


Giai tich 1 Muc luc

MUC LUC
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Giai tich 1 Loi noi dau

LOI NOI DAU

V&1 muc dich ghi lai mdt vai thu hoach sau mdt nam cong tdc dudi vai tro giang
vién tap su tai Khoa Toan-Tin img dung, truong Dai hoc Bach Khoa Ha N¢i, tac gia
bién soan tai li¢u Bai giang giai tich 1.

Tai liéu gdm ndi dung Iy thuyét va bai tap phuc vu cho viéc giang day hoc phan
Giai tich I tai truong Pai hoc Bach Khoa Ha Noi. Tac gid bién soan tap tai li¢u nay
trude hét véi muc dich sir dung lam gido an giang day, dong thoi ciing hy vong co thé

gitp do dugc phan nao cac giang vién tré trong viéc chuan bi bai giang 1én 16p.

Tac gia xin chan thanh cam on cac ddng nghiép da giup d& rat nhiéu trong thoi gian
tap su tai Khoa Toan-Tin trng dung, truong Pai hoc Bach Khoa Ha Noi. Bac biét tac
gia xin gui 101 cam on chan thanh t6i GS. Lé Trong Vinh, TS. Phan Hitu San, TS. Tran
Xuan Tiép, Ths. Lé Cudng va nhiéu anh chi va cac dong nghiép tré thudc seminar Boi
dudng can b tré cua Khoa Toan-Tin ing dung, truong Pai hoc Bach Khoa Ha N1 da
c¢6 nhitng hudng dan dang quy dé tac gia c6 nhitng kinh nghiém dau tién vé kién thirc
chuyén mén ciing nhu kién thirc su pham. Téc gia ciing xin phép dugc giri 10i cam on
t6i GS. Nguyén Pinh Tri, ngudi da giang day moén hoc giai tich 1 cho tac gia trong khi

con dang ngdi trén ghé nha truong.
Ha Noi, thang 8 nam 2006
Tac gia

Lé Chi Ngoc
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Giai tich 1 Téng quan hoc phin

TONG QUAN HOC PHAN
1. Tén hoc phin: Giai tich I
2. Hg¢ dao tao: Chinh quy
3. Chuyén nganh: Céc chuyén nganh k¥ su cong nghé, k¥ thuat
4. Trinh do: Sinh vién nam thr nhét, hoc ky I
5. Phan b thoi gian: Ly thuyét: 13 tuan x 3 tiét = 39 tiét

Baitap: 12 tuan x 3 tiét =36
(03 tiét 6n tap, kiém tra va duy trir)
6. Diéu Kién tién quyét:  Hoan thanh chuong trinh pho thong
7. Noi dung vin tit: Céac phép tinh vi tich phian ham mét bién, cac phép
tinh vi phan ham nhiéu bién.
8. Nhiém vu sinh vién:  Lén 16p day du
Lam bai tap theo yéu ciu cla gido vién
9. Tai li€u hoc tap: Dé cuong bai tp do khoa soan
Céc tai liéu tham khao (¢ phan tai liéu tham khao)
10. Hinh thire danh gia: Thi viét (c6 thé trac nghiém) cudi hoc phan

11. Muc tiéu: Cung cip cho sinh vién nhimng kién thicc co ban vé
ham s6 mot bién s6 va nhiéu bién sd: Gidi han, lién tuc, dao ham, vi phan. Cac Ung
dung cta phép tinh vi phan. Cac kién thirc vé tich phan bt dinh va tich phan xac dinh
ham mot bién. Cac tmg dung ctia phép tinh tich phan ham mot bién. So luge vé 1y
thuyét trudng vo hudng va trudng véc to. Trén co sd do, c¢6 thé hoc tiép cac hoc phan
sau vé Toan cling nhu cac mon ky thuat khac, gop phan tao nén nén tang Toan hoc co

ban cho k¥ su cac nganh cong ngh¢.
12.Ndi dung chi tiét: Khdi lugng mén hoc: 5 dvht
Khéi luong 1y thuyét: 39 tiét

Khéi lwong bai tap: 36 tiét
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Giai tich 1 Téng quan hoc phin

13. Phwong tién giang day: Phan, bang

14.B6 cuc cac bai giang:  Cac bai giang duoc chia theo ting tudn. M&i bai
giang bao gém ba phan: (1) Téng quan vé bai giang; (2) Noi dung 1y thuyét (3 tiét); (3)
Noi dung bai tap (3 tiét).
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Giai tich 1 Tudn I. Ham s6, déy s6

Tuan I. Ham s, day sb
A. Tong quan

1. Néi dung vin tat: So lugc kién thirc vé tap hop. Day sb. Ham sb

2. Muc tiéu: Cung cip cho sinh vién céc kién thirc so lugce vé tap hop, cac tip sb
N, Z, Q, R. Day s6: dinh nghia; cac khai ni¢m: don di€u, bi chédn, gidi han va cac phép
toan; cac tiéu chuén ton tai gi61 han: tiéu chuin kep, tiéu chuan don diéu, bi chin, tiéu
chuin Cauchy. Ham s6: dinh nghia; cac khai niém: tap xac dinh, tap gia tri, ham chan,
ham 1&, ham tudn hoan, ham hop, ham ngugc; ham $6 so cép: khai niém, cac ham sb so

cap co ban.

3. Cac kién thirc can c6 trude: Cac kién thic co ban vé tap hop, dady s6 va ham

s6 da duogc hoc trong chuong trinh phd thong.
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Giai tich 1 Tudn I. Ham s6, déy s6

B. Ly thuyét
I Tap hop
1.  Khai niém tap hop

Tap hop 1a mdt khai niém co ban khong dinh nghia cia Toan hoc. Trong chuong
trinh pho thong, chung ta di quen thudc voi tp hop cac sd tu nhién N, tp hop cac sd

nguyén Z, tap hop cac sb hiru ti Q va tap hop cac sb thuc R.

Trong phan nay, ching ta s€¢ khong di qué sau vao tdp hop va cac van dé lién
quan ma chi nhac lai mdt s6 khai niém v€ tap con, tp rong, cac phép toan trén tap hop

va céc tinh chét, tich Decartes, anh xa.

2. Céc phép toan trén tap hop

AnB:={x|xe Avax e B} A U B:={x|x e Ahodcx e B}
AB:={x|x € Avax ¢ B} AAB:=(A uB)\A nB)

3. Céc tinh chat véi cac phép toan trén tap hop

a) AnB=BnA b) AUB=BUA
¢) (ANB)NC=AN(BNC) d) (AUB)UC=AU(BUC)
e) (AnB)UC =(AuC)N(BUC) ) (AUB)NC=(ANC)UBANC)
g) A(BUC) = (A\B) " (A\C) h) A\(BNC) = (A\B) U(A\C)

II Diyso

1. Dinh nghia

Pinh nghia 1.2.1: Mot ddy sé thue (n6i ngan gon 13 ddy s6) 1a mot anh xa tir N* vao R:
ne N*¥ - xneR

Nguoi ta thuong dung ky hi¢u: {x,}, n=1, 2, ..., hodc xy, X5, ..., X, ... dé chi

day s6. S61=1, 2, ..., n, ... dugc goi la chi so.

" Khai niém day s6 va gi6i han diy da duoc hoc trong chuong trinh phd thong, phan nay chi
yéu mang tinh chat nhac lai va chinh xac héa céc khai niém.
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Giai tich 1 Tudn I. Ham s6, déy s6

Chu thich: Trong nhiéu tai liéu, ddy sd ciing c6 thé bit dau tir chi sb 0, khi do, tap
N* trong dinh nghia noi trén dugc thay bang N.

Vi du:

S Xp =

9 e

1 1
a) X} Xn=—3 X1 =1;Xp= —
n n

N | —

b) {x,h;xpn=Lixi=Lxx=1;..5x,=1; ...
¢) Xnh; Xo=(CDhxi=-1;x=1; .5 x, = (-1)"; ...
d) {xn};xnznz; X1=1;%=4;...;X,=n"; ...

1\ 1\"
eHM%MZ@%ﬂ;&=2m=2;4M=@+J;W
n 4

n
2.  Dinh nghia giéi han day
Pinh nghia 1.2.2: Diy {x,} goila hoi tu néu 3a Ve >0 (In, Vn>n,=>x, - a| <¢)
Ta ciing néi rang diy {x,} hoi tu dén a, hay a 13 gi6i han cua diy {x,} va viét x, —

a khin — oo hay lim x, =a

n—oo
Néu diy {x,} khong hoi tu, ta noi rang nd phdn ky.

Vi du: Xét cac vi du & muc trudce, ta co:
. e 1 . AL
a)Tacod Ve>0,vdin,=|—|thi Vn>n,=>[x,-a|<g, vay lim x, =0
n—oo

€

b) [X,-1|=0 Vn, vay lim x, =1

¢) {x.}; Xét v6i a bit ky, ta co:

. £ \ , ) 1
1) Néua >0 thitaco ane,xn=—1=>|xn—a|>§

. X . , S 1
1) Néua <0 thitacd Vnchan, x,=1=>x,-al> 5

Nghia la {x,} phan ky.
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Giai tich 1 Tudn I. Ham s6, déy s6

3. Céc két qua vé gi6i han cua diy.
Pinh Iy 1.2.1: Néu day hoi tu thi giéi han 1 duy nhat.

(H)Chung minh:” Gia st lim X, =ava lim x, =b. Khi do, V&> 0 3n; va n, sao cho:

n— n—o
n>n; =>|x,-a<e&2van>n,=>[x,-b|l<¢e2
bit np = max(n;,ny) =>véin>ng, tacd: |a-b|<|a-x,|+ X, -b|<e2+e2=¢
Dé y ring, ta c6 bat ding thirc ding Ve >0, vay [a-b/|=0haya=b m.
Pinh Iy 1.2.2: Néu diy {x,} hoi tu thi giéi ndi ({x,} < (b.,c), véi (b,c) 1a mot khoang
nao do).
(H)Chirng minh: Gia st 31330 X, = a. Khi d6 I3nygsao chon>ny=> |x,-a| <1, goi b, c
lan luot 1a sO bé nhat va 1én nhat cta tap hitu han {a - 1, x, Xp, ..., Xy, a + 1}, thé thi:

{x,} < (b,c) m.

Dinh Iy 1.2.3: Cho day s6 hoi tu {Xp}, glastm<x,<M Vn, thé thi m < lim x, <M.

n—oo

(+)Chitng minh: Dit x = lim X,, thé thi V&> 0, 3n, sao cho: n > ny => [x, - x| < &. Khi
do:
X - M <x-X, < [X - Xp| < &. D& ¥ rang, ta c6 bit dang thirc dung Ve >0, vay x - M <0

m-X <X, -X<|[x, - X| <e. D¢y rang, ta c6 bat dang thirc ding Ve >0, vaym-x <0

Pinh Iy 1.2.3: Cho hai diy s6 hoi tu {x,}, {ya}, khi n — oo thi x, — y, y» — y. Khi d6:

i) lim (x,tyn) = Xty ii) lim (Cx,) = Cx iii) lim (C + x,) =C + x
N . 1 1 o e X X
iv) lim (Xyys) = Xy V) lim (y—) =3 (Yn,y # 0) vi) lim ( Y )= 3 (Yn,y #0)

vi) X, 5 a,2, > a, X, <y, <z, Vn=>y,—a
(H)Chirng minh:

1) V&> 0 3In; van, sao cho:

" Céac phan c6 danh dau (+) chi giang cho sinh vién néu diéu kién thoi gian cho phép.
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Giai tich 1 Tudn I. Ham s6, déy s6

n>n; =[x, -x|<&2van>n,=>|y,-y| <e&/2
bit ny = max(n;,n) => vd1 n > ny, ta co:
X +y-a-b|<|a-xy+[x,-b|<&2+¢e2=¢hay lim(X,ty,) =Xty
1) V&> 0 3n, sao cho:

n>ny =>|x, - X| <&/|C| => |Cx, - Cx| =|C||x, - X| <& hay lim Cx, = Cx
ii1) Tacd imC=C=> lim (C +x,) =C +x

iv) {Xy} va {y,} hoi tu => gidi ndi => IM > 0 dé |X,|, [yn] <M Vn. Tacd Ve>0 In,
sao cho: n>nO=>|xn—x|<iva‘1|yn—y|<i
2M 2M
€ €
=> XV - XY| = X X)¥n + X(Vn - )| < [Xn - X[|yn] T X|[yn -y < — M+ M— =¢
[XaYn = XY| = (KnX)Yn + X(Vn = V)| < Ko - Xllyal + K[l -y < D M

hay: lim (X,Yn) = Xy

v) V&> 0 3Ingy sao cho: n>n,

_ Y| _ Yy
=> Yol S ¥n - VI< EH = |yal > =
M-l <l 31 <[4 = vl > Y
2
\ gy
va n - < 2
[Ya-yl<=
2
— IR DD P AR D Pt A R _%:Shayhm(L):l

Yo ¥l Iyallyl = |yl 2y ety Ty

vi) Hién nhién tir iv) va v)
Pinh Iy 1.2.4: Cho hai ddu s6 {x,} va {y,} hoi tu. Néu In* sao cho: n>n* =>x, >y,

thi lim x, > lim y,,.

n—oo n—oo

(H)Chirng minh: Pat limx, =x va limy, =y, khi d6 V&> 0 3n; sao cho: n>n,

= V-X<Y-Vat Xy -X<|y-yo| t X -X|<&2+e2=¢

Dé y ring bat dang thirc ding Ve>0=>y-x<0, hay y <x m.
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Giai tich 1 Tudn I. Ham s6, déy s6

Pinh Iy 1.2.5 (Tiéu chuan kep): Cho ba diy {x,}, {Vn}, {Zs}, limX, = a, lim z, = a. Gia
su dng sao cho: n>ny=>x,<y, <z, thé thi lim Y= a.
(H)Chirng minh: ¥ € >0, 3n, sao cho:

n>ny=>a-e<x,<y,<z,<atehay limy,=am.
n—oo

cosn , —1 cosn 1 ..o —1 |
,taco: — < <— Vnmalm-—=1m— =0
n n n n—oo n n—)oon

Vi du: Xét day {x,}, X, =

= lim x,=0

Dinh nghia 1.2.3:
i) Diy {x,} duoc goi 1a ting néu x, < X, Vn
ii) Diy {x,} duoc goi 1a khong giam néu x, < X, Vn
iii) Day {x,} duoc goi la giam néu x, > X,,; Vn
iv) Diy {x,} duoc goi 1a khong ting néu x, > X, Vn
v) Day {x,} tdng, giam, khong gidm hay khong tang duoc goi la don diéu.
vi) Diy {x,} dugc goi 12 bi chin trén néu 3¢ sao cho x, <c¢ Vn
vii) Diy {x,} dugc goi 12 bi chin dudinéu 3d sao chox,>d Vn
Dinh Iy 1.2.6: Day don di€u khong giam (tang) bi chan trén (dudi) thi hoi tu.
Pinh nghia 1.2.4: Dy {x,} 1a diy Cauchy néu:
Ve>03In, (V m>n>n,=> Xy - Xy <€)

Dinh Iy 1.2.5: Day {x,} hoi tu khi va chi khi n6 1a day Cauchy.
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Giai tich 1 Tudn I. Ham s6, déy s6

I Ham s6
1. Khai niém vé tap xac dinh, tap gia tri
2. Khai niém vé& ham hop.
Dinh nghia 1.3.1: Cho g: X — Y va f: Y — R => xac dinh ham:
h=fg : X—R
h(x) = f(g(x))
goi 14 ham s6 hop cta ham f va ham g.
Vi du: Cho f(x) = x2, g(x) = V/x
=> f(g(x)) = x c6 TXD [0,+0), g(f(x)) = |x| c6 TXD (-00,+00)
3. Khai niém vé ham nguoc
Dinh nghia 1.3.2: Cho ham 6 f: X — Y 1a mot song anh, khi d6 x4ac dinh ham
g=f' :Y—>X
f'(x) =y sao cho f(y) =x

g0i 14 ham s6 ngwoc (goi tat ham nguwoc) cua f.
Vi du: Ham sb y = f(x) = arcsin (1 +lj c6 TXD va TGT tuong tng la (-oo,-%] c6 ham
X

1
sinx —1

nguoc lay=f'(x) =

4. Khai niém vé ham chin, ham 1é, ham tuan hoan.

Pinh nghia 1.3.3: Cho ham s6 y = f(x) ¢6 tap xac dinh dbi ximg qua x = 0, khi d6
i) f la ham chan néu f(-x) = f(x) vV x e TXD.

i) f la ham Ié néu f(-x) = -f(x) V x € TXD.

(H)Ménh d@é 1.3.1:" Cho f(x), g(x) 1a ham chén; h(x), k(x) 1a ham 1&; 1(x) 1a ham bét k¥,

thé thi, vdi x thude tp xac dinh ctia cac ham xét:

* ’ re _*A A \ A A ’ . A .7 . \ ~ 5 \ A

Céc khai niém veé ham so, tap xac dinh, tap gia tri, ham hop da dugc hoc & chuong trinh pho
thong. Phan nay mang tinh chat nhac lai, chinh xac héa cac khai niém ham hop, ham ngugcm
ham chan, ham 1¢, ham tuan hoan, cung cap khai ni¢m vé ham so cap.

Lé Chi Ngoc Khoa Toan-Tin ung dung, DPai Hoc Bach Khoa Ha Noi Trang 11



Giai tich 1 Tudn I. Ham s6, déy s6

i) f(x) + g(x), f(x)*g(x), f(x)/g(x) 1a ham chan
ii) h(x) + k(x) 1a ham 1¢; h(x)*k(x) 12 ham chan
ii1) f(x)*h(x) 1a ham 1é.
iv) 1(f(x)) 1a ham chan
v) f(h(x)) 12 ham chin
vi) h(k(x)) la ham 1¢&
Pinh nghia 1.3.4: Cho ham s6 y = f(x)
i) f dwoc goi 13 tudn hoan véi chu ky T > 0 néu TXD cua f tuan hoan véi chu ky T néu:
Vx e TXD=>x+T e TXD va f(x+T) =f(x) Vx € TXD.
ii) Cho f 13 ham tuan hoan, T duoc goi 1a chu ky co ban cia fnéu T 13 chu ky bé nhit.
Vi du: Ham cosx 14 ham chin, sinx 13 ham 1¢, cos2x tuan hoan vé6i chu ky co ban 7
5. Khai niém vé ham so cap
a) Cac ham so cip co ban: luy thira, mil, 16ga, luong giac, luong gidc nguoc.

b) Cac ham so cap: Cac ham s6 so cap co ban, cac phép toan s6 hoc, ham hang, phép

1dy ham hop.

" Chirng minh ménh dé nay don gian, c6 thé xem 1a bai tap cho sinh vién
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Giai tich 1 Tudn I. Ham s6, déy s6

C. Baitap
1. Chung minh
a) AVA\B)=An B b) AAB U C)=(AB)\C c¢)An (BWA)=0

2. Tim gi6i han cta diy {x,} (néu hoi ty):

2 n+2 n n
a)Xn:3n —;5n+4 b)Xn:1+7 ¢) X, = n d)xnzz +5.6
n°+2 3-7" n?+1 3" +6"
1+1+1+ + !
&) x, = 2n’ +1—5n2 &) x, = 94 T g £ x, = 2+4+...+2n
" 2n’ 43 5n+l ot 1 oI+ 3+..+(2n+1)
3to T
11 1 . (n+3)!
Xp= —+—+...+ h) x,=+vn* +n-n 1) X, =
& 12 23 (n—Dn ) ) 2(n +1)=(n +2)!

3. Tim gidi han diy {x,} (néu hoi ty)

An’ sinn? _ Jncosn _ </n+1l.arcsinx
_— b) x,= ——— C) Xy =

a) X, =
) ! n+1 n+1 n

4. Xét sy hoi tu va tim gi6i han diy {x,} (néu co):

n+k

a) X, = a

(a>1) b)Xn:n,¢anb c)anin(a>1) d)xnzii G)XHZQ/;!
a n

n!
5. Su dung tiéu chuan kep tim gidi han day sau

a) Xp= ]

\/n2+1 \/n2+2 n’+n

b)xn=1+1++ !

Jan? Nanio1 {J2n® —(n-1)?

! ! +...t !

+ .
\/3n2+1 \/3n2+22 \3n? +n?
d) x,=}a"+B" (0<a<pP)

C) X, =
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Giai tich 1 Tudn I. Ham s6, déy s6

6.  Xét sy hoi tu va tim gio1 han (néu c6) cua cac day sau:

a) X, = \/a+\/a+...+\/§ (n d4u cin) b)u; >0, uy = %(un +1],n> I,a>0

u

n
7. Xét su hoi tu va tim gio1 han (néu co) cua cac day sau

_ 1.3..2n-1) b)Xn:1+l+"'+l C)anl-i-ziz‘i'...‘i‘i2
n

a) X,
2.4..(2n) 2 n

8.  Xét sy hoi tu cua cac day sau
. n .1 .1 nmn
a) X, = sinn b) x, =(-1)" + sin— C) X, = sin— d) x, = cos—
n n 4
9.  Tim tip xéac dinh ctia ham sd f(x) sau

a) {/lg(tgx) b) % ¢)Incosx  d) Veosx®> e) ysinvx 1) arCSinli_XX

g) arccos(sinx) h) arctg 2% +21 1) ln(sin E] 1) arcsinX—Jri k) In(1 - cos2x)
X = X X =

2 — — —
1) arccos X m) arccos 5 n) arccos(2sinx) 0) \/ x=2 + \/ I=x
1+x X+2 I+x
p) +/sin2x + +/sin 3x q) cotgnx + arccos(2”) r) Insin(x-3) + 16 — x>
1 . 1 . x—3
)y =Inyx—-4-6-x t) — + 2arcsinx + u) y = arcsin - In(4-x
)y =Iny v ) i WY 5~ In(-x)

10. Cho f(x) x4c dinh trén [0,1]. Tim mién x4c dinh ciia cac ham

) f3x)  bfitg) o) flaresing) ) flnx) ) fe) g fﬁixj

11. Tim tap gia tri ctia ham s6

a)y =lg(1-2cosx) b)y= arcsin(lg 1] c)y= tg(2X +1] dy= S
10 Xx—2 2 —cos3x
x* -1 2 2 X . I-]x|
e)y= = = h)y= )y=
)y x* +1 Dy x* -1 &y x* -1 )y x* +1 )y I+ x|
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Giai tich 1 Tudn I. Ham s6, déy s6

12. Tim f(x) biét

a) f(x +l] x4 L b) f( X ] —x ¢) f(arcsinx) = g-i-x

X X2 1+x

13. Tim ham ngugc cia ham so6

. _1-x _ 1-x D <
a)y=2x+3 b)y—1+X c)y—ln(m] d)y_x+1
et +1 1l % x . 2 __arcsinx —1
e)y_lne"—l f)y—E(e fe) gy=ls Jarctgx h)y_arcsinx+1
14, Tim f(f(x)), g(2(x)), fg(x)), g(fx))
a) f) =% g(x)=2" b) fix) =sgn(x)  g(x)=
¢) f(x) = g(x) = V1-x* d) f(x) =x’ gx)=x+5

X

V14 x?

16. Xét tinh chin 1€ ctia ham s

15. Cho f(x) = , tim £,(x) = f(f(...f(x)...)) (n 1dn).

a)fx)=a"+a*(@a>0) b fX)=Inx+VI+x*) c¢)f(x)=sinx + cosx

d) f) = X3 &) f(x) = In X!

f) f(x) = arcsinx + arctgx
+ |x| I-x

17. Ching minh rang bat ctr ham sb f(x) ndao xac dinh trong mot khoang dbi ximg (-
a,a) ciing déu biéu dién duoc duy nhat dudi dang tong cia mot ham sb chin va mot
ham s6 1€.

18. X¢ét tinh tuan hoan va tim chu ky cua ham s6 sau (néu c6)

a) f(x) = acosAx + bsinAx  b) f(x) = sin’x c) f(x) = sinx-i—% sin2x+§ sin3x

d) f(x) = 2tg§ - 3tg§ e) f(x) = sinx f) f(x) = sin/x
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

Tuan II. Gi61 han ham s0, vo cung bé, vo cung 16n
A. Tong quan
1. Noi dung vin tit: Cac khai niém vé giéi han ham sd, vo cung bé, vo cung 16n,
dang vo6 dinh va khur dang v6 dinh.

2. Muc tiéu: Cung cap cho sinh vién cac kién thirc v€ gigi han ham so: cac dinh
nghia, cac phép toan va tinh chat, giéi han ham hop, gidi han mot phia, gié1 han & vo
cuc va gidi han vo6 cuc; cac khai niém v6 cung bé (VCBO, vo cung 16n (VCL); dang vo

dinh va khur dang v6 dinh.

3. Cac kién thwe can co truwdce: Cac kién thire v€ ham so.
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

B. Ly thuyét
I Giéi han ham s6
1.  Céc dinh nghia

Pinh nghia 2.1.1: Cho ham sb f(x) xac dinh trong khoang (a,b); néi rang f(x) c6 gii

han L khi x — X, viét lim f(x) =L, néu V {x,} < (a,b) ma x, — X, thi lim f(x,)=L.

X—)XO

Pinh nghia 2.1.2: Cho ham sb f(x) xac dinh trong khoang (a,b); néi rang f(x) c6 gii

han L khi x — xo, viét lim f(x) =L, néu:

(Ve>0)(36>0saocho: [x - xo| <d=>[f(x) - L|<¢)

Pinh nghia 2.1.3: Cho ham sb f(x) xac dinh trén [a,b); noi rang f(x) c¢6 gidi han phdi L

khi x — X, viét lim f(x) = L néu:

(Ve>0)(36>0saocho: 0 <x-xo<0=>[f(x)-L|<¢)

Pinh nghia 2.1.4: Cho ham sb f(x) xac dinh trén (a,b]; noi rang f(x) ¢ gidi han trdi L

khi x — X, viét lim f(x) =L néu:

(Ve>0)(306>0saocho: 0 <xy-x<d=>[f(x)-L|<¢)

Pinh nghia 2.1.4: Cho ham sb f(x) xac dinh trén R; néi rang f(x) c6 gidi han L & vo
cung, viét lim f(x) = L néu: (V&> 0) (3M > 0 sao cho: x| > M => [f(x) - L| <¢)

Pinh nghia 2.1.5: Cho ham sb f(x) xac dinh trén (a,b); ndi rang f(x) co gi6i han vé

cung khi X — X, viét lim f(x) = oo néu:

X=X,

(VM > 0) (38> 0 sao cho: [x - x¢| < & => [f(x)| > M)

" Gi6i han ham sb va cac van dé lién quan to1 khtr dang v dinh da dugc hoc trong chuong
trinh pho thong, phan nay chi mang tinh chat nhéc lai, cung cap thém khéi niém vé gi6i han
mdt phia, mot sd gidi han co ban.

" Tur day, khi viét lim f(x) = L, chung ta khong loai trir kha ning xo = oo va/hodc L = co.

X=X,
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

2. Céc tinh chat cua giéi han”
a) Gi6i han néu c6 1a duy nhat

b) Cho lim fy(x) = 1,, lim fy(x) = L, khi d6
i) lim Cfy(x) = Cl, i) lim (f,(x) + HX)) =1 + 1,

iii) Tim f;(x)fa(x) = 1,12 iv) fim 1 ®) — L
X—a X—a f2 (X) 12

3.Tiéu chuén c6 gidi han'
a) Néu f(x) < g(x) <h(x) va lim f(x) = lim h(x) =1 thi lim g(x) =1
b) Néu ham don diéu khong giam (khong ting) bi chin trén (chian duéi) thi ¢ gidi
han.

4, Mot sd gi61 han co ban

. X 1
lim 2% =1 lim(1+lj = lim(1+x)* =e
X

x>0 x x>0 x>0
II Vo cung bé (VCB) va vo cung lo6n (VCL)
1. Dinh nghia

Dinh nghia 2.2.1:

i) Ham s6 f(x) duoc goi 1a ¥CB khi x — X, néu lim f(x) =0

X—)XO

ii) Ham s6 f(x) duoc goi 1a V'CL khi x — x0, néu lim [f(x)| = +oo

Dinh nghia 2.2.2: Cho f(x), g(x) 1a cac VCB (VCL) khi x — X,

" Céc tinh chat cta giéi han dd dugc hoc & truong phd théng, ¢ dy chi can nhic lai va lién hé
v6i gidi han caa day sb.

" Céc tidu chudn co gioi han cua ham sb dd duoc hoc & trudng phd thong, & day chi can nhéc
lai va lién hé véi gidi han cua ddy sd.
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

i) f(x) dugc goi 1a VCB cdp cao hon (VCL cdp thdp hon) so v6i g(x) néu:

lim % = 0. Khi d6 g(x) ciing duoc goi 1a VCB cdp thap hon (VCL cdp cao hon) so
X—)XO g X

v6i f(x).

Néu f(x) 1a VCB cép cao hon cta g(x), ta c6 ky hiéu: f(x) = o(g(x))

i) f(x), g(x) duoc goi 1a cac VCB (VCL) ciing cdp néu lim f) _ ¢ 20, dic biet néu

X—)XO g(x)

C =1 thi f(x), g(x) dugc goi la cac VCB (VCL) twong duong, ky hi¢u f(x) ~ g(x).

Néu f(x), g(x) 1a cac VCB cung cap, ta c6 ky hiéu f(x) = O(g(x)).
Hién nhién, trong mot qua trinh nao d6, néu f(x) 1a mot VCB thi F(x) = % la
X

1

F(x)

mdt VCL. Pao lai, néu F(x) 12 mot VCB thi f(x) = 1a mot VCB.

2. Cac twong duong co ban':

Khi x — 0: x ~ sinx ~ arcsinx ~ tgx ~ arctgx ~ ¢*-1 ~ In(1+x) ~ aln_l NGt

o
va | - cosx ~x*/2

3. Quy tic thay thé VCB va VCL tuong duong

Khi x — xo, gia st f(x), g(x), h(x), k(x) 1a cac VCB; F(x), G(x), H(x), K(x) 1a céac

VCL.

a) Néu f(x) ~ h(x) va g(x) ~ k(x), thé thi fim 1) = fim 2
X=X, g(x) X=X, k(x)

(+) Chitng minh: Ta c6: lim

X=X,

(f(x).k(x)] — 1= fim L&) =y X
h(x) g(x) =% g(X)  xox K(x)

Tuong tu, ta cling ¢6 cac quy tic vé thay thé cac VCB, VCL tuong duong sau.

b) Neu F(x) ~ H(x) va G(x) ~ K(x), the thi lim —ff(’f) - Jm Eg;

" C6 thé yéu cau sinh vién chirg minh cac trong duong nay nhu bai tap.
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

¢) Néu f(x) ~ h(x) v& G(x) ~ K(x), thé thi lim f(x).G(x) = lim h(x).K(x)

4. Quy tic ngit bo cac VCB va VCL
a) Trong cing mot qua trinh néu f(x) = o(g(x)) thi f(x) + g(x) ~ g(x)

b) Trong cing mét qua trinh néu F(x) 1a VCL cap thap hon so v6i G(x) thi:

F(x) + G(x) ~ G(x)
III Dang v6 dinh”
a) % - phén tich thanh thira s6
) X0 oyt 100 o _ 98 97 _
Vi du: hmxso x+1 _ im X50 x=(x-1) _ im (x—-1D(x(x 48+X 47+ +1)-1)
ol x7 =2x+1 ol x7 —x—(x=1) x>l (x=DEEE"+x"+...1)-1)
_®
24
- nhén lién hop (néu biéu thuc chira cin)
, . x+1 L (x+DW6x2+3-3x) . (x+D(H6x%+3-3x)
Vidu: im ————— = lim > 5 = lim
=1 J6x? +3 +3x x—>-1 6x” +3-9x x—>-l 3(x=D(x+1)
_4J6x* +3-3x
= lim —— =-1
x—>-1 3(x—1)
- thay tuong duong
- ngdt bo vo ciing bé bac cao
3, win? 32
Vi du: limtg X ' s21n xtln(x+1) ~ iy XXX 1
x>0 sin“x+e” —1 x>0 x% 42x 2
b) * - quy vé 0
00 0
3 2 3 + 3
Vidy: tim 2L iy WY gy = 1
xoo x4+ y=>0  y+1 X

’ Dang v6 dinh va khtr cac dang vo dinh da dugc hoc trong chuong trinh pho thong, phan nay
chi nham muc dich h¢ thong lai cho sinh vién.
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

- ngit bo vo cung 16n bac thip

S X+4YX+Vx
Vidu: lim =1
X—>+00 ,X+1

N

c) 0.0 -quyvé %

Vi dy: tim(1-x)tg ™ = lim (1 - x)cotg % (1-x) = lim — % = 2
x—l 2 x—1 2 x—l T IS
tgg(l —X)

d) o—o0 - quy vé % bang nhan lién hop hoic quy dong

Vidu: a) lim yx+vVx++vx —+/x = lim x +x _1
b) lim( E —Lj AL LLL Y
x>0 sin X  tgx x>0 SIn X
f) 1° - S dung limu(x)v(x) — elimv(x)lnu(x) — elimv(x)(u(x)-l), quy Vé 0.0
L lim 1
Vidyu: limx'-x = eg~'Ix-1 = —
x—1 e
Chu y:
a) lim f(x) = L khi va chi khi ¢6 thé viét f(x) = L + a(x) trong d6 a(x) 1a mot VCB khi
X—)XO
X — Xp.

That vay, gid st f(x) =L + a(x) => lim f(x) =L+ lim a(x) = L(x). Ddo lai, gia

sit lim f(x) = L, khi d6 néu dit a(x) = f(x) - L=> lim

X=X,

a(x) = lim f(x)-L=0.

b) Chi c6 thé thay twong duong, ngit bo cac VCB, VCL dbi voi phép nhan va phép
chia. Téng (hiéu) cta hai VCB (VCL) cung béc ¢ thé cho mdt VCB cép cao hon
(VCL cép thip hon).
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

, . sInX—tgx . X 2 1k 2 LLA , ey
Vidy: lim "2 8% néu thay sinx ~ x, tgx~ x ra két qua bang 0 l1a khong ding, gioi
x—0 X
NPT . sin X —tgx . sinx(cosx —1 1
han nay c6 thé tim nhu sau: lim SIMXZIEX — jim ( ) -1
x—0 X3 x—0 X3 COSX 2

c¢) Tich cua mgt ham gidi ndéi va mot VCB 1a mét VCB, nhung tich cia mdt ham gidi
ndi véi moét VCL chua chic di 1a mot VCL.
Vi du: xcosx khong phai 1a VCL khi x — oo, vi khi x — oo, van chon duoc diy dén

xcosx = 0.
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Giai tich 1

Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

C. Baitap
1. Tim gi61 han

2) lim (x" - a“)—na“z“ (x—a)
x—a (X _a)

2. Tim giéi han

a) limi
243 —42x+1

c) lim x(\/x2 +2x - 24x2 +x +X)
2
¢) lim hq(x10 x+1)
x=oln(x +x+1)
3. Tim gi61 han

sin(x —3)

sin?(x — 2)

b) lim

X+xX2+...+x"—n

x—l1 x—1

b) lim (Vx’+x° -1 -X)

1 4
d) lim -
) X—>2[x—2 x’ —4]

f) lim (%/x3 +3x2 —\/x2 —2x)

X—>+00

sin X —sin a cotgx —cotga

a) lim ¢) lim d) lim
) 3 x? —4x +3 x->22x% —8x +8 ) x>a X —a ) x—a X—a
X
X +x* cos(z] 1-x7 tgmx COS X
e) Im——=—  f) lim——=Z g) lim——— h) lim 2~ i) lim ——e
x=0 /1= cosx x—1 1—x x-1 gin TX x>-2x 4+ 2 x%gﬂ(l—sin X)Z
Sm(X_Z] in 2 1-tg’ 3
j) im——= k) limw 1) lim—— 2% m) lim—23&
ng/§—2cosx x>0 X + 8in 3X x—gﬁcosx—l X_’Zsin[%—x]
4
o) lim\/;—\/;+«/x—a
Xx—a /XZ _a2
4. Tim giéi han
. Jcosx —3/cosx . l+sinx —+/1—sinx , x?
a) lim — b) lim ¢) lim
x>0 sin? x x—0 x>0 \/1+xsinx—\/cosx

d) lim \/l—tgx—\/1+tgx ¢) lim

\/1+tgx—\/1+sinx

1-cosxcos2xcos3x

x—0 sin 2x x—0

X3

f) lim

x—0

1—cosx
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

.2 . 3. 2
o) lim 2s'1n2 X+ su'1 x—1 h) lim tg”x —3tgx i) lim X
x_)g2s1n Xx—3sinx+1 X_J;COS[X_FTC] x>0 /1 + x sin X —/cos x
2
i) lim tg(a+ x)tg(a2 x)—tg-a k) lim cos(a + 2x) 2c;)s(a +X)+ cosa
x—0 X x—0 X
1) lim cotg(a+2x)—2cotg(a+x)+cotga
x—0 X2
5. Tim gi61 han
7x
3% " g 7" 1- 5" amg(4)
a) lim b) lim c) lim d) lim——p»=—=
x=0 2% ] x—0 §* — 5% x>0 ] —e* x>0 g%
2 _4 _ 4x ) :
im0 ) g Sy g & fim —SBX
x>-2 arctg(x + 2) x=0 arcsin” X x>0 tgx =0 In(1 + 4x)
. . _ b X . X . mx _1 . X _ —X
i) hmw i n(L+37) k) lim < 1) lim&—%
x=>0  arctg’x x> In(1+2%) x>0 nx x>0 sin X
x? _ ox _ L Bx ax _ ,Bx sin3x __
m) fim & COSK € et el
x>0 X x>0 x° +aresin X =>0sinox —sinBx x>0 In(1+ tg2x)
q) lim lr'l(l +'sin 4x) 1) lim In(1 +'as1n X) S) lim In(1+ 32( sin X) ) lim In cosax
=0 sin(e™ " —1) x>0 sin X x>0 tg x x-0 In cos bx
6. Tim gio1 han
1_ _ X _ a
a) 1 arccos(l —x) b) lim cos4x' 2cos 2x ¢) lim In cc;sx d) Tim b* -b
x>0 Jx x>0 aresin© 3x x>0 x x>a X —a
In I+x
o) limhqcosax f) limmx—ma o) lim 1—-x h) lim In cosx
x-0 In cos bx x—a X—a x—0 X x—0 4 1+X2 1
(. (t X ]
sin| sin| tg—
o AlEx+x? -1 . . A/l+sin3x —1 : 2
1) lim . 7)) im—FF—— k) lim
x>0 sin 4x =0 In(1+tg2x) x>0 Incos3x
) - o Vl1+ax =31+ V1+axy/l1+px -1
) lirr(l) cos(xe™) 3cos(xe ) m) lin(l) Y1+ ox \/ Bx n) lin(l) V1+ ax Bx
X— X X— X X— X
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

7. Tim gi6i han

. . 2
a) 11m( C,OSZX —cotgzx] b) hm( , —cotgx]
=0\ sin” X x=0\ sin 2x

8. Tim gioi han

1
a) lin(l) X cot gx b) lim xarccotgx c¢) lim x(e X — 1] d) lim x(g + arctgx]
e) lim xz(l—coslj f) lim x[In(x +a)—Inx]
X—>00 X X—>+0

1 1
g) hm sin2x.cotgx h) lim x {cos{lj - cos(iﬂ 1) lim x{ax +a X —2] (a>0)
X X

X—>00 X—>00
9. Tim gi6i han

a) lim (sin+/x +1 -sin+/x ) b) lim (sin(ln(x +1)) - sin(ln x))

10. Tim gi6i han
x-1 X
2 _ x+1 X 2 _ :
a) lim| X ! b) lim(2+xj ¢) fim| 2% ~**1
xoo| X7 +1 x>0\ 3 — xon| 2XT + X +1

X4

& tm {m} i (szxz

2\/;+1

X—>0

11. Tim gi6i han

' x4+ x+3 ' x—1 X+2 ' a bx+c ' 2% +3 x+1 ' x+1 2x
a) lim b) lim ) lim| 1+— d) lim e) lim
xoo\ X +1 xoo\ X +3 X X x>0\ 2x +1 xoo\ X +3

1-Vx 1
2x 1) 1+3x ) 1 3x -1\ x )iz
lim lim h) lim 1) lim| —
D Hw(2x+5j & H+°°(2+3x] ) Hw(3x+9j ) x-2{ 2
x+3 2 x? 1 1
) tim[ X1 k) tim| X+ I) lim(1+3x)* m) lim(1 - 2x)*
x>\ X + 2 X—>00 X2 -2 x—0 x—0
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Giai tich 1 Tuan I1. Gioi han ham so, vo cung bé, vo cung lon

12. Tim gi6i han

1 : o5
a) lim (cos Vx )arctg" b) lim(cosx)***  ¢) lim(sinx)*® d) lim(2 - 3] ’
x—0 T

x—0" . x—a a
2

1

Tx . tg 2(2-%) . . cot gmx . 1 sinx
e) lim(2 —x) 2 f) lim (2 +x) o3e0) g) lim (1 +sin x ) & h) 11m( *lgx ]
Xl x—>-1 x—1 x—>0\ 1+ sm x

1

1 73)( X
i) 1in(1)(2 — cOs X)) esin x 1) lim( I+ tgx jsm k) lim (sin 1 + coslj

x—0\ 1 —sin X X—>0 X X

1) lim [(x+2)In(x +2)-2(x +1)In(x +1) + x In ]

13. Khi x — 0, cap VCB sau c6 tuong duong khong?

2

tg'x
2

a) a(x) = Vx +/x , P(x) = "™ - cosx b) a(x) = In(cosx), B(x) = -

¢) a(x) = arctg(sin2x), B(x) = e - cos2x  d) a(x) = Vx —/x , P(x) = cosx - 1
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Giai tich 1 Tuan III. Ham s6 lién tuc, dao ham

Tuan III. Ham s6 lién tuc, dao ham

A. Tong quan
1. Noi dung vin tiat: Ham s6 lién tuc, dao ham va vi phan cua ham $0.

2. Muc tiéu: Cung cap cho sinh vién cac kién thirc vé ham sé lién tuc: cac dinh
nghia, cac phép toan va tinh chét; diém gian doan, phan loai diém gian doan; dao ham,
dinh nghia, y nghia hinh hoc va vat 1y, dao ham mot phia, mbi quan h¢ gitra dao ham

va lién tuc, dao ham ham s6 ngugc, cac phép toan va cong thirc dao ham co ban.

3. Cac kién thirc can c6 trudce: Cac kién thic vé ham so0, gidi han cua ham s6.
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Giai tich 1 Tuan III. Ham s6 lién tuc, dao ham

B. Ly thuyét

I  Ham sé lién tuc

1.  Céc dinh nghia

Dinh nghia 3.1.1: Cho f(x) xac dinh trén X

1) X, goi la diém ty cua X néu 3 {x,} < X sao cho lim x, = X,.

n—oo
i1) Gia sur X, 1a diém tu cia X va xy € X, n€u c¢o lim f(x) = f(X,), thi ta n61 ham s6 lién
X—)XO
tuc tal Xq.

Chii y: Ham s6 mudn lién tuc tai xo, thi trudc hét phai xac dinh tai x,, dong thoi x,

phai thudc TXD va 13 diém tu cua TXD.

Pinh nghia 3.1.2: Cho f(x) xac dinh trén X. f(x) duoc goi 1a lién tuc trén X néu no lién

tuc tai moi diém thuodc X.

Dinh nghia 3.1.3: Cho f(x) xac dinh trén (a,b) hodc [a,b] hodc [a,b) hodc (a,b]. Cho

diém x, € (a,b).

i) f(x) duoc goi 1a lién tuc phdi tai xo néu lim f(x) = f(xo).

ii) f(x) dugc goi 1 lién tuc trdi tai xo néu lim f(x) = f(xq).

Chii y: Khai niém lién tuc mot phia chi xét dbi véi cac diém trong ma khong xét dbi
v6i cac diém bién.

Pinh Iy 3.1.1: Cho f(x) x4c dinh trong (a,b). f(x) lién tuc tai x, € (a,b) néu va chi néu
f(x) lién tyc trai va lién tuc phai tai x,.

Pinh nghia 3.1.4: Ham s f(x) duoc goi 13 lién tuc déu trén TXD X néu moi diém

thuoc X déu la diém tu cia X va néu:

Ve>0 3d6saocho V X1, Xp € X, |X1 - X2| <d=> |f(X1) - f(X2)| <e.

" Van d& ham sb lién tuc da dugce hoc trong chuong trinh phd théng, ¢ dy ching ta chi nhéc
lai va chinh xac héa khai niém. Cung cap thém khai ni€ém lién tuc mot phia va li€n tuc déu.
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Chu y: Ham s6 lién tuc déu trén TXD X thi lién tuc trén X, diéu nguoc lai chua chic
dung.”

, \ 4 I ... n n - A A
Vi du': Ham s6 y = — lién tuc trén X nhung khong lién tuc déu trén X.
X

2. Cac tinh chat cua ham so lién tuc

A
Pinh Iy 3.1.2: Cho f(x) 1a mot ham sb xéc M
dinh, lién tuc trong khoang (o) vaa<b /\ /
thudc (a,B) thoa f(a)f(b) < 0 => ton tai ¢ thudc : \/O ¢ LI
| X
(a,b) sao cho f(x) = 0 (Hinh 3.1). /
Hé quda 3.1.3: Cho f(x) 1a mot ham s xac

dinh, lién tyc trén doan [a,b], khi do, f(x) nhan Hinh 3.1
tat ca cac gié tri tr f(a) t6i f(b).
Pinh Iy 3.1.4':

i) Néu f(x) x4c dinh, lién tuc trong khoang (o B) thi af(x) cling lién tuc trong khoang

(0,B) voi a 1a mot hing s6 nao do.

ii) Néu f, g 1a cac ham lién tyc trong khoang (o,B) thi f(x) + g(x), f(x).g(x) ciing lién
tuc trong khoang (a,)

iii) Néu f, g 1a cac ham lién tuc trong khoang (a,p) ddng thoi g(x) khac khong trong
khoang do6 thi f(x)/g(x) lién tuc trong khoang (a,p).

1v) Néu f, g la cac ham lién tyc thi f,g cling lién tuc.
v) Cac ham sé so cép lién tuc trén TXD.
3. Diém gian doan ctia ham sd

Dinh nghia 3.1.5:

" Nhan xét ndy c6 thé yéu cau sinh vién xem nhu bai tap, hodc minh hoa mot cach vén tit
thong qua vi du.

"'Vi dy nay chi mé ta vén tit tinh dung dan.

¥ Néu co6 thé, mé ta vin tit chimg minh mot sb ¥ cua dinh 1y ndy dua trén tinh chit vé gioi han
ctia ham sb.
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i) f(x) gidn doan tai xo néu khong lién tuc tai d6, khi d6 x, goi 1a diém gidn doan cta

f(x).

1) Xo la diém gian doan loai 1 néu x — x, v

vé phia nao thi ¢ gii han hitu han cua

f(x) trong qua trinh do. \/\/\
a. | b

111) X 1a diém gian doan loai 1 goi 1a gian

O X0
doan bo dugc n€u lim f(x) = lim f(x)
iv) diém gian doan khong 1a gian doai loai

Hinh 3.2

1 goi la gian doan loai 2. Diém gidn doan logi 1

II Dao ham
1. Dinh nghia

Dinh nghia 3.2.1: Cho ham ) f(x) xac dinh trén doan [a,b], n61 ré“mg ham s6 ¢é dao

LN L . . fx)-f N
ham tai di€m x, € [a,b] néu ton tai gidi han lim ) =1xo) hiru han. Khi do, gia tri

X% X=X,

f(x)-f(x

cua lim ) duoc goi 1a dao ham cua (x) tai X, ky hiéu 1a £°(x¢) ham $6 f(x).

=% X=X,
7. ~ \ 2 Y *
2. Y nghia hinh hoc, co hoc cua dao ham

a) Pao ham ctia ham so6 tai mot di€m la h¢ s6 goc cua duong ti€p tuyén cta do thi tai

diém do.
A

4 R vy
b) Pao ham cua toa d¢ ciia mot chat diém theo fxtAX)
thoi gian bang véi toe do tirc thoi cta chét ]

R (Xn)

diém do.
¢) Pao ham ctia van toc ciia mot chit diém O X XotAX X
theo thoi gian bang véi gia tdc tic thoi cia
chat diém do. Hinh 3.3

* ; B ’ ~ A . 5 B A A . 5 A
Chu trong vao y nghia s6 gia ciia ham trén s6 gia ctuia doi
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3. Dao ham mdt phia

Dinh nghia 3.2.2: Cho ham f(x) x4c dinh trong (a,b), x, € [a,b].

) Gidi han Tim L)~ F(X0)

, néu ton tai hiru han, duoc goi 1a dgo ham phai cua f tai
xox; X — X,

X, ky hiéu (xg ).

N e . f(x)-f LA L i1~ 1 .

i1) G161 han lim £ ~1(xo) , néu ton tai hiru han, duoc goi 1a dao ham trdi cua f tai x,,
xox X —X,

ky hiéu £(x,).

Pinh Iy 3.2.1: Cho f(x) xac dinh trong (a,b). Haim s6 c6 dao ham tai x = x, € (a,b) néu
va chi néu ton tai dao ham & ca hai phia tai x, va £(x}) = £(xj).

4. Mbi quan hé gitra dao ham va lién tuc

Pinh Iy 3.2.2: Ham s6 c¢6 dao ham tai x, thi lién tuc tai x,

(+)Chitng minh: Trude hét, theo dinh
nghia, dé ton tai dao ham thi x, € TXD,
hon thé, x0 1a diém tu ciia TXD, dong thoi

f(x)—f ™
dé lim f) = 1x0) tn tai hiru han thi

X=X, X—X,
O X0

v

lim f(x) = f(xo) m.

Hinh 3.3: Ham s6 lién tuc nhung

Chu ¥ ring diéu nguoc lai néi chung ho : 330 ho
ong c6 dao ham

khong dung, xét ham sé c6 d6 thi nhu
trong hinh v¢, lién tuc tai X, nhung khong c6 dao ham.

5. DPao ham cta ham s6 nguoc

Dinh Iy 3.2.3: (x) c6 dao ham tai 1an can x,, c6 ham nguoc g(y) c6 dao ham tai lan can

Yo = f(x0) => khi d6 g’(yo) = 1/ (Xo).
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6.  Cac phép toan va cong thic tinh dao ham cia cac ham so cip co ban’

a) (f(x) + g(x)) = f'(x) + g’(x) b) (f(x)g(x))” = F(X)g(x) + f(x)g’(x)
c) (cf(x))’ = cf’(x)

d) Ham u = g(x) c6 dao ham tai x, va y = f(x) ¢6 dao ham tai uy = g(xo)
=>ham hop y = f(g(x)) c6 dao ham tai xo va (f(g(x)))” = 'u(g(x))g’(x)

e) Bang dao ham cac ham so cap co ban

y=c y =0 i) y=x" y’ = ax*" iii) y =sinx y’ = cosx

iviy=cosx y =-sinx v)y=tgx y’ =l/cos’x vi)y=cotgx y’ =-1/sin’x

vijy=a" y =a'lna viijy=e" y =¢ ix) y =log,x y’ = 1/(xlna)
X)y = Inx y’ = 1/x Xi) y = arcsinx y’ = 1/41-x’

Xil) y = arccosx y’ =-1/41-%° Xiil) y = arctgx vy =1/(1+x°)

" Phan nay da duoc hoc & chuong trinh phd thong, & day chung ta chi nhic lai mang tinh chat

on tap.
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C. Baitap

1. Tim a dé ham s6 lién tuc tai x =0

1—cosx
——khi 0 2 1khi x >
2) f(x) = = 1X # b) f(x) = ax +bx+' IX'O
.o acosx +bsmxkhix <0
akhix=0
2
Lo aalrcL(X)khixzo
XSm — 1X —
) f)=1"x =1
akhix =0 ————khix <0
tgx
In(x +1) ) 2 khi 0
ﬁ—]khlx;to —l 1X #
&) f(x) = {1 1 DX =1, o
akhix =0 akhix =0
2. Céc ham sau c6 lién tuc déu trén mién di cho
2
a)yZ%;—ISXSI b)y=Inx; 0 <x<1 c)y= fex ,0<x<1
4-x 1—cosx
3. Piémx=01a gian doan loai gi ctia ham )
sin — bx
8 e™ —e 2x 3|
a)y= b)y= X y=—— dy=—-
)Y YT )Y = )Y " )y 3
ex +1
. 4
e)yzlarcsmx f)yzizln(\/;-i—l) g)yzL h)y=
X X | A tg(x+§)

4.  Xé&c dinh diém gian doan va tinh chat cac diém gian doan cia cac ham so

1

x? -1

a) coszl b) alrctgl c) tgl d) arctg e) Vx alrctgl
X X X X

1 .
5 h) arcsin(sinx).arctg—
tg"x —2tgx +2 sin X

f) Inarctg !
X
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5. Chimg minh rang, néu cac ham f(x), g(x) 1a lién tuc thi cac ham min(f(x),g(x)) va

max (f(x),g(x)) cling lién tuc
6. Tim dao ham cua ham sb

1-xkhix<1

—a)’(x—b)*khia<x <
a) f(x) = {(1-x)(2-x)khil <x <2 b)f(x)z{f)"kh?) (x ;’) fasx=b
x = 2khi x >2 x #(a,b]
SN SN
o) f(x)=1 x-1 d) f(x) =14 x-1
Okhix =1 Okhix =1
Jx* =
X 2 XZ .
1+ khix = 0 X“e khl|X|Sl
e) f(x) = X * f) f(x) =
l1khix =0 gkh1|x|>1
7. Véi diéu kién nao thi ham s6
x“sinl'x;tO
f(x) = X
0:x=0
a) lién tuc taix =0 b) c6 dao hamtaix =0 c) c6 dao ham lién tuc tai x =0

8.  Tinh dao ham cua cac ham so

1 X2 b

1 _
"R TR T

9.  Tinh dao ham ctia cac ham sé y = f(x) véi f(x) sau

o

ay=x+Vx +¥x  by=-

a) e”Vsinx b) In(sin®))  c¢) tg'x d) arcsin =% e) logs(x” - sinx)
arcsin x I+x
f) sin[cos’(tg’x)]  g) arctg 1X ra h) alrctg1 X 5 i) arccos(cos’x)
—ax - X
j) tgxcos’x k) In(1 + arctgl) 1) arcsin+/sin x
X

1 1

3
. X X X . 2
m) x + (x-1 arcsm‘/— n) — - — +sin“x 0 -
) (x-1) x+1 ) Vx WX ) arctgx  arcsin X
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[a?2 2
P) arctgx + In(x + m) q) Va2 +x? Calp2TVE X

X X
r) Ig(arccosx) + Insin*x s) xva2—x? +a’arcsin~
a

10. Tinh dao ham cta ham sb

3
a)y = vJx’e* sin x b)y= m*{‘/(l—x)m(l+x)" c)y= 31/1+X3
-X

d)y=(1=x)V2+x*Y3+x’ e)y= 4\/( 52(;;/1() 3 f) y = sin2xsin3xsin5x
X — X —

11. Tinh dao ham cua cac ham so

] . .
a)y=x* b)y=sinx* c)y=(sinx)"™ d)y=(cosx)™ e)y=(1+Jx)™

sinx arctgx arcsinx

+arcsin(Inx)  g)y=xe™ +sinx

Hly=x h) y = (arctgx)

12. Tinh dao ham cac ham sd

a) y = x[x| b) y = [(x-D)(x+1)’ ¢) y = sinfx’

d) y = [x]sin’(mx) e) y = In[x| fy= arcosﬁ
X

13. Chtng minh rang ham sb f(x) = [x-a|p(x) trong d6 @(x) 1a mot ham sé lién tuc va

¢(a) # 0, khong c6 dao ham tai x = a.
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Tuan I'V. Vi phan, dao ham va vi phan cap cao, dinh ly vé ham
sO kha vi
A. Tong quan
1. Néi dung vin tat: Vi phan, dao ham va vi phan cip cao, dinh 1y vé ham sb kha
Vi.
2. Muc tiéu: Cung cip cho sinh vién céc kién thirc vé vi phan: dinh nghia, y nghia
hinh hoc, tng dung dé tinh gin dung, mdi lién hé giita ham s6 c6 dao ham va ham kha

vi, vi phan cua ham hop va tinh bat bién ctua vi phan cap 1; dao ham va vi phan cap

cao; cac dinh 1y vé ham kha vi va Gmg dung: dinh 1y Fermat, Rolle, Lagrange, Cauchy.

3. Cac kién thirc can cé truwéc: Cac kién thirc vé ham s6, dao ham cua ham so.
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B. Ly thuyét
I  Viphan
1. Dinh nghia
Pinh nghia 4.1.1: Cho ham s f(x), néu tai mot diém x = x, c6 biéu dién:
f(xo + h) - f(x0) = ch + o(h) khi h — 0

v6i ¢ 13 hang s6 thi f dugc goi 13 khd vi mét lan (goi tat 13 kha vi) tai x = x,, khi d6 biéu
thirc df(x¢) = cdx duogc goi 1a vi phan cua f(x) tai x = X,.

Néu ham sé f(x) kha vi tai moi diém thudéc TXP X thi f(x) dugc goi 1a kha vi trén
X.

2. Y nghia hinh hoc

A

y
Vi phan cua ham sd tai mot diém chinh 13 s6 f(xo+AX
. ) N I . .2 , N A ~ Af
gia cua ham s6 tai diém d6 bé qua mdt vo f(x){
0

cung bé cip cao hon so véi sb gia ciia di sd.

Ko qon 1A i \ A o X XotAX x'
3. Moi lién hé gitra dao ham va vi phan ’ ’
Pinh Iy 4.1.1: Ham s6 c¢6 dao ham thi kha vi

Hinh 4.1

va nguoc lai. Néu ham so f(x) c6 dao ham tai
di€ém x, thi vi phan ctia ham s6 do tai x, bang tich s6 ctia dao ham va s6 gia cua doi so:

df(xo) = £(x0)dx

(+)Chitng minh: Ta c6 ham sb f(x) c6 dao ham tai x = x0 khi va chi khi giéi han:

= £ (x0) la mdt gia tri hiru han nao do

lim f(xo +h)—1(xy)
h—0 h

<=> c0 thé viét:

f(x ”2 ~T0) — p(xy) + a(h) v6i a(h) 1a mdt VCB khi h — 0

hay f(xo + h) - f(x9) = f(Xg)h + o(h) khi h — 0
4.  Ung dung vi phan dé tinh gan ding

Ta ¢6 f(xo + h) - f(xo) = df(xo) + o(h) => f(xe+h) = f(xo) + df(xo) = f(xo) + £(xo).h
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Vi du: Tinh gin ding A = /3¢*% + (1,02)°

3e?* +x

V3e? +x?

A =1(0,02) = f(0) + £(0).0,02 = /3 + o,oz.% =1,02..3

Xét ham s6 f(x) = V3e>* +x? => f(x) =

, ta co:

5. Viphan ctia ham hop

Xét ham s6 u = g(x), va ham hop y = f(u) = f(g(x))

= dy = f'y(w)du = £ (Wu’ (X)dx = (fog)"(x)dx = 'y (x)dx
Diéu nay thé hién tinh bat bién ctia vi phan cép 1.

II Pao ham va vi phén cap cao

1.  Pao ham cép cao

Pinh nghia 4.2.1: Cho ham s f(x) xac dinh trong khoang (a,b), ham f(x) goi 13 kha vi
n lan (trong (a,b)) néu f1a kha vi (n - 1) 1an (trong (a,b)) va dao ham cép (n-1) cua f
ciing kha vi. Khi d6 dao ham cip n cta f dwgc dinh nghia boi: f(x) = [{""(x)]’

Vi bat ky ham s6 f, g kha vi n 14n nao, chung ta déu c6 quy tic Leibnitz:

(fo)™ = > Cif g™ véi CY 1a t6 hop chép k ciia n.

k=0
(+) Chirng minh:

Ta ¢6 (f(x)g(x))" = £ (X)g(x) + f(x)g’(x).
Gia sir (f(x)g(x))™ ™" = ECE_]f(“_]_k)(x)g(k)(x) , ta co:
k=0
(H0200)” = (351 0g ) = 3¢5 (£ (0 (o))
k=0 k=0
S, (£ 0g™ )+ (g™ (x))
k=0
n—1

= fP(x)g(x) + 3 (C " g™ (0 + CITf D (g I (x)) +

k=1
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+f(x)g"(x) =D CifHg®
k=0

Vidu: Tim dao ham cApncuaxe’, tacox’=1,x" =0 vn>1,va () =ex Vn
=> Theo quy tic Leibnitz (xe*)(n) = xe* + ne* = (n+x)e*
2. Vi phan cip cao
Vi phan cip n 13 vi phan cta vi phan cip n - 1: d"(f) = d(d"'(f))
Chu ¥: Vi phéan cip cao khong bat bién nhu vi phan cAp mét.
Vi du: Xét ham f(x) = x%, ta ¢6 df = 2xdx va d°f = 2(dx)* (¥)
Néu dat x = t* => f=1t, khi d6 df = 4£°dt va d*f = 12£3(dt)’,
Néu thé dx = 2tdt vao (*) thi ta c6 : d*f=2(2tdt)* = 8t*(dt)* # 12t°(dt)’

Nhu thé, khi lay vi phan cap cao, can phai xem k¥ xem lay vi phan doi véi bién

nao, doc 1ap hay phu thudc dé tranh nham 14n.
III Pinh ly cic ham s6 kha vi
1. Dinh ly Fermat
Pinh nghia 4.3.1: Cho ham s f(x) xac dinh trén TXD X, lién tuc tai x0, khi do:
1) Xy dugc goi la cuc dai cua néu 38 > 0 sao cho:
f(xo) > f(x) Vx € X N (X0 -0,X9 +3) \ {Xy
i1) Xo duoc goi l1a cuc tiéu cua fnéu 38 > 0 sao cho:
f(xp) <f(x) Vx € X N (X0 -0,X0 +9)\ {Xo}
111) x¢ duoc goi la cuc tri cua f néu nd hoic 1a cuc dai, hodc 1a cuc tiéu cua f.

Dinh Iy 4.3.1: Cho ham $6 f(x) xac dinh, lién tuc trén [a,b], dat cuc tri tai c € (a,b), kha
vi tai ¢ thi °(¢c) = 0.

(+)Chung minh: Gia st f(x) dat cuc dai tai c, nghia 1a 36 > 0 sao cho:

flc+h)-f(c)<OV -5<h<3

>0khih<0va < 0 khi h >0.

nghfa 12‘1 M
h

f(c+h)—f(c)
h
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tuc la: f(ct)<0vaf(c-)>0
Ta lai co, f(x) kha vi tai ¢, nghia la: £°(c) = f'(ct+) =f(c-) = 0.
Truong hop f(x) dat cuc tiéu tai ¢, chimg minh twong ty m.

2. Pinh Iy Rolle’

Pinh Iy 4.3.2: Cho ham s f(x) xac dinh, lién A

tuc trén [a,b], kha vi trong (a,b) va

f(a) = f(b), khi d6 3¢ € (a,b) sao cho

(c)=0
bac biét, trong khoang hai nghi¢m cua . o C b :
phuong trinh f(x) = 0 ¢6 it nhat mot nghiém
cua phuong trinh f(x) = 0.
. Hinh 4.2
3. Dinh ly Lagrange A
\4

Pinh Iy 4.3.3: Cho ham s f(x) xac dinh, lién
tuc trén [a,b], kha vi trong (a,b), khi do

3¢ € (a,b) sao cho f’(c) = f(b)-f(a)
(+)Chiimg minh: Xét ham: a ol o . -
f(b)-f
g(x) = 1f(a) + %(X - a) - f(x)
- Hinh 4.2

ta co: g(a) = g(b) = 0, ham g(x) cling lién tyuc

trén [a,b], kha vi trong (a,b) va g’(x) = w - £(x). Nghta 13, theo dinh I Rolle,

3¢ e (a,b) sao cho: g’(c) = w -f(c) =0, hay f’(c) = f(b) ~f(a) -
—-a

b-a

a-b <lni < a-b

a b b

Vi du: Cho 0 <b < a, chitng minh bat dang thirc:

) Dinh 1y nay chi minh hoa hinh hoc cho sinh vién.
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Xét ham f(x) = Inx, ta c6 flién tuc va kha vi trén [b,a] (do 0 <b < a), vay, theo

dinh ly Lagrange, 3¢ € (a,b) sao cho:

_ f(a)—f(b) _ Ina—-Inb - a—b
a-b a-b c

L-r()
C

Mit khac, talai co: b<c<a=> a-b _a-b _ a;b => dpcm m.
a c

4.  DPinh ly Cauchy
Pinh Iy 4.3.4: Cho f(x), g(x) 1 hai ham s x4c dinh, lién tuc trén [a,b], g(a) # g(b),
f(x), g(x) kha vi trong (a,b), g’(x) # 0 V x € [a,b]. Khi d6 I¢ e (a,b) sao cho:

f®)-f@) _ f'(c)
gb)—g(d) g'(c)

(+)Chitng minh: Xét ham

_ f(b) —f(a)
h(x) = f(a) + M(g(x) - g()) - f(x)

Ta c6 h(a) = h(b) = 0, ham h(x) cling lién tuc trén [a,b], kha vi trong (a,b) va

o - fO-1@
h(x)= 27 ooy p
)= ooy €00 T

Vay theo dinh 1y Rolle, 3¢ € (a,b) sao cho:

) f(@) . £(b)~f(a) _ £'(c)
h(e)= 2271 ooy _p(e)=0.h - .
O ab—e@ @ TOOY @ g "
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C. Baitap

1. Tim vi phan ctia ham s6

X‘a‘ d)y=Inx + Jx* +a|
X+a

a)y= 1 alrctgE b)y= arcsin c)y= s In
a a a

2a
2. Tim
d 3 6 9 d (sinx d(sin x)
a - 2% - b c) —=
) d(x?) & -2x-x) ) d(xz)[ X ] ) d(cosx)
d sin X
d) X . d(W1-x?%) d(tgx) d(arcsin x)
d(x?) d(arcsin x) d(cotgx) d(arccosx)
3. Tinh gin ding
2-0,02 . .
a)lgll b) 7I———— ¢) /1,02 d) Y1000 e) sin29
2+0,02
f) arctgl.05 g) "% h) arcsin0,51 i) \/8e°’°3 +(0,97)°

4.  Tim dao ham cap cao ciia ham s6

a)y= %, tinh y(g) b)y= \};—__Xx , tinh y(100) C)y= %, tim y(lo)
c) y =x¢”, tinh y'” d) y = x*sinx, tinh y*
5. Tim dao ham cip n ctia ham sb y = f(x) sau
|

a) sz_l b) {/ﬁ_x 0) x(lx— S e) x" e f) In(ax + b)
g) sin’x ) — oL i) xcosax

X" —3x+2 X" —3x+2
k) e*cosx 1) x*e™ m) sin’x + cos’x  n) e”sin(bx + ¢)
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6.  Chung minh rang phuong trinh x" + px + q = 0 vi n nguyén duong khong thé co

qué hai nghiém thuc néu n chan, khong c6 qué 3 nghiém thyc néu n 1€.

f(0)= @) _ £'(©) ooy
gb)-g@) g eoP e

dugc ddi voi cac ham sé fix) = x%, g(x) =x7, -1 <x < 1.

7. Giai thich tai sao cong thirc Cauchy dang

8.  Chung minh bat dang thirc
-

a
os’ B

oa-B

cos’ a

a) [sinx - siny| < [x-y| b) |arctgx - arctgy| < |[x -y| d) <tga - tgf <

C
) py" ' (x - y) <xP- yP <pxP(x-1) vi 0 <y <x,p> 1

9. Cho f1a mot ham sd thuc, kha vi trén [a,b] va ¢ dao ham £°(x) trén (a,b), ching

minh rang V x e (a,b) c6 thé tim dugc it nhat mot diém ¢ e (a,b) sao cho
f(x) - f(a) - W(X -a)= %2("_1’)1‘”(0)
-a

10. Cho f(x), g(x) 1a cac ham kha vi don diéu ting thoa man f(x) = g(xo), dong thoi

£(x) < g’(x) v6i moi x > x,. Chirng minh rang f(x) < g(x) véi moi x > x,.
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Tuan V. Khai trién hitu han, tng dung cac dinh 1y ham sb kha

4
A

vi, khao sat ham so
A. Tong quan

1. Noi dung van tat: Cac cong thic khai trién hitu han, cac quy tic L’Hospital

khtr dang v6 dinh, cac lugc d6 khao sat ham so.

2. Muc tiéu: Cung cip cho sinh vién cac kién thirc vé cac cong thirc khai trién hiru
han Taylor va Maclaurin; tng dung dinh Iy cac ham sé kha vi: quy tit L’Hospital dé
khtr dang v6 dinh, cac tinh chit cua ham sd: don diéu, 15i 16m, cuc tri; cac lugc dd
khao sat ham sd: ham y = f(x), dudong cong tham sb, dudng cong trong toa do cuc va

toa do cuc suy rong.

3. Cac kién thurc can c6 trudce: Cac kién thirc vé ham s0, gid1 han, dao ham cta

ham s0, cac dinh 1y vé cadc ham s6 kha vi.
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B. Ly thuyét
I  Khai trién hiru han
1. Khai trién Taylor

Pinh 1y 5.1.1": Cho ham sé f(x) c6 dao ham lién tuc dén cdp n + 1 trén [x¢,xo+h] thi

' " (n)
f(xo + h) = f(xo) + f(;:")th f (2"‘0)h2+ . f—('x")h“Jar(h), trong d6
: ! n!

£ (x, +0h)

Rl =

s6 du dang Lagring

R,(h) = o(h") s6 du dang Peano
2. Khai trién Mac-Laurin

Trong khai trién Taylor, néu ta thay x, = 0, h = x, thi ta ¢6 khai trién Mac-Laurin

f(x) =1(0) + (0 X+ () x>+ ...+ —f(“)(()) x" + Ry(h)
1! 2! n!

3. Mot s6 cong thirc khai trién Mac-Laurin thuong dung’

o o(a—1) 2 n o(a—1)..(a—n+1) o

+x) =1+ =x+ +
(1+x)"=1 1!X y " + Ry(x)
m nguyén duong
(1+x)"=1+ %x+ —m(nzl'_l)xZJr ot m(m‘l>--l-<('m—k+l>xk+ X
(-xm=1-Mypmm=D2 oy cppmm=D.m=k+D oy Cpymgm
I 2! K!
11 =1-x+xX+ ...+ ()K" +Ry(X)
+ X
11 =1+ x+x>+ ... +x"+ Ry(x)
—X

" C6 thé md ta vin tit chimg minh dinh 1y nay cho sinh vién.
" Céc cong thue khai trién MacLaurin & ddy c6 thé chimg minh vin tit, hodc yéu cau sinh vién
xem la bai tap.
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2 n
In(x +1)=x- — + ... + )" 2 + Ry(x)
2 n
X3 XS X2n+]
arctex =x - — + — + ...+ (-1)" + R, (x
8 3 5 D 2n+1 x)
2 f—
Lo poxy 3 qpldse@nsh g
1+x 28 2.4.6..(2n)
3 5 2n+l1
arcsinx = x + X + 3.x L+ 1.35..2n-1) x +R,(X)
23 85 2.4.6..2n) 2n+l1
X X x? x"
=1+ 4+ + ..+ +Ry(X)
1! 2! n!
X3 1 X2n—]
sinx =x - — + ... +(-1)" + Ry (x)
3 (2n—1)!
X2 X2n
cosx=1-— + ... +(1)" + Ry(x)
2 (2n)!

I Ung dung dinh Iy cac ham s6 kha vi

1. Quy tic L’Hospital

Pinh Iy 5.2.1: Gia st ham sb f(x) va g(x) kha vi tai lan cén x,, lim f(x) = lim g(x) =0

va g(x) kha vi tai 1an can x,, néu lim & = A thi lim f(x) _
o gl (%) o g(x)

A.

Chu ¥: Két qua trén van dung khi A = oo, khi xo = 0, va khi lim f(x) = lim g(x) =0
X—)XO X—)XO

, . X+sinx . l+cosx
Vidu: a) lim——— = lim
x—0 2xX x—0 2

=1

b) lim tgn—thq(2—x) — Jim 229 _ 2;"1

x—1 X x—1 T
cotg— -—.
2 2 . 7 X
sin” —
2
. X 1 . xlnx—-(x-1) l+lnx -1
¢) lim ——— | = Ilm =
x>Ilx—1 Inx x—1 (x—l)lnx x>l Xx—1
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) xInx ) 1+Inx
=lim ———=lim —— =

1
x>l (x-1)+xInx x>l I+1+Inx 2

1

li i lim —X . 25
. + +  COSX . sin”x . sin X cos X
sinx lim sin x Inx ARG o lim ———— lim ————— "
b — + —_ —_ - + - + —
d) lim x = g0 =e sinx = @ SIN“X = @x50"—XCOSX = @x-0" —COSX+XsinX
x—0"
lim 2cos 2x
= ex~0" Sin X+X COS X+sin X  — +o0
-X
1 . 2
1 I R in? 2si
1\ lim tgx In— lim tX E— Jim 30X jm 25X COSX
7 — + — otcotgx _— i — + — +
e) llm — = ex~>0 X = ex" g =e¢ SiIn“ X — ex~>0 X — ex~>0
x—=>0\ x

2. Ung dung khai trién hitu han dé tim gi6i han

* . x2 _1+ 3 ) 1+ 2_1+ 3+ 3 ' 2_ 3 3
Vidu: a) hme'—zX = lim — > X 0(’; ) _ I 1+x 21+x +o(x7)
x>0 arcsm” X x—0 <3 x—0 x? +o(x?)
x+—+o(x3)
6
=1
3
X
1 1 X —sin X X—X+§+o(x3)
i L) - 2 |
=0\ siInx X x—0 XSin X x—0 %3 \
X| X ——+o0(x”)
3!
3
X—'+o(x3)
= 1im3'—:0

x>0 x% 4+ 0(x?)

. sin(sin x) —x3/1 - x>
¢) lim =

x—0 XS

) sin®x  sin’ x x?  2x* 2.5x°
sin X — + x| 1-—-

, 3 51 33320 3333
= lim

x—0 XS

+o(x%)

" Péi véi timg vi du, giai thich khai trién hitu han dén dau Ia du.
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3.5 3 aus 5y LS 30Ls

x— 4 X pox*)-2 3X +o(x )+X—+o(x5)—x+x—+x—+o(x5)
3 5 3! 5! 3 9

5

= lim
x—0 X

I 1 1 1) 5
—+ 4+ —+—|x +o(x")
o 120 2 120 9 _ 113
= lim =
x—0 XS 180

3. Su bién thién ctia ham s6
Dinh Iy 5.2.2: Cho f'la ham s6 xac dinh, lién tuc trén [a,b], kha vi trong (a,b), khi do:
1) f(x) khong giam (tang) trén [a,b] <=> '(x) > 0 (f'(x) <0), x € (a,b)

ii) Néu £(x) > 0 (f(x) < 0) Vx e (a,b) va néu f(x) > 0 (f(x) < 0) tai it nhat mot diém
x thi f(b) > f(a) (f(b) < f(a)).

(+)Chitng minh:
1) Gia su f(x) khong giam, khi do:
fix+h)>f(x) Vh>0,vaf(x+h)-f(x)<0 vh<0

M >0 ¥ h, nghia la £(x) > 0.

bao lai, gid su £(x) > 0, voi x € (a,b), ta co, theo dinh 1y Lagrange:

f(x +h)—f(x)
—

Vh>0saochox+h e (ab),3 0<0<1,sa0cho0=<cf(x+6h)=
Truong hop f(x) khong tang chiing minh tuong tu m.
ii) Néu f"(x) >0 V x e (a,b), ta c6 f(x) 12 khong giam trén [a,b], do d6
f(a) < f(x) < f(b) V x € (a,b)

Néu f(b) = f(a) thi dao ham tri¢t ti€u vd1 moi x thude (a,b), mau thuan, vay ta cé
dpcm m.
(+)Hé qua: Néu f(a) < g(a) va F(x) < g’(x) (F(x) < 2’(x)) Vx € (a,b) thi f(x) < g(x)
(f(x) <g(x)) vx € [ab].
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4. Cuyc tri ciia ham s6 A
A\
Pinh 1y 5.2.3:" f xac dinh, lién tuc trén [a,b], B
kha vi trong (a,b) (c6 thé trir ra mot s6 hitu
han diém), gia st ¢ 1a mot diém thoa a < ¢ < |
b. | " i
i) Néu khi x vuot qua ¢ ma £(x) di ddu tir + a0 b X
sang - thi f(x) dat cuc dai tai x =c.
ii) Néu khi x vuot qua ¢ ma £(x) doi dau tir - Hinh 5.1

sang + thi f(x) dat cuc tiéu tai x = c.
iii) Néu khi x vuot qua ¢ ma f(x) khong doi dau thi f(x) khong dat cuc tri tai c.
Dinh Iy 5.2.4: f c6 dao ham lién tuc dén cép n tai 1an can diém ¢, va
f(c)=1"(c)=... = ") =0, f(c) #0.
1) Néu n chin thi f(c)datcuctritaix=c
cuc tiéu néu f(c) > 0 va cuc dai néu f”(c) < 0.
ii)) Néu n 1¢ thi f(x) khong dat cuec tri tai x = c.

(+)Chitng minh: Theo khai trién Taylor, ta c6:

! " (n=1) (n)
f(c +h) =f(c) + f(c)h+ f (C)h2+ 4 7 (c) RS f (c+6h)hn
B 2! (n=1)! nl

(n)
_ o)+ £ (c+6h)
n!
Ta c6, do f™(x) lién tyc tai ¢ => 35 > 0 sao cho:

f"(x) cung dau véi f(c) Vx e (c - 8,c + d).

i) Néu n chin thi h" > 0, néu f(c) > 0 thi

(n)
FC > 0, v6i hf < 3 hay £ dat cye

tiéu tai c, tuong tu, néu f(“)(c) < 0 thi f dat cuc dai tai c.

1) Néu n 1&, ta c6 h" d6i dau qua h =0, nghia la f khong dat cyc tri tai c m.

" Minh hoa cho sinh vién bang hinh hoc
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5. Tinh 16i ciia ham s
Pinh nghia 5.2.1: Cho ham s f xac dinh trong khoang I
i) f duwoc goi 12 16i néu:
Vab e Iva Vte [0,1], ta ludn co: tf(a) + (1-t)f(b) > fta + (1-t)b)’
ii) f dugc goi 1a 16m néu:

vab e Iva vt e [0,1], ta ludn cé: th(a) + (1-t)f(b) < fita + (1-t)b)

N

Hinh 5.2

Dinh ly 5.2.5: Cho f la ham s6 xac dinh, lién tuc trong mdt khoang I, c6 dao ham cép

hai £’ trong I.

1) Néu £’ >0 trong I thi vo1a <b, a,b € I, ham s6 1di trén [a,b]

1) Néu 2’ <0 trong I thi vo1a <b, a,b € I, ham s6 16m trén [a,b]

(+)Chitng minh:

1) Gid st £°(x) > 0 trong I, dat g(t) = tf(a) + (1-t)f(b) - f(ta + (1-t)b), ta co:
g’(t) =f(a) - f(b) - (a-b)f’(ta + (1 - t)b)

Theo dinh ly Lagrange, ta c6 3¢ € (a,b), hay ¢ =tpa + (1 - ty)b sao cho:

* A A A . A re _*A \ A TA e 7. re ot \ A g~
Can phan bi¢t cho sinh vién khai niém ham s6 161 vo1 khai niém duong cong 161 da duoc hoc
O pho thong.

" Bit ding thirc nay thuong dwoc goi la bat ding thirc ham 16i.
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P(c) = w, nghfa 13: g(t) = (a - b)[F(toa + (1 - to)b) - £(ta + (1 - H)b)]

Ta c6 (a-b) <0, ma f’(x) > 0, nén f’(x) tdng trén (a,b) => g’(t) > 0 voi t < t; va
g’(t) <0 voit >0, vay g(t) khong giam trén [0,ty] va khong tang trén [t,,1], mat khac
g(0) = g(1) =0, nghia 1a g(t) > 0 trong (0,1), ta c6 dpcm m.

i1) Chirng minh tuong tu 1)
6. Céc bat ding thic 15
Pinh Iy 5.2.6 (bat dang thirc Jensen): Cho f 12 ham 16i trén I = (a,b), Xy, Xo, ..., X, € L,

Mis Ry oshn € [0,1], Y2, = 1, khi do:
i=l1

f(ikixi] < ikif(xi)

Dinh ly 5.2.7 (bét déng thire trung binh): Cho ay, a,, as, ...,a, >0, thé thi:

1
liai < [ﬁai]n
ng i=1

Dinh Iy 5.2.8: Cho p, q > 1 sao cho 1 + 1. 1, khi do:

P 9

1

1
< (Z] X; |p]" [Zl y, |Q]q (Bt dang thirc Holder)
i=l1 i=l1

n
inYi
i=I

1 1 1
ii) [Z|xi+yi |P]p < (zm |P]" -+ (zm |p]" (Bt dang thirc Minkowski)
i=l1

i=1 i=1
III Cac lwge d6 khao sat ham so
1. Hamy=1(x)"

a) Mién xéc dinh

" Khao sat va v& db thi ham sb y = f(x) d& duoc thuc hién kha nhiéu trong chuong trinh phd
thong, & day chi néu lai cac bude, chon mét vi du minh hoa, tranh st dung cdc ham da thuc,
phan thirc dang bac nhat trén bac nhat va bac nhat trén bac hai.
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b) Chiéu bién thién: tim khoang ting, giam ctia ham sd
b) Cuc tri (néu co)

d) Tinh 16i, 1dm (néu can thiét), diém udn (néu co)

e) Tiém can (néu co)

f) Bang bién thién

g) V& d6 thi
Vi du: Khao sat va v& dd thi ham sb y = fx) = —~—2
x> +1
TXD: R
_2)
x2+1—X(X
2
Ta co: £°(x) = —— +1 §X+13/2,Vé_i
x“+1 (x"+1
£(x)> 0 (ham don didu ting) V(’fix>—%
P(x) < 0 (ham don diéu gidm) V('rix<—%
1 .. 4.2 .2
X = Y la diém cuc tiéu.
Taco: lim ——2 =1va lim ——_2

xo+o 32 41 x>0 \[x? 41

ngangy=1vay=-1

Bang bién thién

X _l 1
2
5 15 10 -5 10
y + 0 - T

15

= -1, vay do thi ham s6 c6 hai tiém can
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2. Phuong trinh tham sb ctia dudng cong x = x(t), y = y(t)

a) Tim mién xac dinh, cac di€m gidn doan ctia cac ham s6 x = x(t), y = y(t). Nhan xét

cac tinh chit chin, 1&, tuan hoan (néu co).
b) X¢ét chiéu bién thién cua x, y theo t bang cach xét dau cac dao ham x’(t), y’(t)
c) Hé sb goc cua duong tiép tuyén v6i duong cong tai diém x = x(ty) va y = y(to) la:

dy| ¥ty
dx x'(ty)

t=t,
¢) Tim céc tiém cén cua duong cong
d) V€ duong cong

X =a(t—sint)

Vi du: Khdo sat va v& dudong cong: { >0)

y=a(l—cost)
Ta c6 x, y x&c dinh véi moi t, va y tuan hoan véi chu ky 2n

Do y 12 ham chin theo bién t, x 14 ham 1& theo bién t, nén duong cong d6i xtimg qua

truc Oy.

Ta co:

x’(t)=a(l - cost) =>x’(t) > 0 Vt, ‘=" <=>t=2kn

y’(t) = asint => y’(t) > 0 khi 2kn <t < (2k + )&, va y’(t) < 0 khi (2k - 1) <t < 2k,
y’(t) = 0 khi t = k.

dy _ st Y g hit= @k + 1) mva & = oo khi t = 2kn.
dx 1-cost dx dx

Ta xét bang bién thién trong mot chu ky t =0..2n

Bang bién thién

t 0 T 21
x’ + +
X 2amn 4
/ ar / W
0 U~ 10 0
y’ + -
y 2a
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2 2 2
Vi du: Khdo sat va v& duong cong: x* + y3 = a3 (a>0), duong Axtroit.

3
. X =acos’ t
Tham s6 hoa duong cong: (a>0)
y=asin’t

Ta c6 x, y x&c dinh v&1 moi t, tuan hoan theo t v&i chu ky 2n
x 12 ham chin, y 14 ham 1é, vy duong cong dbi ximg qua truc Ox

Véit, =7 - t, ta co x(t)) = -x(tr), y(t)) = y(t,), vay dudng cong ddi xtng qua truc Oy.
Véit, = g - t, ta cO x(t;) = y(t2) va y(t;) = x (1), vay dudng cong ddi xtng qua duong

y=X.

T

& ro1 dua vao cac nhan xét trén dé vé do

Chung ta chi can khao sat trén doan 0 <t <
thi.
X’(t) = -3acos’tsint < 0, ‘=" khi t =0

y’(t) = 3acostsin’t > 0, ‘=" khi t =0

Yot Y —0tait=0va Y = qait="
dx dx dx 4
Bang bién thién
t 0 ks
4
X’ -
X |a
\ a
22
y’ +
y a
22
0

Vi du: Khao sat va v& dudng cong: x° + y° - 3axy = 0 (a > 0), duong 14 De’cartes.

_ at
146 .
B 3at’
1+

t#-1

Tham sb héa dudng cong:

y
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Ta co:
X0 =3a "2 o x()> 0khi t< =, x°(1) <0 khi t> —— . x’(t)= 0 khi t =
(1+1%)> P2 KPR P2
_ 43
y’(t)=3a(12—§)2 — (1) > 0khit< 32,y (t)>0khit> Y2, y’(t) =0 khi t = 32
+t
y(t) _ 2+t _
Ta co: lim —= =-1 va hm t) + x(t 3a11m =3alim =-a
t>-1 x(t) (y(®) *x(0) = -1 1+t? -1 t2 —t+1
3at 3at?
=0, va hm y(t) = lim =0
t—>00 t—>00 ]+ too 14t
Vay duong cong co ti€ém can xiény =-x - a
_ 43
dy _ 12 t3),véyﬂ =0tait=0,t=32 Vé‘lﬂ =owtalt=o0,t= L
dx  1-2t dx dx 2
Bang bién thién
t 1
-0 -1 0 — 2 +o0
S8
X’ + + 0 -

TG
0/ -w/O/ \a%\o

s _ O +

n
" 3 /ag/z
\O/vaﬁ \0

<
1

<
O
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3.  Duong cong trong toa do cuc

a) H¢ toa dd cuc

Trong mat phéng, chon diém O ¢d dinh, goi la cuc (géc cuc) va mot véc to don vi OP,
tia mang OP got la truc cuc. HE toa do xac dinh bo1i cuc va truc cuc dugc goi 1a hé toa

dé cwe. Vi tri cia diém M trong mat phéng duoc xac dinh béng véc to OM, nghia la
xac dinh bdi goc cuc ¢ = EF,O—M) va ban kinh cucr = ‘O—M‘

b) M&i lién hé gitra h¢ toa do cuc va hé toa do De’cartes vudng goc:

=TICO0S
{X P 0<e<amrz0,var=x"+y;tgp="
X

y=rsing
c) Hé toa dg cuc suy rong
H¢ toa do cuc suy rong la hé toa dg cuc, trong do co thé léy:
r<0vae<0,hoac ¢ >2m.
c¢) Khao sat duong cong trong h¢ toa do cuc r = f(@)
i) Tim mién xac dinh cta f(¢)
ii) X4c dinh mot s6 diém dac biét cia do thi
iii) Lap bang bién thién, xét su bién thién cua f(o)
iv) Bat V 1a goc giita OM va véc to chi phuong tiép tuyén ctua duong cong, thi:
tgV = L'
r
Vi du: Khao sat va v& duong cong r = ac™® (a, b > 0),
duong xodn b¢ logarit 15
r xac dinh vé1 moi ¢, don di¢u tang theo ¢:

¢=0=>r=a, lim r=+o0, lim r=0.
P>+ @p—>—0

1 T S A
tgV = —, goc gitra ti€p tuyén va ban kinh cyc khong
a
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doi.

Vi du: Khao sat va v& dudng cong r = asin3¢ (a > 0), dudng hoa hong ba canh

\ 1 A \ .2 N a2 A e A C A
r 1a ham tuan hoan chu ky ?n , r1a ham 1¢ theo ¢ vi thé chi can khdo sat trén doan

0,21.
[ 3 ]
r’ =3acos3g =>r1’ =0 khi ¢ = %
tgV = &3¢
Bdng bién thién
® 1o i i
6 3
r’ 3a + 0 - -3a —
r a
o — T~
tgV | 0 00 0

Vi du: Khao sat va vé duong cong r = acos2¢ (a > 0)

Thuc hién céc budc tuong tu nhu trén, véi chu y, ham tudn
hoan chu ky &, r 1a ham 1€ theo ¢, r(¢) = —r(g—(p). Ta co
dudng cong:

Chu ¥: Néu xét dudng cong trong hé toa do cuc thuong (r >

0), thi r chi xéc dinh déi véi -Z < ¢ < va%" 5@5%“

b

NG|

T
4
ta dugc duong cong:

Vi du: Khdo sat va v& duong cong r = 2a(1 + coso) (a > 0)

r xac dinh vo1 moi ¢, tudn hoan véi chu ky 2w, r 1a ham chan, ta chi can khao sat trén

[0,7].

r’ =-2asing, r’ =0khio=0vap=mn

thZ—cotgg,thz—ookhi(pZO,thZOkhi(pzn
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Bdng bién thién 1

[0) 0 T

r’ 0 0

r 4a oo
\ 0 o

tgV | - 0o -

Vi du: Khao sat va v& dudng cong 1 = a’cos2¢ (a > 0)
Ta c6 ham a’cos2¢ tuan hoan vé6i chu ky 7, mit khac dudng cong s& xac dinh néu
cos2¢ > 0, nghia la —% << %, chung ta ciling chi xét véir > 0 (r < 0 twong ing voi

viéc quay duong cong mot goc =), nghia la:

r=a,/cos2p, 1’ = %n;(p,r’ =0 khi ¢ =0, tgV = -cotgo, tgV = oo khi ¢ = 0.
cos2¢p

Bdng bién thién 2]
¢ _r T 1
4 4 /—\ /—\
r - 0 - 0 u w
r a
O/ \ 0 4]
tgV | 1 o0 -1 23
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titng dung cdc dinh Iy ham sé kha vi, khdo sat ham sé

C. Baitap

1. Tim gi61 han

ex —cos— thx X —sin x
a) lim ——% lim— 2 ¢) lim———
X—>00 | | 1 x—l ln(l — X) x>0 ¥ — th
\/ X2
tg T X
ax Bx tgx X ~
e) lim lim &——° g) lim
x>0 X —tgx x>0 tox — X 1" In(1-x)
X X 3 _ —q
) lim® > fim VX k) lim 150X
x=0 ¢ d x=0  /x —1] Xﬂg T—2X
- . l-cos’
n) lim T — 2arctgx 0) lim X cot %x 1 ) lim C.OS X
X—50 In 1+l x—0 X x>0 X smx
X
g In(1—x) + tg =
r) lim—— s) lim t) lim
>llnx —x+1 x—0 cot gmx < COSX

2. Tim gi6i han
-1

-
a) lime* x
x—0

-100

3. Tim gi61 han

a) lim(l— ! ]
x—=0{ x ex -1

d) lim

1 1
x—)O{ln(X_i_m) ll’l(l-l—X):l

4. Tim giéi han

b) lim [(7 - 2arctgx)Inx]

b) lim(cot gx — 1]
x—0 X

ln(x+1—72tj © x
— %7 y) hmm

d) lim T — arctgx
X—>+0 ln(l N 1)
X

X a

€ —¢

h) lim

Xx—>a X —a

) lim—— %
lnx —x+1

q) lim Sin X — tgx

x>0 1 —cosx

x—0 X2

¢) lim[(Inx —1)In|x —e|]

c) lim
) x—0

1 1
{hq(x+\/1+xz )_ ]n(l+x)}

e) lim (%/X3 +x? +X+l—\/x2 +X+1M]

X—>+0

X

X . 1
a) lim X ¢) lim x* d) lim (L] e) lim | x jinx f) lim[sm X]x
x—0" x—0" x—0" tgx x—0 x>0\  x
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i

1 X 2
g) lim(e* +x)* h) lim (tgx)™™ i) lim (sinx)®*  j) lim (—2arctng k) hn})[_arctgx]x
x—0 x>t x>t X0 T x> X

2 2

1 1

1 . — -
D) lim(x+2)*  m) lim(1-cosx)'™  n) 1im(arcsm X ] 0) lim (Mj
x—0

X—>+0 x—>0 X x—0'

s

1
1 2 1

p) lim(arccos )" Q) }i_r)r;(tg 5 mjr 1] ) lim(a:—zllz{a)] "9 lim(1 - arctg®x)xsnx

X x—0 bX

5. Viét khai trién Mac-Laurin ham s6 f(x)

1+x)" £ x
a) ( JZOX) — dén ' b) Vi-2x+x> - ¥1-3x+x* dénx’
(1-2x)"(1+2x)
A 2 A 1 2 A X - A
c) tgx dén x’ d) e dénx’ e) +X—+X2 dén x* ) x(e*-1)" dén x*
l-x+x
g) Vsinx® dénx"” h)lncosx dénx® i) sin(sinx) dén x> j) In 2 dén x°
X

6. Tim gi6i han

1-cos’ x Vax—x* -3x e sin x — x(1 + x)

a) lim—— b) lim ¢) lim
) x>0 xsin X ) x>l 1-4/3 ) x—0 x3
7. Tim gi6i han
. 1 1 . 1 1 )
a) hm( , ——] b) hm( 5 ——2] c) lim {3){ —x’ ln(l +iﬂ
-0\ sinX X x->0(sin“ x X X0 X
. 1(1
d) lim H)ﬁ —x* +§]eX —x° +1} €) lim—(——cotgx]
X—>+00 2 x=>0xX\ X
8.  Xac dinh a,b sao cho biéu thirc sau c6 gi61 han hitu han khi x — 0
1 1 a
fx)=—-—-— - =
) sinx  x°  x’

9.  Khao sat tinh don diéu ctia ham s y = f(x) sau

a) X’ +x b) arctgx - x C) X + |sin2x|
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10. Ching minh bat dang thic

2
a) 2xarctgx > In(1 +x>) ¥x e R b) x - X? <In(1+x) <x ¥V x>0

11. Tim cuc tri caa ham s6

a)y = X TAx+d b)y=x-In(l +x) o)y =J1-x)(x-2)’

x> +x+1
dy=x-22°2x+1) e y=3-x f)y=1nx
xv/x
2 _ x? —2arctgx’ N )
g) y =x’Inx h)y= — i) y = x~ + 2arccotgx
12. Tim tiém c4n cua cac ham sd sau
x—2 x>

d) x’¢* e)

Vx® +1 X—a

13. Tim cuc tri va tiém can cua cac ham so sau

a) x’e™ b) xlg [§+ 10] c)

a) y = X + arccotg2x b)y =x’e™ c)y= Inx
X
1+x
d) y =¢e'Inx €) y =X - arctg2x y= =
(1+x)*

14. Gia st f 12 ham 16i trén doan [a,b]. Chimg minh ring V¢ e (a,b), ta co

f(o)-f(a) _ f(b)-f(a) _ f(b)-1f(c)
c-a  b-a b-c

15. Cho x, y > 0, chimg minh cac bat dang thirc sau

X+y
2 Xty

¢) xInx + ylny > (x + y)In

n n n X y
2) x"+y > X+y b)e +e >
2 2 2

16. Tim ti€m can cac dudng cong sau

3t 2t? t? t
) 4-1t° M ) t—1 YT
c)x=t-3m y =1t - 6 arctgt d)x=t y =t + 2arctgt
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17. Tinhy’, va y’4 bit x =tsin2t  y=t+ cost

d) x = acost y = asint e) x = a(t - sint) y = a(1-cost)
fyx=a(t-sint)  y=a(l - cost) Q) x=t+3t+1 y=t-3t+1
18. Khao sat va v& do thi ham sb y = f(x) voi f(x) sau

1
2

e]—x

2-x’ b x*+8

1+ x° 3 C) 1 +4x> d)x’lnx  e)sin’x f) X(“_l] g)
+X x” +1 X N

1+x?

h) arcsin(cosx) i) arccos(cosx) j) arctg(tgx) k) ¥x® —x* —x+1

19. Khao sat va v€ do thi cac ham so sau

2
a)x = 1t i A tzt 1 b)x=t+e' y=2t+e> c)x=2t-t y=3t-t
d) x = 2acost - acos2t y = 2asint - asin2t
e) X = at - hsint y=a-hcost (0 <h<a)
f)x =at-acos2t y=2asint-asin2t g)x=te' y=te"

20. Khao sat va v€ do thi cac ham s6 sau

: ) x*-xy+y’ =1

21))(2-i-yz=x4-i-x4 b)x2y2=X3-y
21. Khao sat va v& do thi cac ham sd sau trong hé toa dd cuc

a

A/cos3p

T o
d)r=o e)rz\/% fr= 27

g) I* = 2a°c0s2¢ h) r = acos4¢ )r=

a)r=a-+bcosp (0<a<b)b)r=

(a>0) c)r=a(l - cosp)
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Tuan VI. Nguyén ham va tich phan bat dinh
A. Tong quan

1. Néi dung vin tat: Nguyén ham va tich phan bat dinh.

2. Muc tiéu: Cung cip cho sinh vién cac khai niém vé nguyén ham, ho nguyén
ham, tich phan bat dinh, bang cac tich phan cac ham sb thong dung, cac quy tic tinh
tich phan bat dinh: tich phan timg phan, d6i bién s6, tich phan cac ham phan thirc hitu
ty, vo ty, luong giac, phuong phap doi bién Euler.

3. Cac kién thuc can co trwéce: Cac kién thic vé ham so, lién tuc, dao ham cua

ham s0.
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B. Ly thuyét
I  Dinh nghia

Dinh nghia 6.1.1: Cho f(x) xac dinh trong (a,b), F(x) xac dinh trong (a,b) goi la
nguyén ham cua f(x) néu F(x) kha vi trong (a,b) va F’(x) = f(x) Vx e (a,b).

Dinh Iy 6.1.1: Gia st F(x) kha vi trong (a,b), F(x) la nguyén ham cua f(x) Vx € (a,b).
Khi do:
i) v hang sb C, F(x) + C ciing 1a nguyén ham cta f(x) Vx e (a,b).
ii) Nguoc lai, moi nguyén ham cta f(x) Vx e (a,b) déu c6 dang F(x) + C.

Ho cac nguyén ham cua f(x) c¢6 dang F(x) + C voi C 1a mdt hang sb tuy ¥ duoc
goi 1a tich phan bat dinh cua f(x), x € (a,b), ky hiéu: I f(x)dx =F(x)+ C.

Ky hiéu | 1a d4u tich phan, x 1a bién iy tich phan, f(x) 1a ham sd iy tich phan,
f(x)dx 1 biéu thirc dudi dau tich phén.
II Tinh chat

Ménh dé 6.2.1: Néu F(x), G(x) 1a nguyén ham cua f(x) va g(x) tuong tng, thi aF(x),
bG(x) va F(x) + G(x) la nguyén ham cua af(x), bg(x) va f(x) + g(x) twong tng.

Pinh Iy 6.2.2: Moi ham s6 f(x) xac dinh, lién tuc trong (a,b) thi c6 nguyén ham trong
khoang do.

1.  Ddibién
Néu [g(H)dt = G() + C thi [g(w(x)w'(x)dx = G(w(x)) +C

III Nguyén ham cac ham thong dung

o+l

2) [odx =C b) [ldx =x+C o) [x“dx = =—, a#-I
a+l
d) jd—X=1n|x|+c o) [ dX2 —arctgx +C ) | X aresinx + C
X 1+x 1-x?2

" Nguyén ham va ho nguyén ham di dugc hoc trong chuwong trinh phd thong, phan nay chi
mang tinh chat hé thong lai vé€ cac cong thirc co ban va cac phuong phap tinh tich phan.

Lé Chi Ngoc Khoa Toan-Tin ung dung, DPai Hoc Bach Khoa Ha Noi Trang 64



Giai tich 1 Tudn VI. Nguyén ham va tich phén bat dinh

g [a'dx =—+C  h) [e'dx =e*+C i) [sinxdx =-cosx +C
Ina
) ) dx dx
1) jcosxdx =sinx + C k) j —— =-cotgx +C 1) j — =tgx+C
sin” x cos” X
dx 1 X dx 1 a+x
m = —arctg—,a#0 n =—1In +C,a#0
)ja2+x2 a ga 7 )J‘az—x2 2a |a—Xx 7

—arcsin® +Ca%0  p) [ =In(x + Vx’+a)+C
a

0)'[ dx
Va® -x’ Vx* +a
q) j\/X2+BdX = %(x\/x2+[3 +Blnjx + \x*+p ) +C

2
) j a’—x’dx = %x\/aZ—x2 + a7211rcsinE +C

a

Vi du: J.\/xx/x\/;dx = J.x7/8dx = Bx" +C

15

Itgxdx = jsmx dx = —jdcosx = -In|cosx| + C
COS X COS X

P . 2 . 2 2 P
Ie % Xgin2xdx = Ie S %2sinx cosxdx = Ie O ¥d(—cos“x) = e +C

j dx —%cotgf&x +C

sin? 3x
. 13
arcsin 5 X tc¢

—y
o
| o
w | =
e
[N}
&l -

X X In2

— to(Inx+1) + C

J- dx _ J- d(Inx +1)

x cos®(1+Inx) - cos’(Inx +1)
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IV Cac phuong phap tinh tich phan
1.  Ddibién
Ménh dé 6.4.1: Néu [g(t)dt = G(t) + C thi [g(w(x))w'(x)dx = G(w(x)) + C, trong d6

cac ham g(t), w(x), w’(x) dugc gia thiét 1 nhitng ham sd lién tyc.

2% dx
Vi du: j Nl , dat 2* =t => dt = d2* = In2.2"dx
_>J- 2%dx J' _ arcsint LC= arcsin 2 e
4% 1n2 \/1—t2 In2 In2

2. Tich phan timg phan
Ménh dé 6.4.2: Néu u, v 1a cac ham s kha vi c6 cac dao ham u’, v’ lién tuc thi:

'fudv =uv - 'fvdu

2
mu—:I":J. 2dX2 - 2X2 + j 2Xd§1
(x“+a”)" (x"+a’)" (x“+a”)™"
X dx b dx X
=  +2n|—— -2na = + 2nl, -2a,I,
(X2+a2)n J.(X2+a2)“ J.(x2+a2)“+l (X2+a2)n 2in+]
1 X 2n-1 1
=> In = + _In
T ona? (x2+al) 2n  a’

Dic biét: Cho P,(x) 1a mot da thic bac n ddi véi bién x.

a) I P, (x)sinaxdx (hodc truong hop I P, (x)cosaxdx cling twong tu)
bit P, (x) = u, sinaxdx = dv

=> J.Pn (x)sinaxdx = -i Qn.1(x)cosax + i J.Qn_l (x) cos axdx

(trong d6 Q,.1(x) 12 mot da thure bac n-1)

Ta thay sau mdi 1an 14y tich phan ting phan theo quy tic phan da thtrc dit 1a u, tich

phén lugng giac va dx dat 1a dv, bac cua da thirc gidm di mot, sin ddi thanh cos va cos
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d6i thanh sin. Ta ct tiép tuc qua trinh nay cho dén khi phan da thirc tré thanh hang sb,

tich phan con lai 1a d& tinh.

Vi du: J.(x2 —2x +1)sin 2xdx , dat x2 - 2x + 1 =u, sin2xdx = dv

(x? =2x +1)cos 2x
2

= [(x* —2x+)sin 2xdx = + [(x—1)cos 2xdx

_(x* —2x+1)cos2x L (x=Dsin2x
2 2

- l J. sin 2xdx
2

_(x2—2x+1)cos2x n (x —1)sin 2x n COs 2X
2 2 4

+C

b) [P, (x)e™dx , ddt Py(x) =u, ¢™dx = dv

= [P, (xedx = Qui(0e™ - - [Q,(x)e"dx

(trong d6 Q,.1(x) 12 mot da thure bac n-1)

Ta thay sau mdi 1an 14y tich phan ting phan theo quy tic phan da thtrc dat 1a u, tich
phén ham mii va dx dat l1a dv, bac ctua da thirc giam di mot, phén ham mii khong thay
d6i dang. Ta cir tiép tuc qua trinh nay cho dén khi phan da thirc tré thanh hing sb, tich

phan con lai 14 dé tinh.

3 _.3x 3 _.3x 2 3x
Vi du: J.x3e3xdx =X J.xze”dx =X° _X° g4 %J.xe”dx
3 3 3 3
3 .3x 2 3x 3x 3 2
SN S A YRS R G- S SOV
3 3 9 9 3 3 9 27

¢) [e* sinbxdx, ddt ¢™ =, sinbxdx = dv

X . 1 X X ~ X
=> I e sinbxdx = - e™cosbx + % I e™ cosbxdx , dit e =u, cosbxdx = dv
_ ax - 1 a  ax - a’ ax -
=> J.e sinbxdx =-—e " cosbx + —e€ sinbx - — J.e sin bxdx
b b b

— e cosbx + 5 esinbx + C

a“+b a“+b

=> J. e sinbxdx = -
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ax

Tuong ty, ta cling co: I e™ cosbxdx = (bsinbx + acosbx) + C

a’+b’

Trong tinh todn & trén, chung ta cling co thé thuc hién dat phén lugng giac la u, tich
phan ham mii va dx 1a dv, tuy nhién cach dat & lan thi hai s& phai nhat quan vé6i cach

dit ban dau.

d) [R(x)Inxdx, trong d6 R(x) 1a mot ham hitu ty.

Pit Inx = u, R()dx = dv => [Re)Inxdx = Seolnx - [2®ax, véi S(x) 1a mot ham
X

hiru ty, tich phan sau chung ta tinh theo tich phan ham hiru ty, hoac da thtrc.

X3

Vi du: Ixzmxdx,dét Inx =u, x2dx =dv=>v= 3

3 2 3 3
=> J.lenxdx Z%lnx— J.X?dx Z%lnx-% +C

e) J. R(x)arctgxdx (hoac J. R(x)arcotgxdx ), trong d6 R(x) 1a mgt ham hiru ty.

Dit arctgx = u, R(x)dx = dv => [R(xjarctgxdx = S(x)arctgx - | 13(") dx, v6i S(x) 1a
+

2
X

mot ham hiru ty, tich phan sau chiing ta tinh theo tich phan ham htru ty, hodc da thuec.

Vi du: I xarctgxdx , ddt arctgx =u, xdx = dv

= Ixarctgxdx = xzarﬂ - %J.XZdX _ x*arctgx 1

1
5 - —x+ —arctgx + C
2 I1+x 2 2 2

f) I R(x)arcsinxdx (hoac I R(x)arccos xdx ), trong d6 R(x) la mot ham vo ty.

Dat arcsin = u, R(x)dx = dv => I R(x)arcsin xdx = S(x)arcsinx - J' S(X)2 dx, v&i S(x)

N

la mot ham hiru ty, tich phan sau chung ta tinh theo tich phan ham hiru ty, hodc da

thuec.
, arcsin x . . dx arcsin X arcsin x dx
Vi du: j —dx, dat arcsinx =u, — =dv=> j —dx =- + J'
X X X X xvV1- X2
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Pé tinh tich phén sau, dit V1-x> =t=>dt= _XdX2
1-x
X\/l—X2 Vt+ 1 241
.. faresinx . arcsinx Ji—-x2 -1
Va:j ;dx =- +In,[——— +C
X X Vi-x? +1
3. Tich phan ham hitu ty
Ta co, gia st q-p/4>0
a) j Adx_ Alnjx-a| + C
~a
b) | Adv A +C(k#1)

(x—-a)* (k-D(x-a)*"

J-(Mx+N)dx _ J«Mt+(N—Mp/2)
2

. dt (a=+/q—p>/4, dbibiént=x+p/2)
X" +px+q t"+a

:J* Mtdt n j(N Mp/2)dt

t* +a’ t* +a’

% In(t* + a%) + 1 (N - Mp/2)a1rctgi +C
a a

ln(X2+px+q)+M XFP ¢

J4q-p’ \/4q p’

J- (Mx + N)dx J'Mt+(N Mp/Z)dt (a=
(x +px+q)" (t +a )

M
2

q-p>/4, ddibién t=x + p/2)

- Mtdt I( —Mp/2)dt

(t* +a)™ (t* +a®)™
Mtdt M
Tich phan tht nhat: I(t ra?) =- 2Am—1)(C +a2)™"

Tich phan thir hai ¢6 thé tinh theo phuong phap tich phan timg phan nhu & vi du trong

phan trudc.
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Dinh Iy 6.4.2: Moi da thuc bac n h¢ sb thuc déu o thé phan tich thanh cac thira s6 1a

nhi thirc bic nhét va tam thirc bac hai khong c6 nghiém thuc.
Hé qud: Moi phan thire thuc sy déu co thé phan tich thanh cic phan thic don gian

4.  Tich phan ham vo ty

cx +d cx +d cx +d

m/n r/s
2) jR[x,(aX+b] ,...,(a’”b] ]dx,cd;éo. Pt X0 — & Ui k 1a boi chung nhé

nhit cta cac chi s6 can, dua vé dang hitu ti vi t. (R 12 ham hitu ti)

2dx 2
Vi du: jx— dit V2—x =t=>x=2-t, dx =-2tdt

j"dx —-2[(2—t2)2dt=-8t+§ —t =82—x +2° (2- )2 §(2—X)5/2

b) J'R(x,\/a2 —x?)dx Pit x = asint, hodc x = acost

Vi du: I d—tw , dat x = sint => dx = costdt
(1-x7)

d
- J.(1—x2)3/2 B J‘costzt

= tgt + C = tg(arcsinx) + C

J'R(x,\/a2 +x7)dx Dit x = atgt, hodic x = acotgt

dt
Vidu: ,datx =tgt=>dx =
J. «/1+x ' gt cos” t
dcost 1 x> +1

— —[geost +C=1In +C

J. ,/1+ J'smt J‘l—coszt J(—cost)(1+cost) | x|

jR(x, x? —a’dx it x = a/sint, hodc x = a/cost
Vidu: [x*Vx* —4dx, dat x = 2sint => dx = - gt

st

=> j Vx? —4dx __32J-cos tdt —32J.cotgt(l+cotg2t)dcotgt

s1n t
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4
= 16cotg’t +8cotg’t + C = X? +C

c) jR(x,\/axz +bx +c)dx Datt=x + b/2a, dua vé dang b

d) Tich phan dang ¢ c6 thé st dung phép thé Euler

i)a>0, Vyax? +bx+c = ++a x+t

dx
Vidu [——225 gt Vx2+x+2 =x+t
J.\/X2 +x+2

2 Ry _
:>X2+X+2:X2+2Xt+t2:>X:t 2:>d)<:2t"'—2t24
1-2t (1-2t)
s J. xdx _ j 2t2—4 J» ] Z dt
exs2 02070 -2t 20—
- Ler Ina-2y- - +c
22 48t

Z%(\/x2+x+2 -X)+%ln(1-2(\/x2+x+2 - X)) - 7 +C

4-8Jx%+x+2 +8x

ii) ¢ >0, vax? +bx+c =tx £+/c

Vidu:J' Jdat Vi ax+l =tx 1= A xF 1 =250+ 2tx +

VI+x+x2

2t—1 2t —2t+2
= t 3 :>dxz%
1-t (1-t%)

2t—1)2dt

= [~ =[O
I+x+x (1-t*y’
111) X 1a nghi€ém tam thuc bac hai ax’ +bx +c, Vax> +bx+c = t(x - Xq)

Vi du: | dat V3-2x—x> =t(x - 1)=> (1 - x)(x + 3) = t’(x - 1)’

xdx
V3-2x —x? ’

Lé Chi Ngoc Khoa Toan-Tin ung dung, DPai Hoc Bach Khoa Ha Noi Trang 71



Giai tich 1 Tudn VI. Nguyén ham va tich phén bat dinh

2= X+3 — tdt = 2dx2

1-x (1-x)

6— 2t dt dt

S

32X —x (t +1) t"+1 (t°+1)
=2alrctg‘/)1(L3 +43-2x-x* +C

—X

e)j (Ax + B)dx batx-a=1/

(x —a)"vax® +bx +c
f) Ixr(a+bxp)qu, véir, p, qla cac sd hitu ti
i) q nguyén, s 1a mau sb chung ciar, p, thé x =t
ii) (r + 1)/p nguyén, s 12 mau sb cta q, thé a + bx" =t'

iii) (r + 1)/p + q nguyén, s 1a mau s6 cta q, thé a/x* + b=t

Vi du: j L datt’ = L= sed= Lax

Yx*(1-x) . X x*

5

5

— Id_x
3x%(1-x) X

5.  Tich phan ham lugong giac

a) Dang J.R(sinx,cos x)dx, R 13 biéu thuc hitu ty. Dit t = tg%

t 1-t
=>dt = (£ + 1)dx; tgx = ; SINX = ; COSX =
( Jdx: tg 1-t 1+t 1+t
2t 1-t?) dt
=> | R(sinx,cosx)dx = | R ,
J. ( ) I [1+t2 1+t2]1+t
1 -
Vi du: j+cosxd ,de_lttztgE
sin x —1 2

= J'3t(t3—1)dt — 3¢ 3¢4c= 3(1_1]3 3 (1_
5 2 2

J e

4t
= 2arctgt + —— +C
t*+1
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1-t°
1+-——
2 —
- jljl-cosxdx _ 1+t dt2 :'2I ;1‘[2 :J' 2d‘[2 +j 2dt2 4 j 4td‘;
sinx —1 2t 1+t (t=D*(t +1) (t-1) 1+t 1+t
1+t
2 2 2 1
= —— + 2arctgt + 2In(1 +t°) + C = X-i-x-|-21n
-t l—th cos® —

b) Dic biét
i) Néu R 1¢ d6i v6i sin thi dat cosx =t
ii) Néu R 1¢ ddi voi cos thi dat sinx =t
111) Néu R 12 chén dbi vd&i sin, cos thi dat tgx =t

c) J.sin ™ xcos" xdx

1) Néu m, n c6 it nhat mét so 1€, hoac m, n déu chan va c6 mgt s6 am thi dat nhu

truong hop b
Vide [ = [ dX g fiin’x +C
COSX I-sin” x
dx - 2
[——, dattgx =t=>dt= (" + 1)dx
cos’ X
5 3 5 3
= [ e =L 2 o= B 2 i
cos® x 5 3
1) Néu m, n déu chin va duong thi ha bac
sin’x = (1 - cos2x)/2  cos’x = (1 + cos2x)/2 SINXCOSX = sin2x/2

Vi du: J.sin4 xdx = 1 I(l—coszx)zdx = lX - sin2x + 1 J.cos2 2xdx
2 2 2

X - sin2x + 1 I(1+cos4x)dx = éX - sin2x + Lsin4x +C
4 4 16

N | —

d) Dang tich J. cosax cos bxdx ; J. sin ax cosbxdx ; J. sin ax sin bxdx

Dung cong thtrc bién d6i tich thanh tong
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C. Baitap

1.  Tinh céc tich phan
f— 2 f—
2) J.(I—Lz]\/x\/;dx b [ )ax ) j" g
X X\/;

2. Tinh céc tich phan

dx x>dx xdx dx sin xdx (1-x)dx
R P A e S e

in xdx {xdx .5
g)jcos—— h)j\/i i) [tg’xdx J)j;COTX k)jm 1) [sin® xdx
dx sin xdx sin “ X x2dx dx
) j,/1+ezx ») J.«/cos2x )J.cos xdX )J.cos X )I1+x6 r)J.XJXZ_,_l

)J-sin7xdx ICOS xdx j xdx

2 dx dx
S)Icotgxdxt)jxmu)jsmsx — X) S

3. Tinh céc tich phan sau

5
Ot DI O o F e 0]t

)d )J«1+smxdx j sin 2xdx )j sin® xdx

V1= cos? cos x3/cosx

alrcsm X ix D) 1+ Jx )dx

0 it il

X“+x-—-2

In xdx ) 6
)J.xm n)jx 9-x dxo)j

) [y

J-\/;+lnxd cos xdx

dx dx 3 2
—_— t 1-x"d ——
q)J.,“/4_]nZX 1F)J‘3x2—2x—1 %) X ) )jx xdx ) J.\/2+cos2x

xdx dx 5 . .5 5
V) Im X) jS-HlT y) J.cos x+/sin xdx z) J.sm x cos” xdx

4.  Tinh céc tich phan

sm(a +bln x)

J- (sin X + cos x)dx

\/SIIIX COSX

arccot gx
o) [P

b) jx3 4-x%dx d)j
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j sin x cos xdx jlnl+x dx

2

sin x + cos* x I-x1-x

) sin x cos xdx
]

I)J- dx
X In X In(In x) sin® x + cos? x

m) j 2xdx n) j xdx

x* +3x2+2 x*—2x2 +1

dx .
Y J.(X+a)2(X+b)2 " ISIII4XCOSS X

2
h) jl+x—xdx

VA=x7)

g [

sin? x +2cos’ x

X~ =2x dx
= =2 1
j(x2 +1)? dx ) I(x2 +1D)(x* +2)

arctg\/_ dx
O)J.(x 1)(x+1) )j Jx 1+x
3 tgx — 1+ Intgx
K J‘(az —x*pa® -x? K I cos” X dx

u) j sin X cos xdx J-

2 -2 2 2
\/a sin“x+b”cos” x

5. Tinh céc tich phan

2) J-(l de12 b)j dx3x o) jszdX

1+e xIn4x

—X)

x> dx xdx
h) J'«/ )J’q/x(x+1 )".3«/1 3x
O)J. dx X dx) j
1-x’ dx

x(1+x")

' sin x

6. Tinh céc tich phan

de r)J» X4dX4 S)J»

_cosxdx j(6 x?)dx )j

Vax —x?

(x +1D)dx

dx ) I xdx
(x=D(x+2)(x+3)

x? —2xcoso+1

e?*dx x2dx
)I IM 8 j(l—x)“)‘)

eX*dx

j\/r J.1+e"

x2dx

(x-1)°

j x2dx
(x +1)10

(x=1)

dx y) J.x(l x)'?dx

dx e \/_ dx

dx
Y je" +\/e—x

f) J.cos2 Vxdx

dx dx
k) | —— D [—=——
)J.\IZX—X2 )J.x3\/x2+1

dx
! j\/(1—x2)3 ! IX(1+><e")

g) [xcosvxdx h) [xv2-5xdx i) [ dx

0 e (R0

X

\/a X3
) J-\/QX+1

3 dx
X“+2x+5 X

J- (x +1)dx n) J- sin x cos” x

D dx
1+cos” x
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0) J-x+«/2x—3

x—1

dx p) J.x3(1—5x2)10dx q) J‘ex{l —]dx r) J.l \/_
X +Vx+1

t) J.x5(2—5x2)2/3dx u) j(x+l) 1-x%dx

S)J- dx

dx xdx

X)
—2x+1 J.\/1+x2+\/m

V) J.\/2x+3

7. Tinh céc tich phan

In? xdx x2dx

(1-x*)’

o) I x2dx

1-x?

a) j xdx

COS X

b)j d)J.xsm xdx e)jxe dxf)j

) X sin X
dx
D J‘cosz X

g) J. sin(ln x)dx  h) J. cos® Vxdx 1) J. arctgy/xdx k) J. x arctgxdx

) [xcosvxdx  m) [xsiny/xdx n) [sin(n x)dx

arctgx
q) J.e_x cos2xdx 1) J.xarcsinxdx S) j%
+X

8.  Tinh cac tich phan sau

arccos x arcsm X
a) j

o dx b) J.(arcsm x)? dx c)j

f) J.xsin\/;dx g) J.eax sin bxdx h) J.xtgzxdx

k) jxarccosldx 1) J.cos2 Inxdx m) J.x2 arcsin xdx

X

J- X arcsin X 4 J- x arccos xdx ) J- x *arctgx

p) (1-x2)*2

1+x?
w) [(x* +Dxdx V) [sin(l+Inx)dx

9.  Tinh céc tich phan

dxs) [e

x) I(x2 +2x+2)°

0) [(x* -ne™dx p) [3V*dx

I arcsin xdx

V=%’

0 (x+1)7edx

d) J. arctgyxdx ) j ln(sm X)
sin” x
D[ ) [e™sin? xdx
x°(1+x%)

n) J.ex_l sinxdx 0) J.esx cos3xdx

aretgx arctgx

dxt) [(2x +3)e™dx

dx y) [¥* In(x* +3)dx

a) J.arcsinJ X dx b) sz a’ +x’dx c¢) J.x2 arccosxdx  d) jxarccosldx
x+1 X
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1+sinx

e) J.(x—xz)sinxdx f) J.(l—xz)cos2xdx g)j e*dx h) J.(x2+1)lnxdx

1+ cosx

1) jxxll—xz arcsin xdx 1) J‘Xhl(3+_lz+xz)dx k) jlnz(x+\/1+x2)dx
I+x

In(x +V1+x?) X xdx
m)J. )" d n) J.h1 ()

1) J.xarctgx In(1+x*)dx

10. Tinh céc tich phan

dx x* +1

~1) 9 Ix"’ +1dX °)

)J~X +de)J*

x%+1 x+1

c) I(X3

x* +8x

4 2 5
[ I o[ e 3 w;:

dx dx x3dx xdx dx
m [ e 9l +1)2p>I TR sl e

x'+1 X~ =X
x*dx x? +X x2dx (x? —2x) dx
S)j(x]O—IO)z t)I><6+1GIX u)j(x—l)s V)j( 241’ o X)thxz

11. Tinh cac tich phan

a)ILb jw C)J’ﬁxi d)J‘ xdx o J~(3x+2)dx

x*+5x% +4 x?—x-1 x¢—x’-2 X7 —3x+2 2x* +x-3
J-(2x +3x)dx J- dx h j dx J~(x+1)dx j(l x7)dx
x*+x% +1 x(x> +2)? x*+x* +1 X" +x+1 x(1+x")
2x-1)*dx (x +2)%dx dx (x* +x%)dx
W o e oo e
(x +1)° x(x —1) x(x " +1) x?+x+1
x2dx (3x —1)dx dx (2x? = 5)dx
0 e A e e
)Ix2—6x+10 )jx2—4x+8 q)‘[X2+6X+25 '[ —-5x%+6
dx dx X —5x+9 dx
S t A
)I(x—z)z(x+3)3 )I(x2+2x+5)2 )I 5x+6 )jx4—13x2+36
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12. Tinh céc tich phan

j (x* +1)dx
(x— 1)(x -

J'XS +3x° —x
(x* +1)?

2xdx
1 e —
) ‘[x4 +3x%2+2

m) I xdx

xt+6x*+5

5 3
x> +3x° —x
X
)j (x* +1)?

dx
») I(x ~2)%(x +3)*

13. Tinh céc tich phan

R I (x* +2x +6)dx
(x=1)(x-2)(x—4)

x> +3x% +5x+7

d) | dx

x> +2

o) J' dx

x(1+x)(1+x +x7)

(x* —1)dx

x4+ x?+x+1

D

)J- (x* —x)dx
X +4x* +4x7 +1

p[—

x(x+1)(x"+x+1)

3 2
3 Sx+7
r)IX+X+X+dx

x2+2

(x +1)dx
(x— 1) (x+3)

+1)dx

x2dx

x ) |

dx )j
(x=2)*(x+3)° 8 (x* +6x +8)*

(x+1)dx

|

x? +10x +29

(x* =3)dx

dx
4 3 I 2
X" =2x" +2x -1 5x°+2x+1

(x
'[ —5x° + 6%

J-(x +1)dx
x*+x2+1

(3x? +x +3)dx
h
j(x—1)3(x2 +1)

x2dx

) J.x2 —4x+3

(5x —1)dx

(sx +3)dx (x* +2x —1)dx
o) | -
(x-DH(x"+1)

x(x® +3x% +2)

4 2
X +X

dx
v) I(x+1)2(x2 +1)

dx
x*+2x3 +2x% +x

b) |

x2dx

x> +5x% +8x+4

e)J.

h)J' : dx

< szz +4x+3(le

P) I(x+2)2(x2 -1)

dx
~(x* -4)

t) j(xz

dx
%) I(x2 +1D)(x* +2)

J- (2x? +x +3)dx

x> +3x% +3x+2

dx
D I(x +D(x +2)*(x +3)°

x*—xt+xP—xr+x-1

J- (2x? +x +3)dx
x> +3x% +3x+2

n) J' dx
(x +D)(x+2)*(x +3)*

. dx
) Ix(4+x2)2(1+x2)

J- (xs—xz—l)dx
x> +xt+xP+x+1

0) I (x* —1)dx

x4+ x?+x+1

(x* = 1)dx

a) |

x(x* -5)(x°

-5x+1)

dx

s) I(Xz

—4x +4)(x* —4x +5)
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14. Tinh céc tich phan

x*dx dx x2dx X+ x2dx
j\/ﬁ b”ﬁ j d)IW )I\/:d ﬂjm

i)f a —Xxdx j)f 1—\/§dx

k) J' dx
1+x /(1—x2)3

O)J' \/;dx )J' dx
a¥xy Py

xdx dx
e S M B R
® J'q/x3(1—x) )J.X\/4+X2
1) IV4X x%dx m)J.

xdx

dx r)J.3x x dx

t)J. x> +x*dx u)

@ [Y 9 |22

15. Tinh céc tich phan

x3/2 + xdx xdx \/_ 1
2 w1 b”mc)fw— D

f dx - x dx dx . dx
D 0 +x x 1+ %3 1)I><(l+i/§)3 8 et Wﬁ

k)J' x dx ) J'\/de m)j 1+X X n) j (x? +4x)dx 0)j x dx

x+1+1

X_ldx J. dx
x+1 Jx+1-1

V142x —x? Vx? +2x+2 (a—bx2)3/2
3dx x2dx dx xdx
p) [—— Q) ) [——1
j I “\/T j x4 I xdfx—1)° j(1 K 1-x2
3d Y1++x (x +2)d
)j x~dx J.X+\/: X X) J'3 ax — x° dx y) J.Txdx z) Iﬁ

16. Tinh céc tich phan

)J. 1+de b)J. (x —a)(b—x)dx )IM

e

Sl e e

(Wx+1+2)dx
(x+1)? —vx +1

x*a® +x*dx h)j

dx dx
? IJ(x—a)(b—x) Mo @l
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k)j’“/_ f DI (x +2)dx
\/_(1"'\/_) vx? +4x-3

X dx(a>0)
X

. dx .
1)j(x_1) P J)J. .

(x —1)dx X ++/2x -3 q J(1-x%)? q (x* +1)dx
m)J'(x+1)\/1+xz n)'[ x-1 i 0)'[ x? x P J.\/xz+2x+3
(x +4)dx dx I+x d xdx

Y J.\/x2+2x—3 ) ".\/;(4\'?(—1)3 )J. 3\/1+X x Y I\/3—2X—X2
u)j dx V)I (5x —3)dx X)I (3x+4)dx )J~\/x2+2x+2dx
V=-3x% +4x -1 V2x? +8x+1 V-x% +6x— X
17. Tinh céc tich phan
dx dx
a) |V3-4x+4x*dx b C d
)J. e )J.(x+1)\/x +x+1 )j(x+2)\/x2+2x )IX\/5X2—2X+1
dx xdx
e —_ Vx® +2x+2dx h
)J'?{/(x+1)2(x—1)4 f)J.\/4—X—X2 ® J.X i i i )J.\/x +2x+2

1)J. 5—4x—x*dx J)J. x? —x +1dx

k)J- xdx I)J- dx
\/x2+4x+5 x—vVx?—x+1

x> dx

m)J. [1+2 \/_) n)j(a—xz)Va—x O)J.l+\/1 X —x2 )J.l+\/1 2x —x°

dx xdx xdx 5
q) 1) | —e S) | — t) | xV—x"+3x-2dx
J.1+\/X2+2X+2 I\/5+X—X2 J.\/xz+x+2 J.

dx

) IH S N

u)jd(xnﬁ(x—sf TSR )j\/(z x+1)’ —JT SR

18. Tinh céc tich phan

(3x +2)dx b J~ dx o) J- dx
(x + DVx2 +3x +3 (1-x)V3+2x —x 2+ T x +4/1-x

X —Vx? +3x+2

d) | dx dx

2 e) .’.3 2 f) j dXZ
X+VxZ +3x+2 Yax® +4x +1-~2x +1 (x=DV—x"+2x+3

a)j
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h)

dx ) J- xdx

dx
2) .
J’(X—l)z\/l+2x—x2 J.X+\/X2+X+1 x? +2+241+x2

x2dx

)
J.(l+x)\/1+2x—xz

19. Tinh céc tich phan

dx
K) [xvx? —2x+2dx |
)j )IJl—zx—‘{/l—zx

a)J'1+(1,)i(nx b)J. d)J.:;S :d )J‘snclbjx DJ.4+d3thX
g) J.COtgﬁ"dX h) jCOS —dx ) J'smxdﬁ D J’1—(1);11)( K J‘sinz)((b(:os%(
D J.Smxdﬁ m) J.i/% 1 J'smxdﬁ ° J‘smxdﬁ )jsm4::os2x
Ve 0 [t W R0 [ v I
v) j(m;jﬁ %) jsm%?ﬁ y) J.(sinxf)::osx)“ 2) J‘sin3 xc-ll-xcos3 X

20. Tinh céc tich phan

. 3 .
a)J- (sin x —cos)dx b J- cos” xdx o) J-cosx+s1nxdX d)J- dx

(sin x +2cos x)* sin? X + sin x 4/sin 2x sin x+/1 + cosx
e) J.cotgzxcosxdx f) jd—x g)j , dx h)J. , dx
Jsin? x cos’ x 3sin X +4cosx sin X(1 + cos x)
cos2xdx . sin 2xdx dx (1+sin x)dx
) [s——— D[ — W [— — D= :
Vcosx +sin x sin” X +cos” X sin” X +cos’ X sin 2x + 2sin X
jw n J.d—x 0) J.tgxtg(x+a)dx P) J.sin x sin(x + y)dx
sin X + cos X cos xa/sin X
Q) J-sin2 x cos? xdx . J'(sin X —cosX)dx ) J- sin ? xdx 0 sin xdx
sin® x + cos® x sin X +2cosx cos” x4/ tgx cosxv1+sin? x
sin xdx dx dx dx
u) | — \% X
)J.«/2+sin2x ) J.(sinx+cosx)4 )Ism3x+cos2x Y)Icossx—smsx
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21. Tinh céc tich phan
dx COSX + sin X
a) | ———— b) | ———dx
) J‘sin4xcosx ) J. A/sin 2x
3 .
cos” xdx sin xdx
e —
)I4smzx_1 ﬂjl+sinx+cosx
I)J. dX )J- SiIleX
sinX(1+ cos x) A/2 +sin 2x

dx

S1I1X+S1I1 X

¢) [sin 3x sin xdx

o |

K |

d) J.sin2 x cos”* xdx

dx dx
- h) J4—
sin “ X cOs X sin " X cOSX
sinxcofxdX ) J- '(2+sin x)dx
I+cos” x sin x(1 + cos x)

sin? x —cos? x

dx dx

m) [ 0|

CcOS2X 3—2sin X + cosXx

o)J.

(2sin x —cosx)dx

J' COS3 + COS5 X

4 4

sin” X +cos” X sin? x +sin? x

sinxXx+2cosx—3
q)j dx

r)j

sinXx —2cosx +3
t) jsin x sin ~sin —dx
2 3

(2sin x —sin 2x)dx

X)J.

v |

3sin? x +4cos’ x

u) J.sin3 2x cos” 3xdx

dx

) J'(sin X —2cosx)dx
1+ 4sin X cosx

sin xdx

V)J.

(1—cosx +sinx)’

dx

sin’ x + (1-cos x)’

22. Tinh céc tich phan

3sinx—4cosx+5

dx

z)j

2sin X +3cosx +3

dx

a) J.cos X €08 2x cos 3xdx

b) |

sin 2xdx

sin? X +sin 2x —cos? x

b) |

3+5sinx+3cosx

sin xdx

J' COS5 X+ COS3 X

e)J.

cosx+sinx+\/§

(2sin x —sin 2x)dx

Cc d dx
)jcos3x—sm2x—1 ) sin? x +sin? x
(2sin x +3cosx)dx sin xdx
f) g
J‘sinzxcosx+9cos3x J.(l—cosx+sinx)2

dx dx

h) J o

sin® x + (1 -cosx)’

dx

1)j
D |

D

4sin X +3cosx +5

dx
4sin X +3cosx+5

cos? xdx

sinX+2cosx +2

m) J.cos X cos 3x cos 5xdx

K |
n)j

2sin X —CcoSX + 5

dx
3+5sinx+3cosx

dx

o)J.

p) |

sin? x + 4sin x cos x

3sin? x — 8sin x cosx — 5sin? x
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dx

Q |

. 4 .4
SlnXCOSX\/COS X+Ssm X

23. Tinh céc tich phan

In xdx arctge”™ arcsin e* ) x *arctgx
a) |————~ b dx ¢) [———dx d) |xtg'xdx e) [———dx
J.(1+x2)3/2 )J. e” )J. e” )J. s )J. 1+x?
2 X x/2
J'x e d); J-xarctgjdzx h J'x+c'osx dx ; J'ar(;‘;ge dx
(x+2) (1+x7) 1 +sin x e*“(1+e")
., [cos8x —cos7x sin xdx cos xdx
) dx k) 1)
j 1+2cos5x J'cosxxll+sinzx J’sinxxll+cos2x
3 .
)IX arccosx . n) J'sm x:lrcos\/;dx
NI Vx sin 24/x
dx x In(x +V1+x?)
o) [ P | oy dx
\/1+ex +\/1—ex (I-x%)
24. Tinh céc tich phan
dx
a) | x"e*dx b) |sin" xdx C d) |In" xdx
) J. ) J. ) J‘cos“ X ) J.
e) J. tg"xdx f) J. xIn" xdx g) J. x" sin xdx
"dx . dx . _
h [—2& 1 sin™™ x sin(n + 1)xd
) j«/ax2+bx+c ) J.(asinx+bcosx)“ D J. xsin( Jxdx
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Tuan VIL. Tich phan xé4c dinh

A. Tong quan
1. Néi dung vin tit: Tich phan x4c dinh”

2. Muc tiéu: Cung cdp cho sinh vién cac kién thirc vé tich phan xac dinh: dinh
nghia, ¥ nghia hinh hoc, co hoc, tidu chuan kha tich; cac tinh chat cua tich phan xac
dinh; cong thirc dao ham theo can; cong thirc Newton-Leibnitz; cac phuong phép tinh:
tich phan ting phan, ddi bién sd.

3. Cac kién thirc cin c6 trude: Cac kién thirc da hoc ¢ phd thong vé tich phan,
céc kién thirc vé ham sb, lién tuc, dao ham, nguyén ham, ho nguyén ham, tich phan bat

dinh.

" Tich phan xac dinh dd duoc hoc & chuong trinh phd théng. Phan nay chi mang tinh chat hé
thong lai, cung cap thém vé ti€u chuan kha tich, cong thirc dao ham theo can.
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B. Ly thuyét
I  Dinh nghia tich phan xac dinh
1. Bai toan dién tich hinh thang cong

Cho ham s f(x) xac dinh, lién tuc
trén khoang dong [a,b], gid su f(x) y B
khong am trén [a,b]. Xét hinh thang
cong AabB 14 hinh gi6i han bsi db thi A
cia ham sd f(x) (trén [a,b]), céc

duong thing x = a; x = b va Ox. Bai

toan dat ra la tim cach tinh dién tich S 0O

d X1 X2 Xi  Xj-1 Xn-1 >
cua hinh thang cong AaaB. X

Ta chia [a,b] thanh n doan nho Hinh 7.1
nho béi cac diém chia: Xo=a<X; <X;<...<Xy <X, =b. Ta goi cach chia dé6 la mdt

phan hoach P.

Tu cac diém chia x; 1= O,_n), dung cac duong x = x; cat dd thi caa f(x) tai cac
diém P;. Xét cac hinh thang cong nho P, x;.x;P;, c6 day: Ax; = Xx; - Xi.;. Trong mdi doan
[xi.1,X;], chon diém & tuy y. Ta c6 f(§)Ax; 1a xap xi voi dién tich cua hinh thang cong
P.ix.xiP; (i= 0,n). Nhu thé, dién tich S = )" f(§;)Ax; . Tong ndy duoc goi 1a tong tich

i=l1

phdn ciia ham f ing voi phan hoach P.

Duya vao cac gia thiét ciia ham f, nguoi ta da chimg minh duoc rang:

S= 1l f(€.)AX;
fim D& )%,
Irgengxi—)O -

nghia 13 dién tich cua hinh thang cong AabB bang gidi han cua téng tich phan khi sb
diém chia ra vo cing sao cho do dai cac doan tién téi 0. Nguoi ta ciing chimg minh
duoc, gidi han nay khong phu thudc cach chia doan [a,b] cling nhu cach chon cac diém

trong &;.
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2.  Dinh nghia tich phan xac dinh

Dinh nghia 7.1.1: Cho ham $6 f(x) xac dinh, va bi chdn trén doan [a,b]. Chia [a,b]

thanh tirng doan nhd bdi cac diém:
Xo=a<X;<Xy<...<ZXpi <Xn:b

Véi moi 1 = 1,n, dit Ax; = X; - X1, trong moi doan [X;_1,X;], chon di€m &; tuy y.

Néu lim > f(&)Ax; ton tai hitu han va bang mot gid tri I ndo d6, dong thoi gidi
n—oo .
max Ax; —0 i=l

han nay khong phu thudc cach chia doan [a,b] cling nhu cach chon cac diém trong &;,

thi ta goi d6 1a tich phdn xdc dinh cia f(x) trén [a,b], dong thoi ky hiéu:
b
I= [f(x)dx
3. Y nghia
N b
a) Dua vao bai toan dan to1 dinh nghia tich phan xéac dinh, ta co: S = j f(x)dx 1a dién

tich hinh thang cong chin boi y = f(x) (> 0), x=a,x=b, y=0.

b) Xé&t bai toan tinh cong cua mdt luc déy mot chat diém di tir diém a trén Ox, doc theo
Ox t6i b trén Ox. Gia st d6 16n cua lyc d6 tai mot diém x e [a,b] 1a f(x). Khi do, vdi

cach xem xét giong nhu doi véi bai toan dién tich hinh thang cong, ta c6 cong cua luc

b
la: A= [f(x)dx.

II Piéu kién kha tich
Dinh Iy 7.2.1: Cho f(x) x4c dinh va bi chén trén [a,b], chia [a,b] thanh n doan nhé nho
boi cac diém chia: Xo=a<X; <X;<... <Xy <X, =Db (phan hoach P).

V&imdii = 1,n, ky hiéu:

AXi =X - Xj-.1, Im; = inf f(X), Mi = sup f(X), A= max AXi

XElX; X xe[X;1,%;] i=Ln
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Dit s = > mAx;, S = > MAx; lan lugt duge goi 1a tdng (tich phdn) dudi va

i=l1 i=l1

tong (tich phdn) trén cta f(x) trén [a,b], tng v6i phan hoach P.

Khi d6, f(x) kha tich trén [a,b], néu va chi néu: lim (S - 5) =0.

Chu thich: Vi cac ky hi¢u nhu trén, néu dit oi = Mi - mi, ta ¢c6 ham sd f s& kha tich

khi va chi khi lim Z:o)iAxi =0.

A—0 £
i=l1

Pinh Iy 7.2.2: Néu f(x) lién tuc trén [a,b] thi kha tich trén [a,b].

Pinh 1y 7.2.3: Néu f(x) bi chin trén [a,b] va c6 mdt sd hitu han diém gian doan trén

[a,b] thi kha tich trén [a,b].
Dinh ly 7.2.4: Néu f(x) bi chdn va don di€u trén [a,b] thi kha tich trén [a,b].

III Tinh chat’

b b b b a
a) [Cf(x)dx = C[f(x)dx b) [Cdx =C(b-a) ¢) [f(x)dx =-[f(x)dx
a a a a b

b b b
d) [[f(x)+e(0ldx = [f(x)dx + [g(x)dx
e) Cho ba doan [a,b], [a,c], [c,b], néu f(x) kha tich trén doan dai nhét thi cling kha tich
b c b
trén hai doan con lai, va: [f(x)dx = [f(x)dx + [f(x)dx
f)Néua<b, va

b b b
i) f(x) > 0 trén [a,b] thi [f(x)dx >0 ii) f(x) < g(x) trén thi [f(x)dx < [g(x)dx

b b
iii) [ feodx| < 1 £(x) [ dx

" Cac tinh chat ¢ day, phan 16n dua vao tinh chét tong cua tich phan, nhu cac tinh chat: dua
thira s chung ra ngoai diu tich phan, tich chat cong... Cac tinh chat trong phan nay khong
ching minh nhung c6 thé mo ta van tat cho sinh vién, hodc minh hoa béng hinh hoc. Chu y la
trong phan niy chiing ta ludn cé gia thiét cic ham 1a kha tich trén cac doan dang xét.
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b
iv) m < f(x) < M trén [a,b] thi m(b-a) < [f(x)dx <M(b-a)
g) Pinh 1y trung binh thi nhat:

b
Néua<b,m<f(x)<Mthi Ipm<p<Mva If(x)dx = w(b-a)

b
Dic biét: néu f(x) lién tuc trén [a,b] thi j f(x)dx =f(c)(b-a),a<c<b.
h) Pinh 1y trung binh thtr hai: Gia thiét nhu trén, va g(x) khong doi dau, thi

b b
[fe)g0dx = p[ex)dx

b b
Pic biét, néu f(x) lién tuc trén [a,b] thi [f(x)g(x)dx = f(c) [g(x)dx,a<c<b.
IV Cach tinh tich phan xac dinh

Pinh Iy 7.4.1: Cho ham s6 f(x) kha tich trén [a,b], khi d6 ham sb ®(x) = j f(t)dx , x4c

dinh Vx € [a,b]. Ta co:
i) ®(x) lién tuc Vx e [a,b].
ii) Néu f(t) lién tyc tai t = x thi ®(x) c6 dao ham tai x va: @’(x) = f(x)

Pinh Iy 7.4.2: Néu f(x) lién tuc trén [a,b], va néu F(x) 12 mot nguyén ham cua f(x) trén

b
(a,b) thi: j f(x)dx =F(b) - F(a) (Cong thuc Newton-Leibnitz).

Vi du: j

0

xdx  _ lj- dx? _1 arct Xz‘l

|3

1+x

4
1+x 20

b
Chu thich: Céng thic ndy ciing c6 thé viét dudi dang j f(x)dx = F(x)|:
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Dinh 1y 7.4.3 (Cong thirc dao ham theo can): Cho ham $6 f(x) lién tuc trén [a,b]. Xét

B(x)
ham ®(x) = | f(t)dt, xéc dinh voi x thoa man a(x), B(x) e [a,b]. Khi do:
a(x)

©*(x) = f(B(x)).B’(x) - f(a(x)).0’ (x)

COS X
Vidu: — jetht = - ¢"(sinx + cosx)

sin x

sin X

[Vtetdt
lim 20— :
HO T«/sin by

2
Cos X

~ lim Jtg(sinx)cosx

0
V Mot s6 phuong phap tinh tich phan tirng phan

1. Dbibién
b
Xét tich phan [f(x)dx, véi f(x) lién tuc trén [a,b].

a) Xét phép ddi bién x = o(t) thoéa man: @(t) c6 dao ham lién tuc trén [a.p], véi a, B
thoa min: @(a) = a, e(B) = b, va khi t bién thién trong [0,p] thi x bién thién trong

b B
[A,B] > [a,b] va f(x) lién tuc trén [a,b], khi d6 [f(x)dx = [f(e(t)¢'(t)dt .

In4
Vi du: J. 1 d6i bién x = Int, khi x bién thién trong [In2,In4] thi t bién thién trong
In2 ¢ -
4 4
[2.4] :>J- dt ., t-l] 3
=)t

b) Xét phép ddi bién t = ¢(x) théa mén: ¢ (x) bién thién don diéu trén [a,b] va c6 dao

ham lién tuc, f(x)dx tré thanh g(t)dt, trong d6 g(t) 1a mot ham s lién tuc trén doan

b o(b)
[p(a),p(b)], khi d6: [f(x)dx = [g(t)dt
a o(a)
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1
Vidu [P datt= Vx = dt= -2 khi x bién thién ti 0 t6i 1 thi t ciing bién
01+\/; 2\/;
thién tir 0 t6i 1
b xdx f2t3dt ] ¢ 2dt 2 5 I 1 1
= | = =2 (£ —t+1dt - —=—t3‘ - tz‘ + 21 - 2In(t+1)
01+\/; o 1+t 0 pl+t 3 b 0 0 0

Ty
3

2. Tich phan timg phan
Gia sir u(x) va v(x) 13 nhimg ham sb ¢6 dao ham lién tuc trén [a,b], khi do:
b

Iudv = UV|: - j)‘vdu

a

3 2 NI
2 3
Vi du: J.xarctgxdx - X '<1rctgx|\/g - J.dez SR l x|\/5 + — arctgx|\/— - N2
0 2 0 o 2(1+x7) 2 200 0 3 2
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C. Baitap

1. Tinh cac dao ham

dt t? d 7 t? dxz 2
a) —[edt b) ——[e"dt ¢) — [V1+t’dt
dx 7 dy ¢ dx ¢
COs X v x°
)i Icosnt dt e)ij dx ij.
sin x dY\/; 1—X2 d he

2.  Tim cac gioi han

2
I(arctgt)zdt jcostzdt [J.etzdt]
a) lim 2 b) lim &—— ¢) lim

0
X—>+00 2 x—0 X x—>+0 X
VX© +1 2
J.e2t dt

2x[e"dt [farctgtdt [ t/tetdt
d) lim —° e) hn(} tg‘)— f) hn& tgo—
X—®© X x—0" 18X x—0" 18X
© j varcsin tdt j Vsin® tdt
0 0
3. Tinh céc tich phan sau
tx ] n3 x’dx ¢ xdx
a dx b e*dx c¢) |tg"xdx d) |sin —dx e) | ———
)£x+4 )!; )nJ/‘ég )I ) J.(1+ J‘1+\/—
1 eq1.2 1 n/3 1 1
dx In” x . arcsin x . xdx . dx e
o | - h) [==dx i) [e™™dx j) [ — [— k) [exr dx
0 2\, X 0 n/4 S X ol+e 0
(3+x7)?
1 1 2In2 V3
1) Ixe_zxdx m) Ixze3xdx 0) I 1+X P) I1+X
0 0 In2 1 1721
cos® xdx dx f tn2 ]
q) I| J. s) J.Xz In? xdx t) I e —1dx u)j 9 —4x?dx
n/4 0 1 0 0
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4.  Tinh céc tich phan sau

Z X Sin X 12 arcsin xdx 31 : dx
a) [xcosvxdx  b) j ———dx o) [ ——— d)j o) |
0

2 2
mcos X o Vl—-x I+e* 0 X +3x+2

: ) :
f) jzezx cosxdx g) 2J’cos%/;dx h) J.(xlnx)zdx i) Jg.x%/l_xdx i) j'&

2
0 0 4 4 X +x+1

arcsm\/_ n/2 n/2
I dx m) Icotg3xdx n) J.cos(lnx)dx o)j 9 —x%dx

0V (1_ n/6

1+2+

n/2 3 In5 x X 1 4 .
19) I _dx q) I x° \/de r) J. eNe =2 Xe 1dx s) I X AromX 4x
, 3+2cosx 1 o e +3 ’ /1+x2
I (x% +3x)dx ) j‘ dx v j- dx X) njﬁ dx
(X+1)(X +1) 0\/X2+2X+2 1X(1+1n2X) 0 2+3cosx
5. Tinh céc tich phan
V3 1/2 n/2 .
dx 1+sin x
a *V1+x*d b — ¢ - dx d h{ ]d
) Ix x“dx ) _]J‘/24x2+4x+5 ) I(x x)sin xdx d) I o
n/4

e)J. f)J.|lnx|(x+1)dx g) IX(Z x*)?dx  h) I * sin 2xdx

X+Xln2

3 " 72 dx 0,75 dx 2 dx
i) |arcsin,| dx ] k 1
)I 1+x ) { 1+sin x + cos x ) { (x +1Wx% +1 ) {sir14x+cos4x

0

i
Lo 3\3 2 a2 V2/2

m) J'de n) I%dx 0) J.cos«/l xdx ) J.x2 arcsin xdx
s X o (1+1tg7x) 7 0

4

1 : i (1+tg’x)dx "2 x* +cosx ©sin” x+|sinx |

q) Ixarcsmxdx I S I ———dx t) I—zdx
0 /4 (1+tg ) —n/2 9_Sm X - 9_COS X
/2 dx /4 dx 2 dx

u) : v) I 2 2 X) 2 2 2 2
_Jysinx+cosx +1 o (4+tg x)cos” x ) & cos”x+b"sin”x
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n/2 1 X
y) [sin xsin 2x sin 3xdx 7) [(x* —2x+5)e 2dx
0

6. Tinh céc tich phan

n/2 n/2 1
a) J.cosrl x cos nxdx b) J.sinrl xdx c) Ixm‘l (1-x)"'dx
0 0 0
n/2 b Sll’l X — COS X 2n+l1
d) J.sin2m x cos" xdx e) Isin "Ixcos(n+1)xdx f) I dx
0 0 sin X + cosx

7. Vi gia thiét cac ham 1a kha tich trén mién dang xét, chimg minh rang

b 1 a a’
a) j f(x)dx = j fa + (b —a)x]dx b) j X*f(x2)dx = % j xf(x)dx (a>0)
a 0 0 0
c) jf(x)dx =0 (f1a ham 1¢) d) j f(x)dx =2 j f(x)dx (fla ham chin)

a+T

e) I f(x)dx = I f(x)dx (fla ham tuan hoan chu ky T)
8.  Chung minh rang néu f(x) lién tuc trén [0,1] thi
n/2 n/2

a) [f(sinx)dx = [f(cosx)dx b) JTExf(sin x)dx = fgf(sin x)dx
0 0 0

0

Ap dung tinh céc tich phan sau

0 T X sin xdx d) J- cos’ xdx &) ”J/-z +/sin xdx
01+cos2x 0 sin® x + cos® x 0 4/sIn X ++/Ccosx
“f dx ) “f (sin® x + I)dx h) “f (JJeosx +2)dx
0 1_|.(tgx)f2 0 sin® x +cos’® x + 2 ) VSInX ++/cosx +4

9.  Cho f(x), g(x) 1 hai ham s6 kha tich trén [a,b]. Khi d6 f(x), g°(x) va f(x)g(x)

cling kha tich trén [a,b], vé1 a <b, chirng minh

b 2 b b
[ | f(x)g(x)dx] < [ | fz(x)dx] [ | gz(x)dx]
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10. Cho ham f(x) kha tich va nghich bién trén [0,1], ching minh ring Vo e (0,1), ta

co:

Tf(x)dx > 0le f(x)dx
0 0
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Tuan VIII. Tich phan suy rong
A. Tong quan

1. Noi dung van tit: Tich phan suy rong.

2. Muc tiéu: Cung cap cho sinh vién cic khai niém vé tich phan suy rong: c6 can
v6 han va hitu han, dinh nghia, y nghia hinh hoc; cac khai niém: hoi tu, phan ky, gia tri

ctia tich phan, hoi tu tuyét ddi, ban hoi tu, dau hiéu so sanh.

3. Cac kién thuc can co truwéce: Cac kién thic vé ham so, lién tuc, dao ham cua

ham s, tich phan bat dinh va tich phan xéac dinh.
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B. Ly thuyét
I  Céanlay tich phan la vé han
1. Dinh nghia

Pinh nghia 8.1.1: Cho ham sb f(x) x4c dinh trén [a,+o0) va kha tich trén bat ky doan
A
hitu han [a,A]. Néu ton tai Alim j f(x)dx thi giédi han d6 duoc goi la tich phan suy

+00

réng cta ham sb f(x) trén [a,+o0), ky hiéu 1a I f(x)dx (*), va ta noi tich phan (*) 1a hoi
tu. Nguoc lai (gi6i han khong ton tai) thi ta noi rang tich phan (*) 13 phdn ky. Tuong

tir, ta c6 tich phan suy rong ctua ham sb f(x) tir -0 dén a: I f(x)dx = lim I f(x)dx
A'—>—0
o

—00

(v6i gia thiét f(x) kha tich trén doan hiru han [A’,a] bat ky) va tich phan suy rong tir -oo

+00 A
dén +oo: j f(x)dx = lim j f(x)dx (voi gia thiét f(x) kha tich trén doan hiru han [A’,A]

-0 A'——0 A'

bat ky).

Chu thich: Ta ciing c6 thé viét: I f(x)dx = I f(x)dx + j f(x)dx (tich phan suy rong &

vé trai s& hoi tu khi va chi khi ca hai tich phan suy rong & vé phai 13 hoi tu).
II Ham s6 lay tich phan khéong bi chin
1. Dinh nghia

Pinh nghia 8.2.1: Cho ham sb f(x) bi chin va kha tich trong khoang déng [a,b-n] véi 0

<n <b - a bt ky, nhung khong kha tich trong doan [b-p,b] v6i 0 < p < b - a bét ky,
b-n

dong thoti lir{)l_ f(x) = co. Néu ton tai gidi han lim | f(x)dx hitu han, thi giéi han do6

n—0"
a

b
duogc goi 1a tich phdn suy réng cia ham f(x) 13y trén [a,b], ta noi tich phan j f(x)dx hoi

a

b b—n b
ty va dat: I f(x)dx = lirg I f(x)dx, nguoc lai, ta ndi tich phan I f(x)dx phan ky.
n—>
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Tuong tu, néu f(x) bi chin va kha tich trong khoang dong [a + 1’,b] v6i 0 <n’ <b-a
bat ky, nhung khong kha tich trong doan [a,a + p’] v6i 0 < @’ <b - a bét ky, dong thoi

b

lim f(x) = o0, néu ton tai giéi han lim [ f(x)dx hiru han, thi giéi han d6 duoc goi 1a
x—a’ n'—0 ,
a+n

b
tich phdn suy réng cua ham f(x) 13y trén [a,b], ta néi tich phan j f(x)dx hoi tu va dat:

b b
[feodx = 1im [ f(x)dx.
. n'—-0"

a+n'

Pinh nghia 8.2.2: Néu f(x) khong bi chin tai ¢ thudc (a,b), ta dinh nghia tich phan suy
b b c b
rong j f(x)dx badi biéu thirc j f(x)dx = j f(x)dx + j f(x)dx . Tich phan suy rong & vé

trai s& hoi tu khi va chi khi ca hai tich phan suy rong & vé phai hoi tu.
Chu thich: Nhitng diém ma tai ¢6 ham sé khong bi chin trong cic dinh nghia trén

duoc goi la diém bat thuong cia ham so.

IIT Cach tinh

Xeét I f(x)dx . Gia st f(x) trén [a,+o0) c6 nguyén ham F(x), khi do, ta co6:
+00 A
[f(x)dx = im [f()dx = lim (F(A) - F(a))
—>+ A—+
A—+

néu [f(x)dx hoi ty, tacd lim F(A) hitu han, ky higu F(+e0) = lim F(A), nhu thé:

+00
[£(x)dx = F(+e0) - F(a) = F(x)[.”
V6i cac ky hiéu tuong tu va gia thiét trong tu, ta cling co:

j.f(x)dx = F(x)", va jw fe)dx = F)[*
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+0
: . A- , d
Vi du: Xét su hoi tu cta I _z
X
a

+00

a)a=1,taco: dx _ lim (InA - Ina) = 400, vy tich phan phan ky khi a = 1
X

A—+

1-a

- [A"“ al_‘*]: = khi a>l

- o-—1

) +OOdX
b) a # 1, ta co: I—az
a X +oo  khi a<l

Ao+o | 1l—o0 1—o

vay tich phan da cho hoi tu khi o> 1 va phan ky khi a < 1.
Ciing nhu d6i véi tich phan xac dinh thong thuong, tich phan suy rong ciing co
thé thuc hién phép doi bién va lay tich phan timg phén.
9 0

0 0
Vi du: J.xzexdx = x2e* ’ -2 J. xe*dx =-2xe*| +2 J. e'dx = ¢&*

—0 —00 —0

0
=1.

—00

IV Moi quan hé ciia cac tich phan suy rong

Ta ciing c6 thé viét I f(x)dx = j f(—t)dt (thuc hién phép ddi bién x = -t) nhu thé tich

—0 -a

—00

phan suy rong dang I f(x)dx c6 thé quy vé dang j f(x)dx .
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b
Tuong tu, xét tich phan suy rong j f(x)dx (f(x) khong bi chin tai a) bang phép

X—a 1

o b . ( ]
doi bién t = ! , ta co j f(x)dx = j dt (vo1 y nghia j f(x)dx va

f (a + ]

+00

j N Y ss cung phan ky hodc cung hdi tu va c6 gia tri bang nhau).”
1

V&1 y nghia tuong tu nhu trén, ta co, trong truong hop f(x) khong bi chan tai b,

h (b B j
j f(x)dx = j dt thong qua phép d6i bién t = -~ L , va néu f(x) khong bi chan
X

RS

tai c € (a,b), ta co:

]f(c+1j oo f(c+tj
j f(x)dx = j f(x)dx + j f(x)dx = j dt + ! t—2c11;
bc

thong qua phép doi bién t =

X—c
Chu thich: V&1 nhén xét trén, doi voi tich phan suy rong ¢6 can vo han, ta cling coi cac
diém o 1a diém bat thuong.

b +00

,déibié’ntzL,tacoj -
_X)(X b—X a(l)_x)(X

b
Vi du: Xét su hoi tu cua j

b
tu khi o < 1, phan ky khi a > 1. Tuong tu, ta cling co6 j( dx — cling hoi ty khi o < 1,
X_

phéan ky khi a > 1.

" C6 thé d& dang kiém chirng duoc, néu f(x) hitu han va kha tich trén doan [A,b] véia<A <b

bat ky thi f(x) ciing s& hitu han va kha tich trén doan hiru han [ ,A} vo1 A > 5 bat
—-a —-a

ky.

Lé Chi Ngoc Bo moén Toan Tin, Khoa Toan-Tin ung dung, DH BKHN Trang 99



Giai tich 1 Tudn VIII Tich phdn suy rong

V  Tinh chit ciia tich phin suy rong
b
1. Tinh hoi tu hay phan ky cua tich phan suy rong j f(x)dx khong phu thudc vao a

(truong hop b 1a diém bat thuong duy nhét cua tich phan) va khéng phu thudc vao b
(truong hop a 13 diém bat thuong duy nhét cua tich phan).

b b
2. Cho céc tich phan suy rong j f(x)dx va j g(x)dx v6i cing cac diém bat thuong
, , , b b b
(a c6 thé 1 -o0, b c6 thé 1a +e0), néu [f(x)dx va [g(x)dx hoi tu thi [(F)x)+g(x))dx hoi

tu va T f(x)+gx))dx = Tf(x)dx + Tg(x)dx.

b b b
3. Néu tich phan suy rong j f(x)dx =1 thi j cf(x)dx = cl, nguoc lai néu j f(x)dx

a

b

phan ky thi I cf(x)dx phan ky.

VI Cac tiéu chuan xét hoi tu
1. f(x)>0%*

Duya vao dinh nghia tich phan suy rong va di€u ki¢n ton tai gidi han, ta c6 nhan xét sau.

b
Xét truong hop tich phan suy rong j f(x)dx voib 1a diém bat thuong (b c6 thé 1a

A 14
+00), khi d6 ta c6 ®(A) = j f(x)dx (a < A <b) la ham don di€u tang theo bién A. Ttlc

b A
la j f(x)dx hdi tu khi va chi khi j f(x)dx bi chan trén khi A tdng. Tuong tu, ta cling c6

" Trudng hop f(x) < 0, nho tinh chét 3 cua tich phan suy rong, duoc xét twong ty.
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b
tich phan suy rong j f(x)dx voi a 1a diém bét thuong (a co thé 1a -c0) hoi tu khi va chi

b
khi [f(x)dx bi chdn trén khi B giam.
B

b b
Dinh Iy 8.6.1: Cho hai tich phan suy rong j f(x)dx va j g(x)dx , (a co thé 13 -o0, va b ¢

thé 14 +o0), v6i cling cac diém bat thuong. Néu 0 < f(x) < g(x) tai moi diém khong bat

thuong, khi do:

b b
i) Néu [g(x)dx hoi tu thi [f(x)dx hoi tu

b b
ii) Néu [f(x)dx phan ky thi [g(x)dx phan ky

(H)Chitrng minh: Ta s€ chiing minh cho truong hop tich phan suy rong c6 can trén la

+00, cac truong hop khac chung minh tuong tu.

+o0 A A +00 A
) Gia s [ g(x)dx hoity, tacod VA>a: [f(x)dx < [g(x)dx < [ g(x)dx => [f(x)dx

bi chin trén khi A ting hay j f(x)dx hoi tu.

+00 A A A
i) Gid sir | f(x)dx phan ky. Taco VA >a: [f(x)dx < [g(x)dx, ma [f(x)dx khong
i A
bi chdn khi A ting theo gid thiét, nghia 1a [g(x)dx khong bi chdn khi A ting, hay

b
I g(x)dx phéan ky.m

Vi du: Xét su hdi tu cua cac tich phan:

a) Tld—xlo,tacé# <L ma T—X hoi ty => I
+

1 10 °
| 1+x'" x!© | |
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T odx 2 Ixdx
, ma | —= phan ky =>
e 2 e ™ g P = S

" , ta co vol 1 < x,

b) Tx/iix Jx Jx 1

phén ky.

1 n n 1 1 n
x"dx .. X 1 . dx . x"dx
c)j ,taco, vo1 0 <x <1, < ,maj thtu=>j
0 0 0

1-x? \/l—x2 J1-x
hoi tu.

b b
Dinh Iy 8.6.2: Cho hai tich phan suy rong j f(x)dx va j g(x)dx , (a co thé 13 o0, va b co

thé 14 +o0), v6i duy nhét diém bét thudng c. Néu lim fEX;
X—>C g X

=k (0 <k < +o0) thi cac tich
phan j f(x)dx va j g(x)dx hodc cung hoi ty, hoac cung phan ky.

(+)Chitng minh: Ta s& chimg minh cho trudng hop c 1 diém bat thudng thude (a,b) (a

va b hitu han), cac truong hgp khac chirng minh tuong tu.
Theo dinh nghia gio1 han, ta c6 Ve >0, 38> 0 sao cho: Vx € (¢c-90) U (c+)9),

tach k-g< % <k +e¢, hay (k - £)g(x) < % < (k + £)g(x), dua vio tinh chét thir
gx gx

hai cua tich phan suy rong va dinh 1y 7.8.1, ta c6 dpcm.m
Nhan xét: Trong trudng hop k = 0 (k = +0), ta ¢ véi x di gan ¢ (du 16n trong trudng
hop ¢ 14 +oo, di1 bé trong trudng hop ¢ 13 -00), thi f(x) < g(x) (g(x) < f(x)), tir tinh chat

thir nhat cta tich phan suy rong, ta c6 cac két luan cta dinh 1y 8.4.1.

Vi du: Xét tinh hdi tu cua cac tich phan sau:

COSZX
1 2 2 l l 2
d o Y-x? 1, . 5i
a) J'COS Xax . tacod lim 1-x — cos ,maJ' dx h()l tu => IM th tu.
o 1-x? ot 1 2 o V1-x 0 Y1-x°
J1-x
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— B ta 0o, khi x — +oor In(14%) ~ Inx, ma [~ = [4) ppan g,
1 xIn(1+x) 1 xInx Inx
+00 dX
en [ —3 phanky.
!xln(l+x) P ky

2. f(x) c6 dau bat ky

b
Dinh Iy 8.6.3: Cho tich phén suy rong [f(x)dx (a c6 thé 1a -0, va b ¢6 thé 14 +0), néu
b b
[1£(x) [ dx hoi tu thi [F(x)dx hoi tu.

, ¢ cosxdx o leosx| _ ¢ cosxdx
Vi du: j— ta hoi tu j

A J_ MJ_ A

Chu ¥: Diéu nguoc lai chua chic dung.

hoi tu.

Tu do, ta co cac khai niém sau.

b
Dinh nghia 8.6.1: Cho tich phan suy rong [f(x)dx (a c6 thé I -0, va b c6 thé Ia +o0),

b b
i) Néu [|f(x)[dx hoi tu thi [f(x)dx goi 1a hdi tu tuyét dbi.
i b b b
ii) Néu [f(x)dx hoi tu, nhung [|f(x)|dx phan ky thi [f(x)dx goi Ia bdn hoi tu.

Pinh Iy 8.6.4 (Tiéu chuan hoi tu Dirichlet): Cho tich phin suy rong j f(x)g(x)dx , néu

khi x — +o0, g(x) kha vi, giam dan vé& 0, con f(x) c6 nguyén ham F(x) gidi ndi, thi tich

phan hoi tu.

+00
Vi du: Xét tinh hoi tu caa [ 2
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: C en i 1 Fdx .. s . .
1) a>1, tacd trén [a,+o©) w < —, ma I —z hoi tu => I SINX ix hoi tu tuyét
X X

X x*
a a

doi.

.. , 1 T | . , A 1.3 TRy

i) 0<a<l,taco — khaviva lim — =0, con sinx ¢6 nguyén ham -cosx gidi ndi
X X—>0 X

sin X .
dx hoi tu.

(lFcosx| < 1) => I —
X

sin’ x

dx

. +00
Sin X ne A A ’ . 2
—dx hdi tu tuyét doi, ta co [sinx| > sin"x => I
X

a

XG

+00
Mat khac, gia st I
a

400 . D +00 +00
) 2
héltu,méISIHdezl d_x_lJ‘cosx
x* 2 9 x* 2

a a

dx, ta 6 tich phan thir hai & vé phai 1a
X

sin x LA
dx ban hoi tu.

~+00 dX ~+00
hoi tu, vy [ — hoi tu, mau thudn => |
X

a a

XG

+0
iii) 0 =0, taco [ sinxdx phanky.
a
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C. Baitap

1.  Tinh céc tich phan

i 2 dx T x?+1
) J‘1+x b) J.1+x © _J;Oxe dx 9 _J;(Xz_4)2 ) {x4+1dX
1
xIn xdx T ex T dx L0 dx ¢ xInxdx
S n [ _®
) j F ® !dex ) !X = !X = £(1+X2)2
Todx i3 dx T arctgxdx i dx
9 _'[Ox2+x—2 D _J;O(x2+x+l)2 '([(1+x2)3/2 n) }’)‘x /X10+X5+1

2. Tinh céc tich phan

1 1 2 s 2 1
2) I xdx b) lenz xdx o) I x dx d) J- dx o) I In xdx
0 1-x 0 0 4—X2 1X1nX 0 1—X2
1
1 e; n/2 n/2 b
f) j —dx g) I X cot gxdx h) I In(sin x)dx 1) I x In(sin x)dx
0 X 0 0 0
3 L b _ _a
) [-—E k)jl“(2 V) g, D [~ ax (b>a>0)
1 4x —X2 -3 \/_ 0 Inx
3. Xét sy hoi tu cac tich phan
+00 dX +00 XndX +00
a —_— b —_—— C x"e *dx
) gch“”x ) {J(1—x)(1+x) ) {
4.  Xét su hdi tu céc tich phan sau
+00 —x +oo 18X +00  —/x +0 2
cos?x € X +4
a) j b) [ e xdx ¢) [ —5-dx f) [=——d
0 o X X
+°°\/— . T2 +sinx . Cx4sinx LT xAdx
g) J‘ xe “dx h) J. 3 d 1) J. 3 dx J) J‘ﬁ
0 | S XT—Xx 0 X —x"+1
Todx ¢ xarctgxdx i3 dx Tin(1+x%)
k) | — ) | —=— m) | ———— n) | ——=dx
'!. xvVx% +1 BRVES'S }[ J1+x32+x> J. X
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+0 ) +oo3+arcsinl
1—cos— |dx —  Xix
p) M X] q) £ o

T dx
°) '! JX(x-1)(x-2)

5. Xét sy hoi tu cac tich phan sau

2) J.sinldx b) J- COSX | o) I x/;cosxdx d) I cos xdx
1 X 1 \/; 0 x+10 n/2 Vx?
+00 +00 +00 -1
e) Isinxzdx f) I2xcosx4dx g) J.COSXdX h) Isinxexzdx
> vx-l 0
1) J.cosxln(1+ ]dx 1) Ixsm xdx k) J‘cosxe7dx 1) Isin xdx
1 0 0

6. Xét su hoi tu cac tich phan sau

a)J‘ dx b) J‘Sinxdx J‘ \/—dx d) J. );de o) Ieéx_l

o 18X —X o V1—x2 o V1-x*
2 2 1 1
dx xdx
h _NAamr
& I(x 1’ e _szz—l ) J'lln(1+x) { arcsmx—1 ) I( x—1)?
2
n 1 n/2 _ 1 2
K | dx N prmqldx m) j”%& n) j&
0 Sin X 0 X 0 X 0 3'(1_X2)5
1 1 1 n/2
dx dx dx
0) | ——— _ _— r In sin xdx
)lex—cosx P) {sinx—tgx D {(z_x)ﬁ/l_x ) {
7. Xét sy hoi tu cua cac tich phan sau
2) I X d)j b) I arctgax 5 J~ ln(I:X) dx d) dx
0 1+x 0 ,X3+X
T dx T2 dx ¢ x™Marctgx
©) | 5> —— O E— —dx
) _J;O x2+x-2 ) '(’; sin x” cos? x & '(’; 2+x"
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Giai tich 1 Tudn VIII Tich phdn suy rong

8. Néu I f(x)dx hdi tu thi c6 suy ra dugc f(x) — 0 khi x — +oo khong? Xét vi du

[ sin(x*)dx

0
9.  Cho ham f(x) lién tyc trén [a,+o0) va lim f(x) = A # 0, hoi I f(x)dx c6 hoi tu

khong?
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

Tuan IX. Ung dung cta tich phan xac dinh
A. Tong quan

1. Néi dung van tiat: Ung dung cua tich phan xac dinh.

2. Muc tiéu: Cung cip cho sinh vién cac timg dung tinh toan st dung tich phan
suy rong, trén co s& phén tich tong tich phan, vi phan: tinh dién tich, thé tich vat thé

bat ky, thé tich khéi tron xoay, d6 dai duong cong phang, dién tich mit tron xoay..

3. Cac kién thirc can c6 truwde: Cac kién thirc vé ham s0, lién tuc, tich phan xac

dinh.
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

B. Ly thuyét
I  So d6 trng dung tich phan xic dinh
l. Téng tich phan

Gia st can tinh mot dai lugng A(x,[a,b]) phu thudc x va doan [a,b] ma x bién thién trén
d6, A(x) thoa tinh chit cong tinh (theo nghia néu chia [a,b] thanh hai doan [a,c] va
[c,b] thi A(x,[a,b]) = A(x,[a,c]) + A(x,[c,b]). Nhu thé, khi can tinh A, ta tién hanh céac

budc nhu sau:

1) Phan hoach [a,b] thanh n doan bo1 céac diém a = X<X;<X,<...<Xx,=Db
i) Phan tich A thanh tong ns6: A=Y A;, v6i A; = A(x,[xi.1,xi])
i=l1

iii) Tim ham f(x) c6 thé biéu dién gan dung A; = f(E)(x; - Xi1), & € [Xi1,x;], sai sb
khong qua Ai.

iv) Nhu thé A = > £(&)(x; -x,,)

i=1
) b
v) Ap dung dinh nghia tich phan xac dinh, ta c6: A = I f(x)dx
2. So dd vi phan

Néu c6 thé biéu dién hiéu cua gia tri A tai x; va x;, dang AA; = f(&)(x; - Xi.1), ta co:

AA =~ f(E)Ax, néu sai sb ctia biéu dién nay khong qua Ax, ta co thé thay dA = f(x)dx,

b
nhu thé, A = [f(x)dx

" Céc cong thirc tinh dién tich hinh phing giéi han bdi cac dudng dang y = y(x), tinh thé tich
khdi tron xoay, dién tich mat tron xoay da dugc hoc ¢ chuong trinh pho thong, phan ndy mang
tinh chat 6n lai va cung cp thém cong thirc tinh thé tich vat thé bat ky, do dai duong cong
phang.
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

II Tinh giéi han tong lim — Zf ( j
n

n—>+oo N

lim —Zf( ] = [f(x)dx
0

n—>+o 1N

n 1
Vidu: lim ( ! ! +...+ ! ]: lim 1 z ! :I dx
e | Jan? 1 an® 4 ) en T (1)2 0 N4 — x>
n

1

. X
arcsin —

oL
6
0 A

III Tinh dién tich hinh phing

1.  Dién tich hinh giéi han béi cac duong

y=1i(x),y=6H(x),x=a,x=b

b
S = [If,(x)—£,(x)|dx

Vi du: Tinh dién tich cia manh parabol c6 ddy a va A

chiéu cao h.

Xét manh parabol nhu trong hinh 9.2, phuong trinh b

b
2

v

duong parabol 1a: y =h - . x , dién tich manh parabol o
X

Hinh 9.2

2. Dién tich hinh giéi han béi cac duong

Xx=01(y),y=¢2y), y=c,x=d d

(X)2h = [x
(X)!d = X

d
S= [le -9, () dy c

v

Hinh 9.3
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

3. Dién tich hinh thang cong gidi han boi cac duong

{X:(p(t) (t<t<ty),y=0 §>’A )i\:g/)\
y=y(t)

Trong cong thirc & phan 1, ta chi can thay

dx = ¢’(t)dt, fi(x) = y(1), fr(x) =0

v

O o) ¢(t2)  x
Hinh 9.2

S= [lweo)d

£

4.  Dién tich hinh thang cong gidi han boi cac duong

{X = o(t)

(t1<t<t),x=0
y=y() ?

Trong cong thirc & phan 2, ta chi can thay

dy = y’(t)dt, ¢1(y) = (1), ¢2(x) =0 Hinh 9.3

t

S= [l d

£

5. Dién tich hinh phang tao boi dudng cong tham sb

X =0(t)
y=w(t)

(duong cong khép kin)

khong tu cét { (ti St <ty), x(t) = x(t), y(t;) = y(t2) B

ti| A

Khoéng mat tong quat, gia st t; 1a diém sao cho x(t;) < x(t)

v

Vt e [t,t], to 1a diém sao cho x(t) < x(ty) Vt e [t;,t] Hinh 9.3

Ky hiéu A(x(t;),y(t;)) va B(x(to),y(to)) nhu hinh vé.

Ta c6 dién tich hinh chdn bdi cung WMB, Ox, x = x(ty), x = x(tp) la:

Si= [lw(he'(t)]dt

t,

Dién tich hinh chin béi cung ANB, Ox, x = x(t3), x = x(ts) la:

v
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

S = [lw(ve'(t)|dt

t

Vay dién tich can tinh 13

$=5,-8= [ly(®e')dt - [lw®e'®)]dt =-[|y(®)e't)|dt

t, t

Tuong tu, ta cling s€ co
S= [1w'(emdt =- [lue(®)|d = % [ (v ®e® |- w(He ') Ddt

Chu ¥: Trong cac cong thirc trén, ching ta quy udc chiéu di tir t; tdi t, 1a chiéu

nguoc chiéu kim dong ho.
Vi du: Tinh dién tich hinh phang gii han bdi dudong 121

x=2t-t, y=2t"-13

[k}

067

Do x =y = 0 khi t = 0 hodc t = 2 nén dudng cong tu cit tai

géc toa do.

024

8 o 02 04 3 08 1

2
TacoS=— [(t' -4t +4°)dt = —
0 15

N | —

6. Dién tich hinh quat cong cho trong toa do cuc, gioi
han boir=1(¢) (<@ < P)
Chia hinh quat thanh cac hinh quat con bdi cac goc

do, ta c6 di¢n tich cia mot hinh quat nho dugc xép Xi

N Ny , 1
bang: r’de, tir d6, ta co: S = 5

B
[ (@)do

Vi du: Tinh dién tich giéi han boi dudng 1 = a’cos2¢.

Do tinh d61 xtrng cuia duong cong, ta co: 1

n/4 T . .
S a’? cos2pde = 2a’sin 2(p(‘)‘ =2a’ ) i Y/‘
0 1
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

IV Tinh do dai dwong cong A
phﬁng

1. Do dai duong cong phang
y=1(x),a<x<b

Chia duong cong AB thanh

b=x,

\ 4

1 = ] ) X2 Xj i-1 Xn-
n doan @_lPi, 1 = 1L,n nhu hinh h=xo i A el

93, Hinh 9.5

Ta c6 do dai cung @_1P.

1 1

dugc xap xi bang d6 dai doan: P,,P; = \/(xi —x_ ) +(f(x) - f(x_,))’
Ta lai o, str dung khai trién Lagrange tai 1an cin x;.;:
f(xi) - f(xi.1) = £(E)AX; (& € [Xi1,Xi])

Tu do, ta co: Py P; = W/1+f'2(E_,i) Ax; => d6 dai duong cong AB

sziJL+f%xmx

2. Do dai duong cong phang x = ¢(y), c <y <d
Lap luan tuong tu phan trude, ta cling ¢6 do dai duong cong s = j 1+ 0" (y)dy

X =X(t)
t<t<t
_yin EER

3. Do dai dudng cong phing cho boi {
y'®

Trong coéng thitc & phan 1, ta chi can thay dx = x’(t)dt, y’(x) = D’ ta c6 do dai
X

tZ
dudng cong: s = j x 2 (t)+y" (t)dt
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Giai tich 1

Tudn IX. Ung dung ciia tich phén xdc dinh

4. Do dai duong cong phéng cho trong hé toa dg cuc r =r1(¢) (a < @ < p)

Trong cong thic & phan 3, chung ta thyc hién viéc doi bién t = ¢, x = rcos@, y = 1sing

=>x’(¢) = r'(¢)cose - r(p)sing, y’(¢) = r’(¢)sing + r(p)cose, vay ta co do dai duong

t
cong: s = j«/rz((p)+r'2 (p)do
t

V  Thé tich vt thé

S(x)

1. Thé tich vat thé bat ky

Cho mot vat thé giéi han boi mit

cong va hai mit phiang

Xx=avax=>b

X | xD b=

Gia st dién tich cua tiét dién
cat vat thé boi mit phang vudng

goc vo1 Ox tai vi tri x 1a S(x).

a = Xg

X1

Hinh 9.6

v

Ta chia vat thé thanh ting hinh truc boi cac mit phiang vudng goc véi Ox nhur

hinh 9.6. Khi d6 thé tich ctia phan vat thé giéi han boi cac thiét dién S,., S; c6 thé tinh

b
bang S(&)AX; (& e [Xi1,x;], nhu thé thé tich vat thé 1a: V = j S(x)dx

Tuong tu, trong truong hop vat thé gidi han boi cac
mit y = ¢, y = d, va dién tich tiét dién cit boi mat phang

vudng goc véi Oy tai diém y 1a S(y), ta co thé tich vat thé

d
la: V= [S(y)dy

2. Vat thé tron xoay

Tinh thé tich vat thé tron xoay tao bdi bang cach

quay hinh thang cong AabB gidi han boi cac duong

y =1(x), y =0, x=a, y = b quanh tryc Ox.

A

A

.

y

S(y)

y = f(x)
D Xk

B

O

VA
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

Ap dung cong thuc tinh thé tich vét thé bat ky, ta cd, S(x) = nf'(x), nhu thé, thé
tich vat thé :

b
V=n[f(x)dx

Tuong tu, trudng hop vat thé tron xoay tao boi 4

A
bang cach quay hinh thang cong CcdD giéi han bai cac +—
duong x = ¢(y), x =0, y = ¢, y = d quanh truc Oy, ta c6
>

d
thé tich vat thé: V =x [ ¢? (y)dy

VI Dién tich méat tron xoay

v

1. Dién tich mit tron xoay tao boi bang cach quay 0 X

duong cong y = f(x) (a < x <b) quanh truc Ox.

Hinh 9.8

Chia doan [a,b] bang c4c diém chia:
Aa=Xo<X;<Xp;<...<Xpi <Xn:b,

Dung cac dudng thang song song voi y
Oy, tai cac diém xi, cit duong y = f(x) tai |
cac diém M, i = 0,n, ta s& tinh dién tich
mit tron xoay tao boi bang cach quay day

M;.1M; quanh Ox, coi d6 la xép xi dién tich

»
»

mit tron xoay tao boi bang cach quay cung X

M._ M. quanh Ox.

\
A}
)
'
L}
1
)
)
1
1
]
1
)
I
D = Xp
|
|
1
1
1
1
)
1
1
|
]
1
'
!
!

Ta c6, khi quay quay day M M;

]
,

quanh Ox, ta dugc mdt hinh nén, c6 dién

tich S; = M. Mi([f(xi1)| + [f(x;)]), mit khac, tir phan tinh d6 dai dudng cong phang, ta
da co: Mi-lMi = 1+f'2(gi) AXi (E_,l € [Xi_l,Xi]) => Si = T[q[l+f'2(gi) AXi(|f(Xi_1)| + |f(X1)|),

néu do dai cac doan chia di nho, ta c6 fi(x.)) = f(§) va f(x;) = (&), vy:

S; = 2n|f(&)| 1+ f 2 (&) Ax;
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

b
Vay dién tich mat tron xoay can tinh 14 S = j | £(x) |1+ (x)dx

2. Dién tich mit tron xoay tao boi bang cach quay yA
duong cong x = ¢(y) (¢ <y < d) quanh truc Oy. i
Lap luan twong ty phian 1, ta c6 S = 9
q I
S
[1o) [\1+0”(y)dy o)
3. Dién tich mit tron xoay tao bdi bang cach quay
=x(1) 0 x

(t1 <t<1t) quanh truc Ox.

dudng cong {
Hinh 9.8
Trong cong thirc ¢ phan 1, ta chi can thay dx = x’(t)dt,

(t)

f(x) =y(), y'(x) = RAL 0’ , ta s& co:

S= [Iy®IYx*(+y > (bt

. Sl =x(t
4.  Dién tich mat tron xoay tao bdi bang cach quay duong cong {X XEt; tH<t<ty)

quanh truc Oy.

x'(t)
'

Trong cong thirc & phan 2, ta chi can thay dy = y’(t)dt, o(y) = x(t), x’(y) = , ta s€

co: S= f|x(t)| X" (t)+y" (t)dt
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

C. Baitap

1. Tim céc gioi han

a) lim l(,/1+l+1/1+2+."+,/1+3] b) lim(iz+%+...+n_21]
n— N n n n n—o\ n n n

c)limL+ ! ++1 d) lim I —
n>eln+l n+2  n+n e\ n? 412 n?+2> 0 n?+n?
1. .2 . n-1 . 1P 427+ 40P

e) hm—(sm£+sm—n+...+smn—n] f) lim o ¥t (p>0)
n—o N n n n n—0 nP +1
(1P 2° (4n-1)° .1

g lim| —(+—+. h) lim (1+\/§+...+\/H)
n—-o| n n n n—0oo n3

¥/n!

n! N n n n
j) lim — 1+\/ +\/ +ot [———
n—>o 1 n—o n+3 n+6 n+3(n-1)

1) lim

. 1 1 1 1
k) lim|—+ + +ot———
ol not no+f no+ 2P no+(n—-1)B

2. Tinh dién tich cac hinh phang gi¢i han boi

Ay=x"+4,x-y+4=0 b)y=x,y=x,y=2x ¢) x> +y =2x,y =2x
d) x* +y* =2x, y* =2x e y=x,x+y=2 Hx+y=0y=2x-x
9y=25y=2,x=0 h) y* =x*(a’ - x°) i)

g) y* =2px, 27py’ = 8(x - p)° h)y=x,y=x+sin2x (0 <x <)
)y=(x+1)?* x=sinty,0<y<1 Dy=lgxl;y=0;x=0,1;x=10

3. Tinh dién tich hinh phang gi¢i han boi
2

2
a)x = c cos’t,y = © sin’t (c>=a’-b") b)x=a(2cost - cos2t), y = a(2sint - sin2t)
a a

asin’t
2+sint

c) X =acost,y =
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Giai tich 1 Tudn IX. Ung dung ciia tich phén xdc dinh

4.  Tinh dién tich hinh phang gidi han béi cac duong cong trong toa do cuc sau

a) r = asin3¢ b)r= P c)r=3+2coscpr=L(O<s<l)
1—cos¢ I+ecoso
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Giai tich 1 Tudn X. Ham nhiéu bién

Tuan X. Ham nhiéu bién
A. Tong quan

1. Noi dung van tit: Tich phan suy rong.

2. Muc tiéu: Cung cap cho sinh vién cic khai niém vé tich phan suy rong: c6 can
v6 han va hitu han, dinh nghia, y nghia hinh hoc; cac khai niém: hoi tu, phan ky, gia tri

ctia tich phan, hoi tu tuyét ddi, ban hoi tu, dau hiéu so sanh.

3. Cac kién thuc can co truwéce: Cac kién thic vé ham so, lién tuc, dao ham cua

ham s, tich phan bat dinh va tich phan xéac dinh.
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Giai tich 1 Tudn X. Ham nhiéu bién

B. Ly thuyét
1. Mot sd khai niém co ban
a) Cho M(X},Xs,....Xn) va N(y1,¥2,....¥») € R", khoang cach giita hai diém 4y, ki hiéu
1
n 2
d(M,N) = (Z(Xi _Yi)zj

i=1

b) Cho M, e R", qua cau mé tdm M, ban kinh r 14 tip nhitng diém M sao cho d(M,M,)

<r, lan can € cua My 1a qua cau mé tam M, ban kinh ¢

¢) Cho E < R", diém M e E dugc goi la diém trong cua E, néu ton tai mot lan cén ¢

nam hoan toan trong E.

d) biém N € Rn goi la diém bién cta E néu moi 1an can € cia E déu chira nhiing diém

thudc E va nhitng diém khong thudc E. Tap nhitng diém bién goi 13 bién cua E.
e) E goi 1a md néu moi diém thudc E déu 1a diém trong.

f) E goi 1a dong néu E chira moi diém bién

g) E goi 12 bi chin néu ton tai mot qua cau nao d6 chira no.

h) E goi 1a lién thong néu c6 thé ndi hai diém bat ky bang mot dudng lién tuc nam

hoan toan trong E.
1) E goi la don lién néu bién cua E 14 lién thong, nguoc lai E goi 1a da lién.
2. Ham nhiéu bién
a) D = R", mdt phan tir x € R" 12 mot bd n s6 thue (xy, X,, ..., X,). Anh xa:
f:D—>R

X = (X1,X2,...,Xy) = u=1f(x) =f(x1,Xs,...,X,)
1a mot ham sb n bién sd xac dinh trén D, D goi 1a mién xac dinh cta ham s6, f(D) 1a
mién gia tri ciia ham sd.
b) Néu ham s6 u cho béi u = f(iM) thi khi d6 mién xac dinh 1 tdp nhitng diém 1am ham

sO c6 nghia.
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Giai tich 1 Tudn X. Ham nhiéu bién

, X—=
Vidu:iz=l1-x*-y*,z= 3 y3

3. Y nghia hinh hoc ctia ham hai bién

4.  Gi6i han ctia ham hai bién
Cho D 13 mién, f1a ham xéc dinh trén D.
a) Noi rang diy diém {Mn(Xn,ys)} < D hoi tu vé& diém Mo(xo,y,) € D khi n — oo, néu

lim dM,,M,) =0, hay lim x, =xova limy, =Y.
n—oo

n— n—o

b) Noi rang ham s6 f(M) ¢ gidi han 1 khi M(x,y) — Mo(Xo,¥o) néu v6i moi diy diém
{My(Xp,yn)} < D hoi tu vé My € D déu co lim f(x,,y,) =1

¢) Tiéu chuan Cauchy: Ham s6 f(M) c¢6 gi6i han 1 khi M dan t&i M, khi va chi khi:

(Ye>0)(36>0): YM e D |d(M,M) <5=>|f(M) - | <e.

d) Ta ciling c6 khai niém gidi han tai co va gidi han bang o tuong ty nhu d61i véi ham
mot bién.

e) Céc két qua vé gidi han cua tong, tich, thuong, ham so cap cling giong nhu ctia ham

mot bién.
2 2 2
. . : - . X
Vidw: lim (x-17+(y -2)% lim ——> lim > Y 5
(x,y)—>(1,3) xy)=0.0) x* +y*  xy)=>00) x" +y

5. Tinh lién tuc ctia ham hai bién

a) f(M) x4c dinh trong mién D, M, 12 mét diém thudc D. Néi rang f(M) lién tuc tai M,
néu M%O f(M) = f(M,).

Chu y: Trong dinh nghia nay, tinh lién tuc dugc xét véi mot diém thudc tap xac dinh
va la diém t.

Theo tiéu chuan Cauchy, n6i ham f(M) lién tuc tai M, khi va chi khi (V&> 0) (35> 0)
: d(M,My) < 8 = [f(M) - f(My)| < &.

b) Ham f(M) dugc goi 14 lién tuc trong mién D néu né lién tyc tai moi diém thudc D.
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¢) Trong tiéu chuan vé tinh lién tuc cta ham nhiéu bién, néi chung, & = 5(¢,M,). Néu
trong mién D, & = &(g), ta co khai niém lién tyc déu. Ham s6 f(M) goi 1a lién tuc déu
trén mién D néu:

(Ve>0)(38>0): YM,M, e D|dM;,M,) <8 =>[f(M)) - f(M,)| <&
d) Ham nhiéu bién s6 lién tuc cling ¢ cac tinh chat va cac phép toan twong tu nhu ddi

vO1 ham lién tuc mot bién so.
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C. Baitap

1. Tim mién xac dinh cua cac ham so sau:

! b)zz\/(x2+y2—l)(4—x2—y2) c)zzarcsiny_1

VxZ+y? -1 X
d)z= \/xsiny €) Z= \/xsiny f)zzarctgx—_zy

a)z=

1+x%y?
x? +y? X
g z=In=—"—> h)zzarcsinE + Jxy i) z= ysin (x> +y?)
X -y
2. Tim cac gi6i han (néu c6) cua cac ham s sau
x? —y? X Xy
a) lim 5 b) lim sin c) lim —
(9)(0,0) x© +y (xy)>(00)  2X+Yy =00 X +y
XZ
. X+y . 1 \x+y . 5 2\ x%y?
d lm ————— ¢ lm |l+— f) lm (x“+y°)
(x,y)=>(0,0) X “ — Xy +y (X,y)=>(o0,2) X (x,9)(0,0)
. sinxy . vy o 1=cos(x’ +y?)
lim h) Iim (I+xy?)*”™ 1) lim EE PR
(x,y)—(0,2) X (x,y)—>(0.3) xy)=>0,0) Xy (x“+y7)
y
2 2
j lim  (x*+y?)e ) k) lim  (1+xy?) ¥
J) (X,Y)—>(+°0,+°0)( y) ) (X,Y)—>(0,0)( ¥

) Ixy [* .
3. Khio sét tinh lién tyc ciia him s6 f(x,y) = {2 2 oY) #(00)

0 1(x,y)=1(0,0)
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Tuan XI. Pao ham va vi phan ham nhiéu bién
A. Tong quan

1. Noi dung van tit: Tich phan suy rong.

2. Muc tiéu: Cung cap cho sinh vién cic khai niém vé tich phan suy rong: c6 can
v6 han va hitu han, dinh nghia, ¥y nghia hinh hoc; cac khai niém: hoi tu, phan ky, gia tri

ctia tich phan, hoi tu tuyét ddi, ban hoi tu, dau hiéu so sanh.

3. Cac kién thuc can co truwéce: Cac kién thic vé ham so, lién tuc, dao ham cua

ham s, tich phan bat dinh va tich phan xéac dinh.
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B. Ly thuyét
1. DPao hamriéng

a) Cho ham s6u = f(x,y) xac dinh trong mot mién D; My(Xo,y0) € D, néu ham s6 mot

bién s6 x f(x,yo) c6 dao ham tai x = x, thi dao ham d6 duogc goi la dao ham riéng

cua f ddi vai x tai x0, ky hiéu *,(X,y0), hay % (X0,y0)- Ta co:

. f(X +AX,Y )_f(X >y )
£, =1 0 0 0>Y0
(Xo,yo) = lim "~
b) Tuong tu, ta c6 khai niém dao ham riéng cua ftai y

f(x,y9 +AY) —f(X,¥)
Ay

Fy(o.yo) = lim

b

Vidwz=x"=>7z,=yx", z y =x'Inx

2. Vi phan toan phan

a) Cho ham sé z = f(x,y) xéac dinh trong mién D, M(xo.,yo) € D, biéu thirc:
Af = f(x¢ + AX,yo + Ay) - f(X0,Y0)

goi la so gia toan phan cua f tai M. Néu c6 thé biéu dien dudi dang:

Af = A.AX + B.Ay + a4/Ax? + Ay?

trong 46 a — 0 khi yAx> +Ay?> — 0, A,B 14 cac hang sb, thi ta néi f 1a kha vi tai M,
va biéu thuc A.Ax + B.Ay goi 1a vi phan toan phén cua z = f(x,y) tai My, ky hi¢u dz
hay df.

b) Néu ham s6 z = f(x,y) c6 cac dao ham riéng tai lan can diém My(X,,y), va cac dao

ham riéng d6 lién tuc tai M, thi f(x,y) kha vi tai M, va ta c6 dz = " ,Ax + *,Ay.
¢) Ta co cong thie tinh gan dung: f(xo + AX,y, + Ay) = f(x0,y0) + df.

3.  DPao ham ham hop

Cho ¢:D c R* = ¢(D) c R?

(%) = (W) = (Ux,y),v(x%y))
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vaf: (D) — R, dat F = f0: F(x,y) = fle(x,y)) = fux,y),v(x.y)).

Coar A L R f of .. . - \
Khi do, néu f c6 cac dao ham riéng %, % lién tuc trong D, va u, v ¢6 cac dao ham

trong D thi trong D c6 cac dao ham riéng ZX—F, %F, dong thoi

Vi phan cua toan phan cta ham sé z = f(u,v) c6 cung mot dang cho du u, v 14 cac bién
doc 1ap hay 1a cac ham s cta nhitng bién sé doc 1ap khac.

4. Khai niém ham an

Cho phuong trinh F(x,y) = 0 (*), trong d6 F : U — R 1a m6t ham sb xac dinh trén tap
D < R’ Phuong trinh nay xac dinh mét hay nhiéu ham s an theo x trong mot khoang
I ndo d6. Ham s6 f : I — R 1a mot ham s an xéac dinh boi (*) néu vx e I, (x,f(x)) e

D, dong thoi F(x,f(x)) = 0.

Tuong tu nhu thé, phuong trinh F(x,y,z) = 0 ¢6 thé xac dinh mot hay nhiéu ham s an

Z cua cac bién so x,y.

F b 9 o Yy :0 4 \ ..
(X,¥,2,u,V) ,trongdo F:U—->RvaG:U—->R,vo1U c

H¢ hai phuong trinh
G(x,y,z,u,v) =0

R’ ¢6 thé x4ac dinh mot hay nhi€u cap ham s6 an u, v cta céc bién s0 x,y,z.
5.  Dinh ly v€ su ton tai ham an

Cho phuong trinh F(x,y) = 0 (*), trong d6 F : U — R 1a m6t ham sb c6 cac dao ham
riéng lién tuc trén mdt tdp hop mé U < R?. Gia sir (x0,y0) € U, F(x¢,y0) = 0. Néu
F’y(Xo,yo) # O thi phuong trinh xac dinh duy nhat mot ham sb 4n y = f(x) trong 1an can
nao do cua xy, ham do6 cé gia tri béng yo khi x = x¢, lién tuc va c6 dao ham lién tuc
trong 1an can do.

Cho phuong trinh F(x,y,z) = 0 (**), trong d6 F : U — R 1a mot ham s6 c¢6 cac dao ham
riéng lién tuc trén mot tap mo U < R3, Gia st (x0,y0,2z0) € U, F(x0,y0,z0) = 0. Néu

F’z(x0,y0,20) # 0 thi phuong trinh (**) xac dinh trong mot 1an cin nao d6 cua diém
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(x0,y0) mot ham sb an duy nhit z = f(x,y), ham s ay co gia trj bang z0 khi x = x0, y =

y0, 1ién tuc va c6 dao ham riéng lién tuc trong lan can noi trén.

F(x,y,z,u,v)=0

Cho h¢ hai phuong trinh { (***), trongdo F: U—>RvaG:U—RIa

G(x,y,z,u,v) =0

hai ham sd ¢6 cac dao ham riéng lién tyuc trén modt tap hop mo U < R°. Gia st
(X0,¥0,Z0,u0,V0) € U, F(X0,¥0,Z0,u0,V0) = 0, G(X0,¥0,Z0,U0,Vo) = 0, thi h¢ (***) xdc dinh
mot cap ham sb 4n duy nhét u = f(x,y,z), v = g(X,y,z), cac ham s ay c6 gia trj theo thir
tu béng U, Vo khi X = X¢, y = yo, Z = 7y, ching lién tuc va c6 dao ham riéng lién tuc

trong 1an cén noi trén.

6. Dao ham cua ham an

2 o) : £ o3: AL 1x £ 2 . 4, F'

Gia st phuong trinh (*) xac dinh mot ham s6 an y = y(x), khi do j_y = — F’X
X
y

. : A A pa A A U Fe
Gia su phuong trinh (**) xac dinh mot ham s6 an z = z(x,y), khi d6 z’y = - va ,Zy =
Py

F',

Gia sir hé phuong trinh (***) xac dinh mot cip ham s6 4n u = u(x.,y,z), v = v(x,y,2),

D(F,G) D(F,G)
. 4 4 ) D(Xa V) ) D(ua X) ) ) ) )
kh e =2 h .
1dotacou’y DEG) D(F’G),tuongtuc ouy, Vy, U, v,
D(u,v) D(u,v)
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C. Baitap
1. Tim cic dao ham riéng cia cac ham s sau

y

a)z=(1+xy) byz=ec * ¢ z=vysin>t djz=2"7Y ¢)z=__2
y X+y X2+y2
2 2
flz=x" (xy>0 g)z=In(x+ x> +y>) h)z=arctg Xz_yz
X' +y
1
Du=x" (xyz>0) ju=e" Kz=(inxy  Dz=e

y
m)u=x?

2. Khdo sat sy lién tuc, su ton tai, lién tuc cua cac dao ham riéng cia ham so f(x,y)

sau:

2
y .
a) f(x,y) = xarctg(—] khi x#0

X
0 khi x=0

Xsiny —ysin X

khi (x,y) # (0,0)

b) f(x,y) = x? +y?
0 khi (x,y)=(0,0)
Xy . y4 '
O fxy) = x4 y? khi (x,y) # (0,0) &) fxy) = {72 y” khi (x,y) # (0,0)
0 khi (x,y)=(0,0) 0  khi (x,y)=(0,0)

3. Giastz=yf(x’ - y>), trong d6 13 ham s kha vi. Chtrng minh rang ddi v6i ham

£ A s A A z z
sO z, hé thue sau ludn thod man: =* + —~ = —
y

X y

4. Tim dao ham cac ham sb hop sau ddy

a)z=¢"2" , u=cosx,v=+x2+y>  b)z=In(>+Vv), u=xy, v=xly

c)z=e"sinv, u=x"+y’, v=xy dz=0+u),u=x"-y,v=x+y

) z=In""Y u=x,v=x>-y? f) z= arcsin(x - y), x =3t, y = 4t

u—v
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g) z=sin’(x + y°), x =cos’t, y=sin’t h)z= arctgi, X = cost, y = sin2t
y

)z=e¢", x=sint,y =t j) z = arcsin(x - y), x=sint, y =1’

5. Tim vi phan toan phan cua cac ham so

3 3
a)z=Intg Y b)z=x" c)szZer2 d)z=y* +xy e)z=e" sin’y
X X" +y
g)z= arcsin 2 h) z=sin(x*+y*) i) z= a1rc‘[gx—+y Ju= !
X X-y w/x2+y2+22
k) u=x"" Hu=2z" m) u = (xy)” n) u = sin’’x

6. Tinh gan ding

a) A= 1(1,02)> +(0,05> b)B=In(3/1,03 + 40,98 - 1) ¢) C = (0,97)*"

7. Tim dao ham y’ cta cic ham sb 4n xac dinh boi cac phuong trinh sau
a)xXy-yx=a" b) alrctgm =1 co)y+tg(x+y)=0 d)y=arctg(x +y)
a a

e)x =y f) y + cos(x +y) =0g) arctg(xy) + &> =0

8. Tinh cac dao ham z’, z’y ciia ham s6 4n z = z(X,y) xac dinh boi

21)22-1-%21/y2—z2 b)x+ty+z=¢ )X +y +2 -3xyz=0
X
d)x*+ 2’ -3xyz=a’ )z -x -y =a f)x’ +y° -2 =sin(xyz)
g)Xt+ty+z=Xxyz h) z = arctg Y
Z—X
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X+2z

9. Chou= , tinh v’y, u’y biét rang z 1a ham s6 an cua x,y xac dinh bo1 phuong

y +Zz
trinh ze” = xe™ + ye”

x+y+z=0

2 2

10. Tim dao ham ctia cdc ham s an y(x), z(x) xac dinh boi hé )
X“+y +z° =1

11. Phuong trinh 2> + 2 \Jy* —z? , xac dinh ham an z = z(x,y). Chimg minh rang
X
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Tuan XII. Pao ham va vi phan cap cao, cuc tr1 ham nhi€u bién
A. Tong quan

1. Noi dung van tit: Tich phan suy rong.

2. Muc tiéu: Cung cap cho sinh vién cic khai niém vé tich phan suy rong: c6 can
v6 han va hitu han, dinh nghia, ¥y nghia hinh hoc; cac khai niém: hoi tu, phan ky, gia tri

ctia tich phan, hoi tu tuyét ddi, ban hoi tu, dau hiéu so sanh.

3. Cac kién thuc can co truwéce: Cac kién thic vé ham so, lién tuc, dao ham cua

ham s, tich phan bat dinh va tich phan xéac dinh.
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B. Ly thuyét
1. Dinh ly Schwartz

Néu trong lan can U nao do cua diém My(Xo,¥0), ham $6 z = f(x,y) c6 cac dao ham
riéng £y, £’y va cac dao ham éy lién tuc tai M, thi £°,, = 1’y tai M.

Chu y rang tinh bat bién cua vi phan cip cao (16n hon hay bang 2) ctia ham sb nhiéu
bién khong con diing.

2. Cong thirc Taylor

Gia sir ham sd f(x,y) ¢6 cac dao ham riéng dén cip (n + 1) lién tuc trong mot 1an cén
nao do6 cua diém Mo(X0,¥0), néu diém M(xo + AX,yo + Ay) cling nam trong 1an can do,
thi ta co:

1
(n+1)!

1 1 .4
f(xo + AX,yo + Ay) - f(X0,y0) = df(X¢,yo) + > d*f(x0,y0) + ... + Ed f(x0,¥0) + f(xo

+ 0AX,yo + 0Ay) (0 <0 <1)
3. Cuc trj cia ham nhiéu bién

Cho ham s6 z = f(x,y) xac dinh trong mot mién D nao do, My(Xo,y0) 12 mot diém trong
cua D. Ta noi1 réng f(x,y) dat cuc tri tai M, néu v&i moi diém M trong mot 1an can nao
d6 ctia My, nhung khac M, hiéu sd f(M) - f(M,) c¢6 dau khong d6i. Néu f(M) - f(M,) >

0, ta ¢ cuc tiéu, néu f(M) - f(My) <0, ta co6 cuc dai.
4.  Quy tdc tim cuc tri
batp=£M), q=fyM), r=1"(M), s =" (M), t = (M)

Néu ham sb f(x,y) dat cuc tri tai M, va tai d6 cac dao ham riéng p = £*(M), q = ,(M)
ton tai, thi cic dao ham riéng d6 bang khong: p = q = 0 tai M.

Gia st ham s0 z = f(x,y) ¢6 cac dao ham riéng dén cap hai lién tuc trong mdt 1an cén

nao do cua M0(x0,y0). Gia su tai MO ta c6 p = q = 0. Khi do, tai MO0, ta co6:
a) Néu s? - rt < 0 thi f(x,y) dat cuc tri tai M, 1a cuc tiéu néu r > 0 va cuc dai néu r< 0.
b) Néu s” - rt > 0 thi f(x,y) khong dat cuc tri tai M.

¢) Néu s” - rt = 0, thi f(x,y) c6 thé hodc khong dat cuc tri tai M (truong hop nghi ngd).
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C. Baitap

1. Tinh cdc dao ham riéng cap hai cia ham so6 sau

a)z= ("% b)z=x’In(x+ty)  c)z=arctg” d) z = 2x%°
X
¢) Z = sinxcosy f)z= e g) Z = Xsinxy + ycosxy

2. Tim dao ham cac ham an sau

a)sin(x +y)-y=0, tinhy’, y”’ b)x+y’ =1 tinhy,y”, y”

¢) Inyx*> +y> =arctg, tinh y”’
X

3. Lay vi phan cap hai cua cac ham so sau

a) z=xy’ - X'y b)Z:ﬁ ¢) z=¢'siny d)z=x"

e)z=In(x -y) g)z=(x+y)eY h)z=arctg(xy) 1) z = sinxsiny
J)z=cos(x +y)

4. Tim cyc trj ctia cac ham sb sau

A)z=x+xy+y +x-y+1 b)yz=x+y-x¢ ¢)z=x+y -3xy
d)z=x2+y2—e_(xz+yz) e)z=2x"+y'-x*-2y" fz=x+Yy -9xy+27

gz=xy|l-x’-y*  Dz=xy(l-x-y) Dz=(x-17+2y
k)z=x"+y -3x- 6y Dz=1+6x-%x"-xy-y

mz=x+xy+y -2x-y
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Tuan XIII. Gi4 tri 16n nhat va nhé nhat, cuc tri co di€u kién
A. Ly thuyét
1. Gi4 tri 16n nhat va nho nhat

Dé tim gié tri 16n nhat (nhé nhat) ctia ham s6 trong mién D, chling ta phai tim cac diém
to1 han, (diém cuc dai (cuc ti€u)), ciia ham s6 sau d6 so sanh gia tri ham tai cadc di€m
d6 voi nhau va voi cac di€m cuc dai (cuc ti€u) trén bién cua D, tir 6 rat ra két luan vé

gi tri 16n nhat (nho nhat) ciing nhu vi tri nhitng diém dat cac gia tri nay.
2. Cuc trj c6 diéu kién, phuong phap nhan tir Lagrange

Ngudi ta goi cuc tri ciia ham s z = f(x,y) (*), trong d6 cac bién sé x va y bj rang budc
boi hé thirc g(x,y) = 0 (**) 1a cuc tri c6 diéu kién.

Gia stir My(Xo,Y0) 1a diém cuc trj c6 diéu kién cta ham sé (*) véi diéu kién (**), dong
thot:

a) O 1an can M,, cac ham sb f(x,y), g(x,y) c6 cac dao ham riéng cip mot lién tuc.

b) Céac dao ham riéng g’x, g’y khong dong thdi bang khong tai M.

YX Yy

g, g,

Khi d9, ta co, tai My: =0 (**%)

Dicu kién (***) tuong trng v viée ton tai sO A sao cho tai M, ta co:

(****)

f'y (5 y) +Ag (X,¥) =0
f'y (X, y) +2g'y (x,y) =0

Hé (¥***) cung véi (**) cho ta tim duoc A, Xo, Yo, nghia 1a tim duoc nhitng diém ma
tai d6 ham (*) ¢o cuc tri voi diéu kién (**). SO A goi 13 nhan tir Lagrange, phuong phap

trén goi la phuong phap nhan tir Lagrange.

F =0
C6 thé tom luwoc nhu sau: dat F(x,y,) = f(x,y) + Ag(x,y), giai hé F =0 dé tim céac
F')\‘ == 0

diém cuec tri cua (*) thoa diéu kién (**).
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B. Baitap

1. Tim cuc tri ¢6 di€u kién

a)zzl-i-lvc')fii-i-izi2 b)z=xyvoix+y=1

Xy x> y* a
)z=x"+y voiax+by+c=0 dyz=1-x*-y> woix+y-1=0
e)z=6-4x-3yvoix’ +y’ =1 flz=x+2yvéix +y =5

2. Tinh gié tri 16n nhat va bé nhat ctia cac ham s
a) z=x"y(4 - x -y) trong hinh tam giac giéi han bdix=0,y=6,x+y=6

b) z = sinx + siny + sin(x + y) trong hinh chit nhat giéi han béi x =0, x=7n/2,y =0,y
=n/2

¢)z=8x"+3y’ +1-(2x* +y* + 1)’ trong mién x> + y* < 1

d)z=x"+y*-xy +x+ytrongmién x,y <0, x +y > -3

e) z=2x"+2y + (x - 1)’ + (y - 1)* trong tam giac O(0;0), A(1;0), B(0;1)

f) z=x+y” - xy - 4x trong mién x,y > 0, 2x + 3y < 12

g) z =Xy trong mién x* +y* < 1 h) z=x - y* trong mién x* + y* < 4
i) z=x"y(2-x - y) trong mién x,y >0, x +y <6
j)z=x+y trong mién x* +y* < 1

kK)z=x"-y -3xytrongmién 0 <x <2, -1<y<2

1) z=x>+y" - 12x + 16y trong mién x> + y* <25
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