152141
15 0.2717005 0.456649225 | 0.27165023
16 0.2718729 0.456354922 | 0.27177223
17 0.2720002 0.456115454 | 0.27188433
18 0.2720947 0.455920181 | 0.27198516
19 0.2721649 0.455760634 | 0.27207446
20 0.2722173 0.45563005 0.2721526
21 0.2722566 0.455523004 | 0.27222035

Dinh nghia 2

Xét xich Markov ro1 rac va thuan nhat véi ma tran chuyén P = [p;]n.n. Lic do,

véc to phan phoi xac suat I[1 =[n;, my, ..

., mx] thoa man diéu kién IT x(I — P) = 0 duoc goi

1a phén phéi ding cta xich Markov da cho.

C6 thé thdy ngay, phan phdi dimg IT khong phu thudc vao IT” ma chi phu thudc

vao ma tran P.
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Mot cach toan hoc, ta néi mé hinh xich Markov roi rac thuan nhdt chinh 13 bo ba
(X(ty), S/TI, P). Ap dung mé hinh xich Markov dé phan tich mot vin dé nio do trong
Kinh té, Ki thuat, Sinh hoc,... duoc coi 1a viéc ung dung phdn tich Markov.

1.3.  Cidc tinh chit va dinh li

Xét xich Markov 10i rac va thudn nhit v6i ma tran chuyén P = [piiInxn. CO thé
ching minh dugc céc tinh chat va dinh Ii sau:

Cdc tinh chit

N
1/ p™m™; = Z p™i p™y; (ddy 1a phuong trinh Chapman—Kolmogorov).

k=1

2/ PP =P x P =P’ P =P"yva P = ptV x P

3/ 11 = 1™ x P,

Dinh li

1/ Gia st P 1a ma tran xac suat chuyén chinh quy, tirc 1a ton tai chi sb no, sao cho
V i, j, thi xé4c sudt chuyén tir i dén j sau no budc 1a mot s6 duong: p;*’ > 0. Khi d6 ton
taimy, Mo ..., iy >0, vamt+ Mt ...+ an=1 dé cho limy_,x p(“)ij = 1;, khong phu thudc
Vao i.

Céc s0 my, my, ..., mn duge tim tir hé phuong trinh

N N
X; :Zkakj’j:], 2,..., N; XjZ 0 Vj va ZXJ =1.
k=1

i1

2/ Néu c6 cac sb my, @, ..., mn thod man diéu kién 7+ m+ ... + iy = 1 va
limy . p™;= m;, khong phu thudc vao i, thi ma tran P 1 ma tran chinh quy.

Luu y

Phéan phdi (m;, 7y, ..., mix) thoa min diéu kién 1+ my+ ... + v =1 va limase p™s = 7,
khong phu thudce vao i, duge goi 1a phan phdi gidi han. Ngoai ra, néu diéu kién m; >0, V]
duoc thoa mén thi phan phdi nay duoc goi 1a phdn phéi Ergodic. C6 thé chimg minh
duoc rang, néu phan phdi gidi han ton tai thi d6 1a phan phdi dung (duy nhit). Tuy nhién,
diéu ngugc lai khong luon diang.

2. Mot s6 &ng dung ciia phén tich Markov

Phan tich Markov ¢ nhiéu ung dung trong Kinh té, Ki thuat, Sinh hoc, Xa hoi hoc,
Cong nghé thong tin,... Trong muc nay, ching ta s€ xem xét cac ung dung nhu tim can
bang thi phan, x4c dinh chinh sach thay thé vat tu thiét bi, du bao that thu cho cac hop
déng thyc hién trudce, tim phan phéi gi01 han ciia mdt h¢ théng ki thudt va mét ing dung
ctia qua trinh sinh — tir cho hé thdng hang cho.
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2.1. Tim cin bang thi phin

Ta nhéc lai mdt cach vin tit bai toan cho & muc 1.2: Trong mdt khu phé 1000 dan
(khach hang) co6 3 siéu thi 1a A, B, va C. Gia su, trong thang dau, sé khach vao cic siéu
thi 1an luot 1a 200, 500 va 300. Nhing thang sau do, ta gia sir xac suat dé mot khach hang
(dd vao siéu thi A lac trude) vao lai A ludn 13 0,8; chuyén sang B ludn 13 0,1 va chuyén
sang C ludn 12 0,1... Cac xac suat chuyén khac ctia khach hang ("try lai" B, chuyén sang
A, chuyén sang C...) duoc cho thong qua ma tran chuyén P

08 01 01
P=10,07 0,9 0,03
0,083 0,067 0,85

Luc d6, theo két qua da biét, ti 16 phan trim can bang dimg (khi thoi gian du dai) s6 khach
hang vao cac siéu thi A, B, C 12 27,3%, 45,4% va 27,3% c6 thé tim dugc tir hé TTx(I—P)=0.

2.2.  Chinh sdch thay thé vit tw thiét b

Trong mot hé théng dién ki thuat, cac thiét bi cung mot loai dugc phan ra céac tinh
trang sau day: vira mdi thay, con tot, van dung dugc va da bi hong. Theo so liéu thong ké
duoc, ta ¢ ma tran xac suat chuyén trang thai nhu sau:

0 08 02 0
p=|0 06 04 0 |

0 0 05 05

00 0 0

trong do, sau mdi tudn (xem hang dau clia ma tran P) c6 0%, 80%, 20% va 0% sb cac
thiét bi mé&i thay chuyén sang tinh trang méi thay, con tét, van dung duoc va da bi hong.
Céc hang khac ctia ma tran P dugc giai thich mot cach twong ty. Ta di tim phan phdi
ding [] bang phuong phap da biét.

Xuét phat tir TI™™ =TT x P, cho qua gi6i han ca hai vé khi n—oo ta c6: TT=1TIx P,
hay ITx(I - P) = 0.

Do P 1a ma tran dac bi¢t (ma tran chuyén Xac suét) nén no 1a ma tran suy bién. Khi
viét lai dudi dang hé phuong trinh (4 4n, 4 phuong trinh) ta phai loai bot mot phuong
trinh di, va thém vao h¢ thirc m;+ my+ 3 + 14 = 1 va rang bude m, > 0 (k =1, 2, 3, 4). Ki
hiéu x; = 7y, X, = Ty, X3= M3 va X4 = M4 ta s€ cO hé:
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X, —Xx, =0

~0,8x, +0,4x, =0 X =x, =~
0,2x, ~0,4x, +0,5x, =0 < ?
—0,5X3+X4:O X2=X3:§

X, +X, +X;+x, =1

Vay phan phdi dimg T1=[1/6 1/3 1/3 1/6].

Gia su rang chi phi thay moéi mot thiét bi 1a 25 nghin (dong) va that thu khi mdi
mot thiét bi hong 1a 18,5 nghin, thi mdi tudn hé théng trén phai chi trung binh trén mot
thiét bi s6 tién 1a: (1/6)x 25 + (1/6)x 18,5 = 7,25 nghin / thiét bi / tuan.

Ta xét phuong 4n thir hai cho viéc thay thé vat tu thiét bi véi ma tran xac suat
chuyén trang thai sau déy:

0 08 0,2
P=10 06 04].
LOO O

Ma tran ndy tuong Gng véi chinh sach méi vé thay thé vat tu thiét bi la: thay thé
mdi thiét bi mot khi kiém tra va phat hién thiét bi & tinh trang van dung duoc. Piéu nay
c6 thé dan téi viéc giam thiéu that thu do thiét bj hong gy nén. That vay, tmg v6i ma
tran P trén day, phan phéi dimg I1 =[1/4 1/2 1/4]. Luc nay, mdi tudn hé théng trén phai
chi trung binh trén mat thiét bi s6 tién 1a: (1/4)x 25 + (0)x18,5 = 6,25 nghin / thiét bi / tuan.
Nhu vay hé théng sé tiét kiém duoc 1 nghin / thiét bi / mot tuan. Néu hé théng c6 2000
thiét bi, thi nho chinh sach thay thé vat tu mdi, mdi tuan hé thong s& tiét kiem duoc 2
triéu (ddng).

2.3.  Phdn tich Markov trong dw bdo thit thu cho cdc hop dﬁng thwe hién trudc

Mot cong ti kinh doanh trong nganh dién chuyén vé stra chita va thay thé phy ting
dé ra chinh sach tin dung: dap ng yéu cu cua khach hang trudc, thanh toan sau. Phan
nhiéu hop déng s€ dugc thanh toan ding thoi han, mot ti 1€ nhat dinh s& duoc cong ti cho
thanh toan cham, con mot s it khong thanh toan dugc. Theo kinh nghiém, sau hai hay ba
hop dong thanh toan chdm ciia mot khach hang nao d6 1a hop dong khong thanh toan
duoc sau mot thoi gian dai, cong ti coi ddy 13 hop dong “xau” va s& cit bo chinh sach tin
dung v6i khach hang d6. Nhu vy tai ting thoi diém cac hop dong co thé roi vao mot
trong cac tinh trang (trang thai) sau:

— So: hop ddng dugc thanh toan,

— S;: hop ddng khong duogc thanh toan,

— S,: hop ddng s& duoc thanh toan dung thoi han,

— S3: hop dong s& duoc thanh toan cham.
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Sau day 1a ma tran x4c suat chuyén trang thai (sau ting thang):

1 0 0 0
o1 0 o
1050 0302

0,4 03 02 0,

Hién tai cong ti co cac hop dong phai thanh toan ding han voi tong sé 500 triéu, va
cac hop dong cho thanh todn cham véi tong s6 100 triéu. Hiy xac dinh trong tong trén c6
bao nhiéu s& dugc thanh toan, con bao nhiéu s& 1a ng “xau” khong doi dugc.

Day la bai toan kha phurc tap lién quan t6i phan loai cac trang thai ciia xich Markov
12 van dé chung ta s& khong trinh bay trong gido trinh nay. Tuy nhién, c6 thé thiy ngay
rang cac trang thai Sova S; 1a cac trang thai “hip thu” (absorbing state), tirc 1a moi hop
dong du hién dang ¢ trang thai nao thi cudi cing sau mot thoi gian nhat dinh ciing s& roi
vao mdt trong hai trang thai trén. Trong khi d6 cac trang thai S, va S; dugc goi 1a cac
trang thai truyén tung (hay cac trang thai di chuyén).

Pé tim cau tra 16i cho van dé dit ra, ching ta can thuc hién cac bude sau: Trudc
hét, ta chia ma tran P theo khbi.

p— J O VSiT = 10 K= 0,5 0 0= 00 M= 0,3 0,2.
KM 01 0,4 0,3 00 0,2 0,1

Sau do, ta tim ma trdan R = I — M va ma tran nghich ddo cua n6 R4 day I 1a ma
tran don vi cung cd voi ma tran M. Ta co6:

Rl [15254 03390
03390 1,1864 |’

va tinh duoc:

R K = 0,8983 0,1017 .
0,6441 0,3559

Céc phan tir trong ma tran trén c¢6 y nghia dic biét. Trong sd cac hop dong hién tai
& trang thai S, (phai thanh toan dtng ki han) cubi ciing sau mot thoi gian nhét dinh c6
89,83% s& roi vao trang thai Sy (dugc thanh toan) va 10,17% s€ roi vao trang thai S,
(khong duoc thanh toan). Con trong sb cac hop dong hién tai ¢ trang thai S; (thanh toan
cham) cudi cung sau mat thoi gian nhét dinh c6 64,41% s& roi vao trang thai Sy (duogc
thanh todn) va 35,59% s€ roi vao trang thai S, (khong dugc thanh toan).

Thuc hién phép tinh:
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0,8983 0,1017

[500 100]x
0,6441 0,3559

} = [459,32 140,68],

ta théy trong 500 tri€u phai thanh todn ding ki han va 100 tri¢u thanh toan cham cudi cung
s& c6 459,32 triéu dugc thanh toan va 140,68 triéu 1a no “x4u” khong doi dugc. Dé cai thién
tinh trang ndy, cong ti can nghién ciru tim ra mot chinh sach tin dung hop 1i hon.

Ngoai ra, ma tran R™! con cho biét cac thong tin sau:

— Tong clia cac phan tir trén hang thi nhét 1a 1,8644 1a thoi gian trung binh (thang)
ma mot hop dong dang phai thanh toan diing ki han s& trai qua trude khi roi vao mot trong
cac trang thai hip thy, tirc 13 tré thanh hop ddng thanh toan dugc hodc hop dong “xiu”.

— Téng cac phan tir trén hang thir hai cia R™' ciing ¢6 ¥ nghia tuong tu dbi véi cac
hop ddng dang thanh toan cham.

— Phan tir nam trén hang 1 va cot 1 cia R™' cho biét thoi gian trung binh (thang) ma
mot hop dong dang phai thanh toan diing han s& & trong trang thai S, trude khi né roi vao
mdt trong cac trang thai hap thu 13 1,5254 thang. Phan tir nim trén hang 1 va cot 2 cho
biét thoi gian trung binh (thang) ma mot hop dong dang phai thanh toan dung han s& &
trong trang thai S; trudc khi nd roi vao mot trong cac trang thai hap thy 1 0,3390 thang.

— Cac phan tir ndm trén hang 2 cta ma trdn R™' ¢ ¥ nghia tuong tu d6i véi mot
hop ddng dang dugc thanh toan cham.

Sau ddy, chung ta s& dua ra mét so cong thire gidi thich cac phan tich trén day cho
truong hop ma tran xac suit chuyén trang thai ctia xich Markov ¢ dang sau:

1 00 O | |I 0 0 O
0 1 0 0 0 1 0 0

P2 P21 P2 Py 0,50 03 0,2
P30 P31 P Pis 0,4 03 0,2 0,1

:{I O:|Vé,iJ:F 0},1(2 {pzo p21j|’oz|:0 0:|,M= {pzz p23j|’
KM 01 P30 Pai 00 Ps> Ps3
trong 4o p;; 1a xac suat chuyén tir trang thai S; sang trang thai S; sau mot budc. Khong

gian trang thai gém bbn trang thai Sy, S;, S, va S;; céac trang thai Sy va S; 1a céc trang thai
hép thy, con S, va Ss 14 cac trang thai truyén tng. Ching ta dung cac ki hiéu:

u u
U= [ 20 21}
Uz, Ug

voi uy 1a xac sut hép thu vao trang thai Sy khi trang thai ban daula S, k=0,1,coni=2,3.

P= (nhu trong bai toan trén),
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v6i v; 1a thoi gian trung binh cho téi khi roi vao mdt trong cac trang thai hip thu néu
trang thai ban daula S, i=2,3.

W = 22 23
|: :| ’
32 33

v61 wyj 1a thot gian trung binh xich Markov ¢ trong trang thai S; trude khi nd roi vao mot
trong céc trang thai hip thy néu trang thai ban dau 1a S;, i = 2, 3. Luc dé:

U=1-M) "L v=(01- M)le vaW=(I-M)'x F 0} .
1 01
Chii y: Viéc chiimg minh cac cong thirc trén cho truong hop tong quat thyc ra ciing
khéng qua khoé, c6 thé tim thay trong cac sach tham khao vé qué trinh Markov. Cach tng
dung phén tich Markov nhu trong muc nay con cé thé dugc ap dung rong rii trong nhiéu
linh vyc khac nhu Sinh hoc, X4 hoi hoc, Li thuyét nhan dang va Thiét ké cac hé thong ki
thuat, trong d6 c6 Ki thuat dién.

2.4. Tim phén phéi giéi han cho mét hé théng ki thugt

Mot hé théng ki thuat ¢6 hai chi tiét c6 thé bi hong ¢ bat ki thoi diém nao. Tai mdi
thoi diém hé thong c6 thé roi vao mdt trong nhitng trang thai sau (xem hinh IV.1):

So: ca 2 chi tiét tot;

S;: chi tiét 1 hong, chi tiét 2 binh thuong;

S,: chi tiét 1 binh thudng, chi tiét 2 hong;

S3: ca hai chi tiét déu hong.

Hinh IV.1. So d6 céc trang thai

Noi cach khac, tai moi thoi diém t, bién X(t) co thé roi vao mot trong cac vi tri /
trang thai So, S1, S> va S3. Chu y rang lic nay ta cé xich Markov (thoi gian) lién tuc voi
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khong gian trang thai S ={S,, S|, S, S;}. Sau day, chung ta sé tim cach xac dinh phan
phdi giéi han (long run distribution) ciia {X(t)}wo. Pay 1a mot van dé kha phirc tap nén
chung ta chi ¢o thé trinh bay van d& mot cach vén tat.

Trudc hét ta nhac lai vé phan phdi Poat—xong va phan phdi mii. Gia s dong tin

hiéu dén (hay xay ra) tuan theo phan phdi Poat—xong P (L) v6i A 12 s6 tin hiéu dén trung

binh trong mot khoang thoi gian nhét dinh (coi 1a mot don vi thoi gian), A con duoc goi

1a cuong do cua dong tin hiéu dén. Luc do, trong khoang thdi gian nhu trén thi sé tin hiéu
k -\

xdy ra s€ nhan gia tri k voi xac suat . Ta goi phan tir xac suat P 1a xac suat xuat

hién (it nhat) mot tin hiéu trong khoang thoi gian A t. Thé thi, do tinh “don nhat” cia qua
trinh Poat—xong, P ciing 1 x4c suat xuat hién dung mot tin hiéu trong khoang thoi gian
At. Theo cong thirc da biét thi P = AAt (chinh xac téi v6 cung bé o( A t)). Ching han,
néu A = 6 tin hiéu/ 1 phut va [t =2 gidy, tas& co P = 1[It = 6 x (1/30) = 1/5=0,2. T
d6, ta thay xac suat dé c6 1 tin hiéu dén trong khoang thoi gian 2 gidy 13 0,2.

Xét bién ngﬁu nhién T (chéng han thoi gian phuc vu mot tin hiéu trong mdt hé dich
vu), c6 phan phdi mit (L)) v6i ham mat do 1a f(t) = Le™ °. u ciing dwoc goi 1a cudng do
phuc vu hay cudng d6 cta “dong phuc vi”. Ham phan phdi xac suit cia T sé& 1a

F(1) =P (T<1)=[f(t)dt=[pe™dt=l - e™.
0 0
Con ki vong toan va do léch chuin cua bién ngau nhién T 1a

+0 +00 1
my = J' tf(t)dt = j ute‘“‘dt:l; §p =—.
u i
0 0

Ta nhan thay ngay rang:
P(O<T<At)= F(A) —F(0)=1—¢ "~ [1-¢"]

=1-e™'=pAt (chinh xac téi vo cing bé o( A 1)).

Chii y: Néu dong tin hiéu dén c6 phan phéi Poat—xong P (1) thi thoi gian gitra hai
tin hiéu lién tiép c6 phan phbi mii [1(1]).

Chiing ta quay lai bai toan dang xét. Goi A; s 1an chi tiét 1 hong va A, s6 1an chi
tiét 2 hong (tinh trung binh) trén 1 don vi thoi gian. Luc dé, ta co thé coi dong tin hiéu
chi tiét 1 va 2 hong 1a dong Poat—xong véi cac tham sd Ay va Ay Goi T; va T, 1a thoi
gian stra chita chi tiét 1 va 2, c6 phan phdi mil v6i cac ki vong tsc; va tsc, 1a thoi gian
stra chira (trung binh) chi tiét 1 va chi tiét 2. Vay T, va T, c6 phan phdi mi [I([J;) va
C([), voi wy = 1/tscy va g, = 1/tsc,.
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Tai thoi diém t ta c6 bién ngiu nhién X(t) = X, voi phan phdi xac sudt sau day:
X | So S S, S
P | mo(t)  mi(t) ,(t) 13(t)

Ta tinh mo(t + A¢) tai thoi diém tiép theo (t + Az) trong hai truong hop sau day:

— Trudng hop 1: Tai thoi diém t, hé thong & trang thai Sy va tai thoi diém t + Az,
hé thong van & trang thai Sy (khong hong).

— Trudng hop 2: Tai thoi diém t, hé théng & trang thai S; hodc Sy, con tai thoi diém
t+ At hé théng & trang thai So.

Do d6, mo(t +17t) = mo(t) [1 — (1 + 22) 0] + m(t) It + ma(t) polt (*). Tht vay,
xéac sudt do truong hop 2 gy nén 1a m(t)w Ut + m(t)t, voi p it = P(0< T, <At)la
xac sudt stra chita xong chi tiét 1 trong khoang thoi gian [t va puy Ar= P(0< T, <At) 1a
x4c sudt stra chita xong chi tiét 2 trong khoang thoi gian(t. Trong khi d6, xac suat do
truong hop 1 giy nén 1a mo(t)[1 — (A + A2)t], vOi A [t: xac suat hong chi tiét 1 trong
khoang[t, con A,[Jt: x4c suat hong chi tiét 2 trong khoang [It.

N6i cach khac, ching ta di thyc hién cong thic xac suat day du m(t + [t) =
o(t)poo + Ti(t)p1o + ma(t)p2o, trong do: pip 1a xéc suét hé ¢ trang thai S; tai thoi diém t va
chuyén sang trang thai Sy tai thoi diém (t+0t).

T (9 ta o LSO 4, =, (0 =, (O

Cho [t — 0 (vé phai khong lién quan véi [t) thi

dm, (1)
Cdt

Khi t rat 16n (hé théng hoat dong trong mot khoang thoi gian d dai) thi hé théng
dan on dinh voi phan phdi gidi han c6 thé tim duoc, tic 1a: [mo(t), mi(t), ma(t), m3(t)] —
[1o, 71, T2, 3]. Vay ta co:

=1, (DR + 7, (DR, =7 (DA, — T (DA,

T + T — oA — ToAy = 0 (Vi M =0 khi t du 16n).

dt
Mot cach tuong tu, ta di dén hé phwong trinh:

dm
— = AR, = (A A, =0

dt

dm,
T ATy + p,m = (A, +py)m, =0
dm,
ot =My Ty + 7y — (A +1y)m, =0
dm,
T Myt + 070, = (1 + 1)y =0
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Mbt cach tong quét, phan phdi gidi han dugc tim tir hé phuong trinh: —7t idi = z T

i
halyZ:ﬁiqij =0,Vj €S (*¥), VéZﬂ:i —1, trong d6 — g;; la cuong dg chuyén tir trang thdi
= ies
i sang cdc trang thai khac (khéng ké i), con g la cuong do chuyén tir trang thdi i sang
trang thai j, dwoc dinh nghia nhw sau:
Qi = — limaso (P[X(t+ At) 21/ X(t) =1]/ At),
qij = limaso (P[X(t + At) = j/ X(t) =i]/ At),

Luc d6, Q = [q;j] dugc goi 1a ma trdn cuwong dp. Th didu kién (**) ta thay, dé tim
phan phéi giéi han can phai giai hé [ry 7, m 13]Q = 0 hay Q'[r 71 72 m3]" = 0.

Vidu: Chodi =1, A=2, u; =2, pp =3. Tir so d6 cudng do chuyén trang thai
cho trén hinh IV.2, ¢6 thé tim dugc ma tran cuong do Q, voi QT co6 dang sau:

-3 2 3 0

Q' =
0 -4 2
2 1 -5
K,
2’1

(
A

2

Hinh IV.2. So dé cwong dé chuyén trang thdi

Gidi thich: qoo = — 3 vi cudng d6 chuyén tir trang thai Sy sang cac trang thai khac 1a
Mt Ay =3, con qo =2 1a cuong do chuyén tu trang thai S; vao trang thai S,.

Giai hé [my 7 1 13]Q =0 hay QT[TEO T T TE3]T =0 (voi diéu kién bd tro mo + mp +
M + 13 = 1) c6 két qua n,=6/15=0,4; m, =3/15=0,2; n, =4/15=0,27; m,=2/15=0,13.
Can cht ¥ rang, hé [ty m; m n3] Q=0 theo mot nghia nhat dinh 1a twong ty véi hé
ITx(I —P)=0, nhu da trinh bay trong cac muc 1.2 va 2.1.

Gia str lgi nhudn / 1 don vi thoi gian hé théng mang lai trong cac truong hop cod thé
xay ra nhu sau: néu hé thong trong trang thai Sy thi 1gi nhuan 1a 8 USD, tai S, 1a 3 USD,
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tai S, 1a 5 USD, tai S; 1a 0 USD. Vay loi nhuan trung binh / 1 don vi thoi gian 1a
8x04 +3x0,2 +5x%x0,27 = 5,15 (USD).

Qua vi du ta théy Ty, T, M2, M3 dugce xac dinh can cu vao cac gia tri da biét A1, Ao,
Hi, Ho.
A1, A2: s6 lan chi tiét hong (tuy thudc hé théng cu thé),
K, W : cac tham sb stra chira can dua vao.
Loi nhuan cudi cing cta hé thong phu thude vao A;, As, pi, t2 va duoc xac dinh
bang cach giai bai toan ti uu sau:
Loi nhuan L = ¢comp + ¢ymt; + comp — Max

(co, i, C2: loi nhudn tung trang thdi)

véi cac rang budc:

T+ 1T, — (A +A,)T =0
Ay + = (A, +py)m, =0
Aoy + 7ty — (A + 1)1, =0
A, + AT, — (W + )T, =0

Ty + 7, + 7, + 1y =1

Ty, Ty, T, Ty = 05 1y, 1, 20

Luru y: Bai toan trén day co 6 bién (L;, A, da biét). Ta phai tim duoc p, p, tir bai
toan dé c6 phuong huéng xay dung hé thdng v6i loi nhuan 16n nhét.

2.5. Mét irng dung ciia qud trinh sinh—tiv cho hé thong hang ché

Qua trinh sinh—tir duoc Gng dung khé rong rii trong Li thuyét do tin cay, 1a mot
mon hoc cia nganh Pién / Dién tir, va mot ) nganh khoa hoc ki thuét khac cling nhu
trong Quan tri kinh doanh va Van tru hoc.

Qua trinh sinh — tir 13 trudng hop riéng cua xich Markov thuan nhét thoi gian lién
tuc, voi khong gian trang thai S khong qua dém duoc S = {So, Si, Sz...., S, ...} va ma
tran cuong do Q = [q;] c6 tinh chét g; = 0 voi i -] |> 2. DPitu nay c6 nghia la vi¢c
chuyén trang thai trong qua trinh sinh—tir chi c6 thé téi “1 don vi 1én hodc xudng” (xem
hinh IV.3).

A
A
A

“l ,"lz lJ'n lJ'n+1

Hinh IV.3. So do chuyén trang thdi trong qud trinh sinh - tiv
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Tir trang thai S, tai thoi diém t hé X(t) chi c6 thé chuyén tdi mot trong cac trang
thai Sp+1, Sy hodc Sy_1. Vi vay ching ta ¢ cac cudng do chuyén:

Ho = 7\4—1 = quOOa Jn, n+1 = 7\4n, Jn, n-1 = HUn va Jn,n = — (}\‘n +Mn) vn.

Trong trudng hop Ag, wy > 0, Vn > 0, theo dinh 1i d3 dugc ching minh, phan phdi
gidi han c6 thé tim duoc bang cach giai hé: [y 7 7y 73...]Q = 0, voi ma tran cudng do

Q da biét.
Ma tran chuyén vi cua Q c6 dang:
_qOO G - 9po 9nno
9oy 911 - 4m Dn+1a
Q" -
Qon i q qn+l,n

Qoo 90 Y20 T 0
Qo1 9 9 y T _ 0
Qoo 912 9 T, 0

hay:

(qoomto + qiomi +  Quomt2 ... =0,

qoimo + qum t+ gum+... =0,
< qo2To + qi2m + quma +... =0,
e

Do tinh chat dic biét, nhu da phan tich & trén, cua ma tran cuong do Q cua qua
trinh sinh—ttr, hé trén dugc viét mot cach twong minh hon nhu sau:

,
—AoTo + Wi

\

+ ...

Aomo — (A + u)m + omy + ..

Mm — (A + w)m + wams + ..

=O,
:0’
:0’

Tu day dé dang tim dugc My = (An/Mns )T, V=1, 2,3, ... dé di toi cong thic

tinh m;,Vi.
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(1 = (ho/p1)mo,
o = (M/p2)m; = (MAo/Haptr) o,

(™ = (A/p3)ma = (aM/pap2) 1 = (Ao Ao/ Hapa i ) o,

T+l = (}\«n/lvln+1)nn = ... = (}\41‘1}\41‘1—1 cee }\JO/Mn-%—an cen MI)TEO;

\ ...

0
Véi dicu kién ) m, =1, cudi cliing ta co:
i=0

to =1/ (1+ D, (uducr ... Ao/ttt .. fr))-
k=0

Dac biét khi p, = 0, Vn, thi qua trinh sinh—tir tré thanh qua trinh sinh thuan khiét
(pure birth process). Qua trinh sinh thuan khiét v6i A, = A 1a qua trinh Poat—xong voi
tham sd .

Vi du: Gia str dong khach hang dén mua vé & mot vin phong ban vé véi M qudy
phuc vu 1a dong Poat—x6ng véi tham sé A = 6 khach hang / 1 phat (diéu nay ciing c6
nghia 1a khach hang dén phong ban vé véi céc thoi diem dén tuan theo ludt phan phdi mil
v6i tham sb A = 6).

Ngoai ra, con biét nguyén tic phuc vu 1a FCFS (First come first serve) va thoi gian
phuc vu tai mdi qudy c6 luat phan phdi mii véi ki vong 1/3 (phut).

Can tra 10i hai cau hoi sau déy:

— Sb quay hang t6i thiéu 12 bao nhiéu dé hang chd khong trd nén dai vo han?

— Gia sir N; 14 s6 khach hang dang chd hay dang duoc phuc vu tai thoi diém t. Chon
M = 4 va mot khach hang s& chd dé duoc phuc vu néu N, < 4, chd véi xac suit 0,5 néu
Ni= 5 va s& bo di néu N, = 6. Hay xac dinh phan phdi dimg ciia qué trinh nay?

Trudce hét, trong vi du nay ching ta c6 mot qué trinh sinh—tir v6i khong gian trang
thai S = { So, Si1, Sy, ..., Sh, ...}, trong d6 S, 1a trang thai trong van phong cé n khach hang.
Céc cuong do chuyén lad,=06voik=0,1,2,. con =3k véi k < M va p = 3M véi
k> M (diéu nay 1a do bién cuc tiéu cua cac bién ngiu nhién véi phan phdi mi doc
lap cling c6 phan phdi mii v6i tham sd bang tong cic tham sd ciia cdc phan phdi mii
tuong ung).

Do A /Mk+1 = 6/3M < 1 (khi k > M) nén véi M > 3 thi:

z M Rp g P My bty) < 0
=0
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Boi vay hang doi s& khong dai vo han (néu trai lai, khi chudi phan ki, thi

T, =7, =7, =..=0, nén s6 khach trong hang doi s& dan toi mot sd hitu han khi t — o

véi xac suat bang 0).

Trong cau hoi thu hai, ta c6 Ay = A = Ay = A3 = Ay = 6, As = 3. Theo cong thuc tinh

5
T, :1/(1+Z (Ao /By My -oby,)) ta €6 ngay mo = 12/89. Tur d6 tinh ra m; = 24/89,

k=0

T, = 24/89, 3 = 16/89, m4 = 8/89, ns = 4/89 va e = 1/89.

3.  Mé phéng xich Markov

3.1. Mo phong xich Markov thoi gian roi rac

Phwong phap 1

Xich Markov roi rac va thuan nhat con co thé duoc ki hiéu la Xo, X, Xo,... Gia su
khong gian trang thai 1a S gdm hiru han trang thai: S = {0, 1, 2,..., N} va ma trdn x4c suat
chuyén trang thai da duoc biét 1a P = [pijlnx~n. Chung ta s€ mo phong xich Markov roi rac

va thuan nhat thong qua vi du da trinh bay & cac muc 1.2 va 2.1 ctia chuong nay.

Ta c6 phan phdi ban dau la:

Xo

1

2

3

H(O)

=02

n”=0,5

' =03

Pé mob phong X, ta ap dung phuong phap mo phong phan phdi roi rac di hoc ¢
chuong III. Trén may tinh, ta phat sinh ra mot s6 ngau nhién r = RANDOM]JO,1) theo
luat phan phdi déu U[0,1) trong [0,1). Néu r < 0,2 ta lay Xo = 1; néu 0,2 <r < 0,7 thi ta
lay Xo =2 ; con néu r > 0,7 thi dit X, = 3. Can ctr két qua mo phong Xo, ta mo phong X,

dua trén ma tran xac suat chuyén trang thai:

08 0.1
P=10,07 0,9

0,1

0,03 |.

0,083 0,067 0,85

Gia str da biet Xo= 2, luc do ta can mo phong bién ngau nhién X; can ctr phan phoi sau:

X,

1

2

3

Xéc suat twong tng

p21= 0,07

p22=0,9

p23= 0,03

Diéu nay c6 thé dugc thuc hién tuong tu nhu khi mé phong X,. Can chi ¥ rang,
trong hang thtr hai cta bang trén ta ¢6 phan phdi xac sudt cé didu kién cua X, voi didu
kién Xy = 2. Cac budc tiép theo md phong Xz, Xs.... duge tién hanh tuong tu (cho toi

X500 chéng han).
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Lap lai quy trinh nay bat dau tir X, cho mot s6 budc lap L du 16n (chang han 1000
lén), ta s& c6 mot bd 1000 sd lidu cho Xspo. Tir do, co thé tim duogc bang phan phéi tan
sudt (con goi 1a x4c suat thuc nghiém) cua Xsoo qua thi nghiém mé phong trén day doi
v6i Xso0. Nhu vy, ta tim dugce véc to phan phdi (xdc sudt thuc nghiém) I1°°Y. Cubi

cung, chiing ta c6 két qua tim gin ding phan phdi dung 1a: IT ~ TT°%.

Chu y:

— Trong vi duy trén day, ta thiy c6 thé ding mo phong dé tim phan phdi dimg. Tuy
nhién, muc dich chi yéu ctia phuong phap 1 13 nhim mé phong cac xich Markov roi rac
thudn nhat, 13 cac qua trinh c6 thé xay ra trong cac hé thong phtc tap.

— Khi khéng gian trang thai S gdm mot sd 16n cac trang thai thi phuong phap mé
phong trén yéu ciu thoi gian chay may tinh kha 1on. Pé khic phuc diéu nay, ching ta
xem x¢ét phuong phap 2 sau day.

Phwong phdp 2

Xét mot hé thong ki thuat duoc biéu dién boi xich Markov roi rac thuan nhat {X.},
t=0, 1, 2,... voi khong gian trang thai S c6 N trang thai (N kha 16n) va ma tran chuyén
trang thai P = [pjj]n x n. Xét thoi diém n, tai thoi diém nay gia sir d@ mé phong duoc X, =s.
Ta s& mo phong thoi gian T, 1a thoi gian t&i 1an nhay tiép theo sém nhat ma X, #s.
Do xich Markov 14 rodi rac nén T, chi c6 thé nhan céc giatri 1,2, ... it p = pg, dé théy
Ta ¢6 phan phdi hinh hoc nhu sau:

Tn 1 2 k
Xéc sult 1-p (1-p)p (1-p)p*"
tuong ung

Mo phéng phan phdi nay ta tim dwugc gia tri T,. Con Xyera ¢6 phan phdi xac suat
nhu sau:

Xn+Tn 1 2 vee S e N
X4c suat psi/(1-pss) po/(1=ps) | - | O pan/(1=pss)
tuong ung

Céch mo phong nay sé& tiét kiém hon thoi gian chay mdy tinh (khi N kha 16n),
nhung viéc 1ap trinh s& phirc tap hon it nhiéu.

Xét vi du nhu da trinh bay trén, néu dung phuong phap 2, mot cach hoan toan
twong ty, chung ta ciing tim dugc phan phdi dimg 17 ~ 117,

3.2. Mo phong xich Markov thoi gian lién tuc

Xét xich Markov thoi gian lién tuc {X(t)}te[o, ). Gid st réng xich di vao trang thai i
tai thoi diém nao d6, chang han thoi diém 0, va khong roi khoi trang thai nay cho dén
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thoi diém s. Lac d6, do tinh “khong nhd™ cua qué trinh Markov, xac suét dé xich van tiép
tuc & nguyén trang thai d6 cho téi thoi diém (t + s) s€ 1a:

P{(Ti>s+t)(Ti>s)} =P{T; >t}

trong d6 T; 1a thoi gian qua trinh dimg lai ¢ trang thai i. D& thdy, néu T; ¢6 phan phdi mi
v6i ham phén phdi F(T; < 1) = 1 — ™" thi ddng thirc trén duoc thoa man. Didu nguogc lai
ciing ¢ thé ching minh duoc. Vay T; c¢6 phan phdi mil.

Tir nhan xét trén, ta c6 thé dua ra mot dinh nghia khéc cho xich Markov thoi gian
lién tuc. Xich Markov thoi gian lién tuc 1a mot qua trinh ngau nhién c6 cac tinh chat sau
mdi khi n6 di vao trang thai i:

— Luong thoi gian T; xich dung lai tai trang thai i trudc khi né chuyén sang trang
thai khac 1a mot bién ngau nhién voi phan phéi mii c6 tham s v; (hay c6 ki vong 1/vy).

— MGt khi qua trinh roi khoi trang thai i, n6é s€ di vao trang thai j nao d6 (doc lap
v6i Ti) véi cac xdc suét p;; thoa min > p,;=1p,; =0,Vi.

]

Vay dé mo phong xich Markov thoi gian lién tuc, ching ta cin mo phong day 1o,
T1, Ta,... (cac lwong thoi gian 1, xich dung lai tai trang thai J; trudc khi nd chuyén sang
trang thai khac) va day Jo, J1, Ja,... (cac trang thai ma xich chuyén dén). Dé phat sinh 1,
nhu trén da néi, ta can biét tham sd vy, ciia phan phéi mil twong tmg. Con dé phat sinh
trang thai xich Markov chuyén dén J; Vr, ching ta c6 bang phan phdi xac suit sau:

Trang thai dén 1 2 e |1 N

Xéc suat tuong ung pit Piz S IO I PiN

Trong bang trén, i =J, | 1a trang thai cta xich tai budc r — 1 (v6i cac xac suit Pij
thod man Zpij =1,p, =0,Vi).
i

Dé thuc hién mo phong xich Markov thoi gian lién tuc, cé thé sir dung sb liéu cua
vi du da xét trong muc 2.4 hay 2.5.
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Phan bai tdp

BAI TAP CHUONG I

1. Véi vi du trong muc 1.2 chuong I, hiy 4p dung phuwong phép don hinh dé di theo
quy trinh 0 > A— B nhim dat t&1 Zmax.
2. Giai BTQHTT sau day:

z = 6x; + 8x, —»> Max
V01 cac rang budc
3x;+3x, £6
5x; +3x, <8
X1, X2 >0
3. Giai BTQHTT sau day:
z=40x; + 30x, —> Max
v01 cac rang budc
%Xl +%X2 <20
1
EXZ <5
%Xl +%X2 <28
X, =30
X, =5

(x,,x,20)

Hudng dan: Dé dua vé dang chinh tic, ta can 5 bién bu (3 bién bu thiéu va 2 bién
bu thira) va 2 bién gia (s6 bién gia bang s6 bién bu thira).
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2 1
gxl +§X2 +x; =20

1
—X,+X,=5
22 4

3 3
gx, +ZX2 +x5=28

X, — X + X, =30

X, = Xg+Xy=5

X1, Xy, X500y Xg 20

Ham muc tié€u s€ la
z =40x; + 30x; + 0x3 + 0x4 + 0x5 + 0xg — Mx7 + Oxg — MXo.

. Chung ta xem xét mot du an thiét ké nang cip mang dién bang hé théng cap ngam
cho mét truong dai hoc. Mang dién duoc thiét ké cho ba tuyén sau: khu hanh chinh,
khu giang dudng va dudng diy bao vé. Do yéu cau vé mit ki thudt gia mot mét cap
g cac tuyén trén 1a khac nhau va 1an luot nhu sau: 500, 400 va 200 nghin déng. Goi
x; 1a chiéu dai cac tuyén trén, theo diéu kién thiét ké co cac rang budc nhu sau:

(Xl + x5 + x3 2 1900,

X1 + X2 > 1500,

A

X1 + x3 = 1400,

X2 + X3 > 900,

\ X1, X2, X3 > 0.

Hay 1ap phuong an thiét ké co téng chi phi mua cip nho nhat véi cac rang budc
trén va ham muc ti€u sau:

z=500x; + 400x, +200x3 — Min.

. Phat biéu mot mé hinh t6i uvu da muc tiéu (tuyén tinh hodc phi tuyén, tir hai dén

bdn muc tiéu) ung dung trong quan 1i str dung hay thiét ké hé thong ki thuat dién.

. Xét bai toan toi uu phi tuyén ba muc tiéu phét sinh trong qua trinh nghién ciru cac

anh huong cua cac yéu td nhiét d6 X, (°C) va bé day 16p siy X, (cm) tdi cac chi

tiéu vé ham luong tinh dau Y, chi phi ning luong Y, va téc d6 sdy Ys. Sau day la

phat biéu toan hoc ctia bai toan cin cir két qua quy hoach thyc nghiém da tién hanh:
Y =9,147247 — 0,609964X, — 0,679045X, — 0,005767X,X;

—0,003268X,% - 0,007967X5” (%) — Max
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Y, = 38,2168 — 1,1324X, — 0,9554X, + 0,004166X,X, + 0,01097X,>
+0,03909X,> (Kwh/kg) — Min

Y; =—4,760179 + 0,110704X, + 0,023387X, + 0,0013666X;X>
—0,002884X,> - 0,006722X,* (KgH,0/h) — Max.

Hay giai bai toan trén bang phin mém tinh toan thich hop va kiém tra két qua céc
giai gia tri thich hop cho X, 1a tir 44°C t¢i 51°C, X, tir 9,5¢m toi 13,5cm.



BAI TAP CHUONG II

1. Gidi bai toan van tai cho trong bang sau:

7 11 8 13 110
100
21 17 12 10
50
8 18 13 16
2 =
50 70 60 80 260

2. Giai bai toan phan céng nhiém vy véi thoi gian thyuc hién (ctia mdi ki su doi véi
tung nhiém vu dugc ghi theo hang) cho trong bang sau:

32 18 32 16 1
22 14 12 16 1
1
24 30 26 24
1
26 30 28 20

1 1 1 1

Tim cach phan céng nhiém vy (mdi mot trong s6 bdn ki su chi duge giao ding mot
nhiém vu) dé cuc tiéu hoa téng thoi gian thuc hién.

Hudng dan: Bai toan trén co thé giai dua trén phuong phap phan phdi (c6 bn diém
cung ciing nhu bén diém ciu, v6i tong cung bang tong cau va bang 4).

3. Hai may bién ap c6 dung luong 580KVA va 650KVA hoa dién 1én thanh cai dé
cung cap dién cho bon nhom may A, B, C va C ¢ cong suét tdi da 1an luot 1a 180,
270, 420 va 320. Qua khao sat, chiing ta c6 cac s liéu sau:

— Chi phi truyén tai mot don vi cong suat tir may bién ap thu nhit dén cac nhom
may 1a: Cjo =250, Ci5 =300, C;c =320 va C;p =310 ddng / don vi cong suit.

— Chi phi truyén tai mot don vi cong suat tir may bién ap thir hai dén cac nhom may
la: Cya =350, Cop =380, Cyc =330 va C,p = 340 dong / don vi cong suat.

Hiy tim cong suit ma mdi nhém may co thé nhan tir cac may bién ap dé dam bao
téng chi phi truyén tai 1a nho nhat.

4. Lap mang PERT cho du 4n v6i cac hoat dong sau day:
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Hoat dong Thu tu Thoi gian (tuin)
A - 3
B - 4
C - 4
D A 5
E B 2
F D,E 7
| C,F 6

Hay tim thoi gian tbi thiéu dé hoan thanh du an va x4c dinh cac hoat dong can cha trong.
Hudng dan: Kiém tra két qua tim duong ging A > D - F —» L.

5. Xem xét mot du an vé6i cac dir kién nhu sau:

. Hoat dong ké Thoi gian udc tinh (ngay)
Hoat dong trudc

a m b

A — 3 6 9

B - 2 5 8

C A 2 4 6

D B 2 3 10

E B 1 3 11

F C, D 4 6 8

G E 1 5 15

Hay giai quyét cac van dé sau day:
— V& so d6 mang.
— Tinh thoi gian (trung binh) hoan thanh dy 4n sém nhat.
— Tim x4c suat dé dy an thuc hién trong vong 20 ngay.
6. Xac dinh cay khung téi thiéu cho mang duong din sau va phat biéu ¥ nghia thuc
tien cua no:

120
B G
33
23
/ 1\ 20
A 477 70 E
_ L
¢ 33
F

52
43

70
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7. Cho mot lugng dau tu c6 15 (don vi tién) co thé dau tu vao cac dy an sau: I, II, 111

theo cac murc 0, 3, 6,9, 12, 15 v6i mirc loi nhuan nhu sau:

o Muc lgi nhuan
So tién dau tu

I I1 I
0 0 0 0
3 1 2 2
6 4 5 5
9 6 6 6
12 8 7 7
15 10 9 8

Xéc dinh phuong an chon danh muc dau tu va muc dau tu sao cho téng loi nhuan la
16n nhét.

8. Hiy tim phuong an t6i vu phan phdi cong suat cua ba nha may 1, 2 va 3 véi phu tai
va ton that c¢b dinh. Biét chi phi cua cic nha may 1a ham phu thudc vao cong suit
fi(p;), trong d6 p; 1a cong suat thuc té cua nha may i, voii= 1, 2, 3. Gia sir chiing ta
da khao sat duogc cac sd liéu sau:

— Tong cong suat ca ba nha may can cung cap 1a 18 (don vi cong suat).
— fi(p1) = 4p1, f2(p2) = 3P2, f3(p3) = 3Ps.

—0<p1 <Pimax=7,0<pr <Pomax =8, 0 <p3; < Psmax = 6.

Huédng dan: Ap dung quy hoach dong.

9. Xéc dinh tuyén duong di cua duong day truyén tai dién tir diém A dén diém B, véi
cac chudng ngai vat khac nhau, sao cho tong chi phi 1a nhé nhat. Cac dir kién cua
bai toan nhu sau:

8 9 13 10 B
10 12 9 6
8
10 7 11 9
6 8 2 4 2
7 13 15 8
15 12 11 16 10
12 15 10 11
A




Nhu vay dé thiét 1ap so dd duong truyén tai dién thi xuat phét tir A ta c6 thé dinh
tuyén di ctia dudng truyén tai dién trudc hét qua mot trong hai diém sat gan, theo huéng
béc hay huéng dong, véi cac chi phi 1a 15 va 12. Tir mot trong hai diém nay, chung ta lai
tiép tuc xac dinh tuyén di cho dudng truyén tai dién, voi cac chi phi da biét,... Vay ta co
bai todn tim duong di voi chi phi nho nhat.

Huwéng dan: Chia bai toan thanh nhiéu giai doan nhé va ap dung phuong phap quy
hoach dong.
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BAI TAP CHUONG III

1. Khao sat 200 xung tin hiéu qua cic van dién dén diéu khién co cdu chdp hanh,
ngudi ta thay trung binh 2 gidy c6 mot chudi xung. S6 liéu da khao sat duoc vé thoi
gian xung ctia cc chudi xung nhu sau:

Thoi gian xung (gidy) S6 lan Tan suét
3 50 0,25
4 40 0,20
5 50 0,25
6 60 0,30

Biang phuong phap mé phong ngiu nhién (néu c6 thé, 1ap chuong trinh tinh toan
trén may tinh) hiy xac dinh sb van dién (t6i thiéu) can mo sao cho viéc didu hanh
co cau chép hanh duoc lién tuc (néi cach khac, cac chudi xung ludn duoc phuc vu
kip thoti).

2. Xét mo6 hinh mot kénh phuc vu thoa man: s tin hiéu dén c6 phan phdi Poat—xong,

thoi gian phuc vu ¢6 phan phdi mii. Gia st A = 3 tin hiéu dén trung binh trong mot
phut, S = 4 tin hiéu dugc phuc vu trung binh trong mot phut. Hay kiém tra lai cac
két qua sau va phan tich ¥ nghia cta chung: Lq = 9/4(4-3)=225;Ls=3/1=3;
Wq=3/4=0,75; Ws=1; Py= 3/4=0,75.
Tuy nhién, voi Py, = 0,75, ta théy 75% sb tin hiéu phai cho trude khi duge phuc
vu. Diéu nay c6 nghia 1a can tiép tuc cai thién hé théng hang chd dé hiéu qua phuc
vu duge tét hon. Mot trong cac bién phap dé dem lai hiéu qué phuc vu dugc tdt hon
1a ning cao téc d6 phuc vu. Hiy 1ap bang tinh va so sanh khi cac tham sé khéc ciia
hé thong cb dinh, riéng S nhan céc gia tri khac nhau S = 4, 6, 8 va 10.

3. Xét mo hinh nhiéu kénh phuc vu vé6i cac gia thiét nhu trong bai tap trén (A = 3 va
S = 4). Hay tinh cac chi sé ctia mé hinh khi s kénh phuc vu k = 2, 3. Tir d6 phan
tich ¥ nghia cua cac két qua dat dugc va so sanh véi két qua khi stir dung mo hinh
mot kénh phuc vu.

4. Mot tram buu dién vién théng c6 13 cong. Thoi gian phuc vu mdi khach hang trung
binh 13 5 phut. Két qua khao sat thong ké cho biét sd lwong tin hiéu khach hang
trung binh dén trong mot gio, con két qua thu thap phiéu tham do y kién khach
hang cho biét thoi gian trung binh (sé phiit) mot khach hang cé thé doi trude khi
duoc phuc vu nhu sau:
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Céc giai doan S tin hiéu / gio Thoi gian o thé doi tdi da
Nhu ciu cao 120 5

Nhu ciu trung binh 60 5,5
Nhu cau thap 30 6

Str dung mé phong ngiu nhién, hiy xac dinh quy trinh tinh toan tim s cong toi
thiéu can mé trong mdi giai doan dé dap tmg dugc yéu cau cta khach hang (nhing
gia thi€t nao can dé ra dé giai quyet van dé nay).
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BAI TAP CHUONG IV

1. Chi sb tiéu thu dién 12 mot luong ngau nhién c6 phan phéi tai thoi diém ban dau
nhu sau:

Xo Duéi 50 s6 50 t61 100 100 t61 150 Trén 150

Tile % 5% 40% 40% 15%

Bict ma tran xac suat chuyén trang thai la:

0,85 0,10 0,05 0

0,05 0,85 0,08 0,02
0,02 0,03 0,90 0,05
0,05 0,05 0,10 0,80

— Hay giai thich y nghia ciia ma trén P.
— Tim phan phdi dimg cia xich Markov thoi gian roi rac trén day va cho biét y
nghia cuia két qua thu dugc.
2. Cho X, 1a mot xich Markov véi khong gian trang thai S = {1, 2, 3, ...} va ma tran
xac suat chuyén trang thai:
/2 1/2 0 0
3/4 0 1/4 0

P=
0 7/8 0 1/8

Hiy tim véc to phan phdi bat bién I1 =11, (5, (I3, (s, ...] sao cho [Ix P =T1.
Chii y: Dé tinh [y can ap dung phuong phép tinh gan dung.

3. Cho {Xt}¢>o la mdt xich Markov v&i ma tran cuong do sau day:

-1 1 0 0

1 -3 2 0
Q=

0 1 -2 1

0 0 1 -1

Hay tim phan phdi gi6i han cho xich Markov trén day.
4. Mot hé thdng dich vu ki thuat c6 hai kénh. Gia st rang thoi gian phuc vu tin hiéu
dén cua hai kénh nay c6 phan phdi mii doc 1ap véi nhau voi ki vong 1a 20 (gidy),
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tirc 1a (1 = 1/20, khi trong hé thong khong co qué hai tin hiéu. Néu trong hé théng
c6 tir ba tin hiéu tré 1én thi [ = 1/30. Ngoai ra ciing gia st rang dong tin hiéu dén
1a dong Poat—xo6ng voi tham sé [J= 1/10 khi hé thdng c6 it hon ba tin hiéu va [J=
1/30 néu hé thong co tir ba tin hiéu tr& 1én. Tim phéan phdi gidi han cta xich
Markov X, va tim x4c sudt gigi han ma mot tin hiéu phai cho trude khi duoc phuc
VUL

. Xét xich Markov thoi gian rdi rac thuan nhat v6i khong gian trang thai Sy, Sy, Sa,

Ss, S4, Ss. Giad sur qua khdo sat cac mau théng ké da biét duoc ma tran xac Suét
chuyén trang thai (sau mdi don vi thoi gian, c6 thé 1a phut, tuan, nim, thé hé...)
nhu sau:

1 0 0 0 0 0 |
0 1 0 0 0 0
p_[001 0 08 019 0 0
0,03 0 0 076 021 0
0,09 0 0 0 0,74 0,17
0 019 0 0 0 0,81

Hay tra 101 cac cau hoi sau:

— Céac trang thai ndo 1a trang thai hap thy, cac trang thai ndo 1 trang thai truyén
mg? Hay tim x4ac sudt dé qué trinh bi hdp thu vao mdi mot trang thai hap thu khi
qué trinh xuat phat tir mot trong cac trang thai truyén tmg.

— Tim thoi gian trung binh (ki vong thoi gian) tir luc qué trinh xudt phat (tir mot
trang thai truyén ing nao d6) cho téi khi bi hap thu.

— Tinh thoi gian trung binh qua trinh roi vao mot trang thai truyén tng da chon nao
d6 trudc khi né roi vao trang thai hap thu.

Huéng dan: Xem lai muc 2.3.

Can chu ¥ ring, vin dé nhu mo ta trong bai tp nay c6 thé phat sinh trong nhiéu
linh vuc nhu trong hé théng ki thuat dién — dién tt, kinh té nong nghiép (chuyén
dich céac loai hinh sir dung dat, quy mé sir dung dat, hay kinh t& ho), sinh hoc
(chuyén dich tan s6 gene qua cac thé h¢), xa hoi hoc, va nhiéu linh vyuc khac ...

. Hay phat biéu thuét giai dé mé phong xich Markov trong céc vi du duogc trinh bay

tai cac muc 2.4 va 2.5.



Phan Phu luc

Phuy luc 1. Bdng tim xdc sudt P(X<t) cho bién ngﬁu nhién X

tudn theo phén phéi chudn tic ~ N(0,1)
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Phu luc 2A. Bing 2500 chi sé ngdu nhién
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Phu luc 2B. Bing 1600 chii sé ngéu nhién
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Phu luc 3. Tim gid tri ciia Py cin civ s6 kénh k va ti s6 A/kS

A 86 kénh k
kS
1 2 3 4 5 6 7 8 9 10

.02 | .98000 | .96078 | .94176 | .92312 | .90484 | .88692 | .86936 | .85214 | .83527 | .81873
.04 | 96000 | .92308 | .88692 | .85214 | .81873 | .78663 | .75578 | .72615 | .69768 | .65032
.06 | .94000 | .88697 | .83562| .78663 | .74082 | .69768 | .65705 | .61878 | .58275 | .54881
.08 | .92000 | .85185 | .78659 | .72614 | .67032 | .61878 | .57121 | .52729 | .48675 | .44933
.10 | .90000 | .81818 | .74074 | .67031 | .60653 | .54881 | .49659 | .44933 | .40657 | .36788
12 | .85000 | .78571 | .69753 | .61876 | .54881 | .48675 | .43171 | .38289 | .33960 | .30119
14 | 86000 | .75439 | .65679 | .57116 | .49657 | .43171 | .37531 | .32628 | .28365 | .24660
.16 | .84000 | .72414 | .61837| .52720 | .44931 | .38289 | .32628 | .27804 | .23693 | .20190
18 | .82000 | .69492 | .58214 | .48660 | .40653 | .33959 | .28365 | .23693 | .19790 | .16530
20 | .80000 | .66667 | .54795| .44910 | .36782 | .30118 | .24659 | .20189 | .16530 | .13534
22| 78000 | .63934 | .51567 | .41445 | 33277 | 26711 | .21437 | .17204 | .13807 | .11080
24 | 76000 | .61290 | .48519 | .38244 | .30105 | .23688 | .18636 | .14660 | .11532 | .09072
26 | 74000 | .58730 | .45640 | .35284 | .27233 | .21007 | .16200 | .12492 | .09632 | .07427
28 | 72000 | .56250 | .42918 | .32548 | .24633 | .18628 | .14082 | .10645 | .08045 | .06081
30 | .70000 | .53846 | .40346 | .30017 | .22277 | .16517 | .12241 | .09070 | .06720 | .04978
32| .68000 | .51515 | 37913 | .27676 | .20144 | .14666 | .10639 | .07728 | .05612 | .04076
34 | .66000 | .49254 | 35610 | .25510 | .18211 | .12981 | .09247 | .06584 | .04687 | .03337
36 | .64000 | .47059 | .33431| .23505 | .16460 | .11505 | .08035 | .05609 | .03915 | .02732
38 | .62000 | .44928 | 31367 | .21649 | .14872 | .10195 | .06981 | .04778 | .03269 | .02236
40 | .60000 | .42857 | .29412| .19929 | .13433 | .09032 | .06064 | .04069 | .02729 | .01830
42 | .58000 | .40854 | .27559| .18336 | .12128 | .07998 | .05267 | .03465 | .02279 | .01498
44 | 56000 | .38889 | .25802 | .16860 | .10944 | .07080 | .04573 | .02950 | .01902 | .01226
46 | 54000 | 36986 | .24135| .15491 | .09870 | .06265 | .03968 | .02511 | .01587 | .01003
A48 | .52000 | 35135 | .22554 | .14221 | .08895 | .05540 | .03442 | .02136 | .01324 | .00820
.50 | .50000 | .33333 | .21053 | .13043 | .08010 | .04896 | .02984 | .01816 | .01104 | .00671
52| 48000 | .31579 | .19627 | .11951 | .07207 | .04323 | .02586 | 01544 | .00920 | .00548
.54 | 46000 | 29870 | .18273 | .10936 | .06477 | .03814 | .02239 | .01311 | .00767 | .00448
56 | 44000 | 28205 | .16986 | .09994 | .05814 | .03362 | .01936 | .01113 | .00638 | .00366
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A S6 kénh k
kS
1 2 3 4 5 6 7 8 9 10

.58 | 42000 | 26582 | .15762| .09119 | .05212 | .02959 | .01673 | .00943 | .00531 | .00298
.60 | .40000 | .25000 | .14599 | .08306 | .04665 | .02601 | .01443 | .00799 | .00441 | .00243
62 | 38000 | .23457 | .13491| .07750 | .04167 | .02282 | .01243 | .00675 | .00366 | .00198
64 | 36000 | 21951 | .12438 | .06847 | .03715 | .01999 | .01069 | .00570 | .00303 | .00161
.66 | 34000 | 20482 | .11435| .06194 | .03304 | .01746 | .00918 | .00480 | .00251 | .00131
68 | 32000 | .19048 | .10479 | .05587 | .02930 | .01522 | .00786 | .00404 | .00207 | .00106
70 | 130000 | 17647 | .09569 | .05021 | .02590 | .01322 | .00670 | .00338 | .00170 | .00085
72 | 28000 | .16279 | .08702 | .04495 | .02280 | .01144 | .00570 | .00283 | .00140 | .00069
74 | 26000 | .14943 | .07875| .04006 | .01999 | .00986 | .00483 | .00235 | .00114 | .00055
76 | 24000 | .13636 | .07087 | .03550 | .01743 | .00846 | .00407 | .00195 | .00093 | .00044
78 | 22000 | .12360 | .06335| .03125 | .01510 | .00721 | .00341 | .00160 | .00075 | .00035
.80 | 20000 | .11111 | .05618| .02730 | .01299 | .00610 | .00284 | .00131 | .00060 | .00028
.82 | .18000 | .09890 | .04933 | .02362 | .01106 | .00511 | .00234 | .00106 | .00048 | .00022
.84 | .16000 | .08696 | .04280 | .02019 | .00931 | .00423 | .00190 | .00085 | .00038 | .00017
.86 | .14000 | .07527 | .03656| .01700 | .00772 | .00345 | .00153 | .00067 | .00029 | .00013
.88 | .12000 | .06383 | .03060 | .01403 | .00627 | .00276 | .00120 | .00052 | .00022 | .00010
.90 | .10000 | .05263 | .02491 | .01126 | .00496 | .00215 | .00092 | .00039 | .00017 | .00007
.92 | .08000| .04167 | .01947 | .00867 | .00377 | .00161 | .00068 | .00028 | .00012 | .00005
94 | .06000 | .03093 | .01427 | .00627 | .00268 | .00113 | .00047 | .00019 | .00008 | .00003
.96 | .04000 | .02041 | .00930 | .00403 | .00170 | .00070 | .00029 | .00012 | .00005 | .00002
98 | .02000| .01010 | .00454 | .00194 | .00081 | .00033 | 00013 | .00005 | .00002 | .00001
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